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INTRODUCTION (EN FRANCAIS)

Cette these s’inscrit dans deux domaines mathématiques majeurs : la théorie des inéquations
variationnelles et I’étude de problemes de mécanique du contact. Plus précisément, 'objectif de
ce travail est I’analyse de sensibilité de deux problémes principaux issus de la mécanique du contact,
a savoir, le probléme de Signorini modélisant le cas de contact unilatéral, et le probléme de
Tresca qui prend en compte des phénomenes de frottement. Ces deux problémes seront étudiés dans
deux modeles différents : le modele scalaire (la solution devra satisfaire une équation de type Laplace)
et le modele de I'élasticité linéaire. Deux applications majeures sont alors visées : 1’étude de problémes
d’optimisation de forme et ’étude de problémes de contréle optimal. Dans cette introduction

nous décrivons :

(i) dans un premier paragraphe, les motivations et les objectifs de ce manuscrit, ainsi que son

positionnement par rapport a la littérature ;

(ii) dans le second paragraphe, nous présentons briévement les problémes considérés et une courte

description de certains résultats ;

(iii) dans les derniers paragraphes, nous donnons un résumé des différents chapitres de ce manuscrit,

et nous détaillons la méthodologie utilisée ainsi que les résultats obtenus.

Motivations et objectifs. Les modeles mathématiques relatifs aux problémes de mécanique du
contact entre des corps déformables sont étudiés dans la littérature en vue de diverses applications
d’ingénierie, telles que 'analyse du contact roue-sol pour un véhicule automobile, la modélisation de
protheéses médicales, etc. Plus précisément, la mécanique du contact décrit la déformation des solides
qui se touchent sur des parties de leurs frontiéres. Le plus souvent, le cadre mécanique consiste en
un corps solide élastique qui est en contact avec une fondation rigide, sans la pénétrer et qui peut
éventuellement glisser sur elle, ce qui provoque des frottements. Du point de vue mathématique, ces
phénomenes se traduisent par différentes contraintes : les conditions de non-perméabilité prennent la
forme d’inégalités sur la surface de contact appelées conditions unilatérales de Signorini (voir, par
exemple, [75, 76]) ; le frottement survenant sur la surface de contact est généralement modélisé par
la loi de frottement de Tresca (voir, par exemple, [51]) qui apparait comme une condition impliquant
des inégalités et des termes non lisses, et qui dépend d’un seuil d’adhérence. Enfin, ces problémes de
mécanique du contact sont généralement étudiés dans le cadre de la théorie des inéquations variation-
nelles, puisque les conditions unilatérales de Signorini et la loi de frottement de Tresca entrainent des

conditions sur le bord contenant des inégalités.

L’optimisation de forme (resp. le controle optimal) est le domaine mathématique visant a trouver
la forme d’un objet (resp. le controle d’un systéme) qui minimise une certaine fonctionnelle cofit, tout

en satisfaisant des contraintes données. Pour résoudre numériquement un probléme d’optimisation de
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forme (resp. de contrdle optimal), une méthodologie classique est de mettre en place une méthode de
descente de type gradient, nécessitant alors de calculer le gradient de la fonctionnelle colit qui dépend
généralement de la solution d’un probleme aux limites donné. Par conséquent, un point crucial est
d’effectuer I'analyse de sensibilité du probléme aux limites par rapport & des perturbations, afin de
caractériser la dérivée de la solution du probléme aux limites par rapport & ces perturbations (dans

la suite, nous dirons plus simplement la dérivée de la solution).

Afin de traiter des problemes d’optimisation de forme et de contréle optimal en mécanique du
contact, il est parfois nécessaire de faire 'analyse de sensibilité de problémes aux limites décrits par
des inéquations variationnelles. Jusqu’a présent, les approches utilisées dans la littérature peuvent
étre divisées en quatre méthodes : la différentiabilité conique, la dualisation, la pénalisation et la

régularisation.

(i) La méthode de différentiabilité conique concerne les inéquations variationnelles dont les solutions
sont caractérisées par des opérateurs de projection (voir, par exemple, [40, 58]). Sil’ensemble sur
lequel est projeté la solution est polyédrique, alors on peut appliquer le théoréme de Mignot [58]
afin d’en déduire que 'opérateur de projection admet une différentielle conique, ce qui permet

alors de prouver que la dérivée de la solution satisfait une inéquation variationnelle.

(ii) La méthode de dualisation concerne les inéquations variationnelles non lisses, et a été développée
par J. Sokolowski et J.P. Zolésio (voir, par exemple, [77, 78, 79]). Elle consiste & décrire la paire
primal/dual comme point-selle du Lagrangien associé. Cette approche offre 'avantage que la
caractérisation de la solution duale implique uniquement des opérateurs de projection, et par

conséquent le théoreme de Mignot [58] peut étre appliqué.

Cependant, ces deux méthodes résultent en des dérivées qui satisfont des inéquations variationnelles
abstraites (en particulier la méthode de dualisation puisqu’elle implique des éléments du dual) et par
conséquent rendent difficile une caractérisation utilisable numériquement du gradient de la fonction-
nelle colit dans des problemes d’optimisation de forme ou de contrdle optimal. Ces difficultés sont
habituellement résolues dans la littérature en utilisant la méthode de pénalisation ou la méthode de

régularisation.

(iii) La méthode de pénalisation, utilisée par exemple dans [18, 49] concerne, en particulier, les
inéquations variationnelles avec contraintes. Elle consiste a remplacer les contraintes par une
fonction de pénalisation dans le probléme d’optimisation associé au modele de mécanique étudié.
Par conséquent, cela a ’avantage de décrire la condition d’optimalité par une équation varia-

tionnelle a la place d’une inéquation.

(iv) La méthode de régularisation concerne les inéquations variationnelles qui comportent des termes
non différentiables, et est utilisée dans des références telles que [9, 19, 53]. Elle consiste a
remplacer le terme non lisse dans le probleme d’optimisation associé au modéle de mécanique
étudié, par son enveloppe de Moreau. Par conséquent, comme pour la méthode de pénalisation,

la condition d’optimalité est décrite par une équation variationnelle a la place d’'une inéquation.

Le principal inconvénient de ces deux méthodes est qu’elles ne prennent pas en compte la caractéri-

sation exacte des solutions et perturbent ainsi la physique d’origine des modeéles de mécanique étudiés.
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Cependant, elles ont I’avantage de permettre d’obtenir une expression utilisable numériquement du

gradient de la fonctionnelle colit dans des problemes d’optimisation de forme ou de contréle optimal.

Le but du travail effectué dans cette theése est de proposer une nouvelle méthodologie afin de
faire I’analyse de sensibilité d’inéquations variationnelles non linéaires, et éventuellement non lisses,

permettant de :

1. préserver la physique d’origine des problemes de mécanique du contact, c’est-a-dire sans utiliser

de procédure de pénalisation ou de régularisation ;

2. caractériser la dérivée de la solution du probléme aux limites, comme étant elle-méme solution

d’un probleme aux limites ;

3. traiter des problemes d’optimisation de forme ou de contréle optimal en proposant une expression

utilisable numériquement du gradient d’une fonctionnelle cofit.

Plus précisément, notre méthodologie est basée sur la théorie des inéquations variationnelles et sur
des outils et résultats d’analyse convexe et variationnelle, tels que l'opérateur proximal introduit par
J.J. Moreau en 1965 [61], ou bien encore la notion d’épi-différentiabilité du second ordre introduite par
R.T. Rockafellar en 1985 [68]. De plus, & notre connaissance, c’est la premiére fois que ces concepts
sont appliqués dans le contexte de 'optimisation de forme et du controle optimal, ce qui rend ce

travail nouveau et original.

Problémes considérés et bréve description des résultats obtenus. Dans cette these, nous
nous focalisons sur deux problemes aux limites particuliers issus de la mécanique du contact : un
probléeme impliquant des conditions unilatérales de Signorini et un probléme impliquant la loi de

frottement de Tresca.

(i) Le premier probléme, dit de Signorini, est un probléme de contact sans frottement formulé pour
la premiére fois par A. Signorini dans [75] en 1933, puis en 1959 dans [76]. En 1963, G. Fichera
a prouvé dans [35] Pexistence et 'unicité de la solution du probléme de Signorini en minimisant
la fonctionnelle énergie correspondante. La formulation faible du probleme de Signorini est une
inéquation variationnelle non linéaire, et la littérature est plutdét abondante sur ce probleme
(voir, par exemple, [10, 50]).

L’analyse de sensibilité de ce probleme a déja été étudiée dans la littérature sans utiliser de méth-
ode de pénalisation ou de régularisation, a I’aide de la méthode de la différentiabilité conique
des opérateurs de projection (voir, par exemple, [19], [57, Chapitre 5 Section 5.2 p.111] et [78,
Chapitre 4 Section 4.6 p.205]). En utilisant notre nouvelle méthodologie, nous retrouvons les
résultats déja obtenus dans la littérature pour ce type de probleme. En effet, si un ensem-
ble convexe fermé non vide est polyédrique, alors, d’apres le théoréeme de Mignot, 'opérateur
de projection sur cet ensemble admet une différentielle conique, laquelle coincide exactement
avec I'opérateur proximal associé a I’épi-dérivée du second ordre de la fonction indicatrice asso-
ciée. De plus, notre approche permet de caractériser la dérivée de la solution du probleme de
Signorini, comme étant elle-méme la solution d’un probléme de Signorini, ce qui est une nou-

veauté par rapport a la littérature. Nous appliquons alors les résultats obtenus a un probléme
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d’optimisation de forme, et caractérisons ainsi la dérivée matérielle directionnelle et la dérivée
de forme directionnelle. Enfin, en utilisant ces caractérisations, nous obtenons une expression
facilement utilisable numériquement du gradient de forme de la fonctionnelle énergie correspon-
dante (voir le résumé de la Partie III ci-dessous), ce qui n’a également pas été obtenu dans la
littérature. Par conséquent, sans utiliser de méthode de pénalisation et de régularisation, ce

travail peut-étre vu comme un complément et une extension des précédents articles sur ce sujet.

(ii) Le second probleme, dit de Tresca, est un probléme de contact avec frottement (voir, par exem-
ple, [31, Chapitre 3] ou [37, Section 1.3 Chapter 1]). La formulation faible de ce probléme est une
inéquation variationnelle non linéaire impliquant une fonctionnelle propre convexe semi-continue
inférieurement qui est non différentiable : la fonctionnelle de Tresca.

L’analyse de sensibilité de ce probleme a déja été étudiée sans méthode de régularisation et de
pénalisation, en utilisant la méthode de dualisation expliquée plus haut (voir, par exemple, [77,
78]), et qui fournit des résultats assez abstraits.

Pour mener a bien I’étude de ce probleme a 'aide de notre méthodologie, nous devons perturber
la loi de frottement de Tresca, et par conséquent la fonctionnelle de Tresca associée. Nous
devons alors utiliser les récents travaux issus de [2], dans lequel la notion d’épi-différentiabilitié
du second ordre a été adaptée a des fonctions convexes dépendant d’un parametre. Nous sommes
alors capables de faire ’analyse de sensibilité de ce probléme et de caractériser la dérivée de la
solution de ce probleme, comme étant elle-méme la solution d’un probleme de Signorini, ce qui
est nouveau dans la littérature. Cela n’avait pas été obtenu avec la méthode de dualisation
puisque des élements du dual intervenaient, et par conséquent rendaient la caractérisation des
dérivées abstraite. De plus, nous pouvons alors appliquer les résultats obtenus a des problemes
d’optimisation de forme et de contréle optimal, ce qui nous permet, en particulier, d’obtenir
une caractérisation de la dérivée matérielle et de la dérivée de forme, lesquelles nous permettent
ensuite d’obtenir une expression facilement utilisable numériquement du gradient de forme de la
fonctionnelle énergie correspondante (voir le résumé de la Partie III ci-dessous), ce qui la aussi,

est nouveau dans la littérature.

Mentionnons également que dans les problémes d’optimisation de forme (resp. de controle optimal)
que nous avons considérés, nous arrivons & calculer la différentielle de la fonctionnelle énergie (resp.
de la fonctionnelle cofit définie par (10.2)) correspondante et a caractériser son gradient a 1’aide d’une
égalité, alors que les problémes de mécanique du contact étudiés sont des inéquations variationnelles

non linéaires, voir non lisses.

Résumé Partie I. La partie I de cette these se focalise sur tous les outils et résultats dont on
a besoin dans ce manuscrit. Nous commencgons avec le Chapitre 1 qui est un rappel sur le modele
de 'élasticité linéaire. Dans le chapitre 2, nous rappelons des résultats de géométrie différentielle,
d’analyse fonctionnelle et de théorie de la capacité, tels que I'opérateur de Laplace-Beltrami ou bien
encore la formule de la divergence. Le Chapitre 3 concerne ’analyse convexe et variationnelle, et
comporte les outils et théorémes les plus importants de notre méthodologie. En particulier, on y

trouve la définition de 'opérateur proximal et la notion d’épi-différentiabilité du second ordre. Enfin,
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cette partie se termine avec le Chapitre 4 dans lequel nous présentons les principaux problémes aux

limites considérés tout au long de ce manuscrit.

Résumé Partie II. Cette partie est le cceur de ce manuscrit dans laquelle nous effectuons ’analyse
de sensibilité de problémes aux limites impliquant des conditions unilatérales de Signorini et la loi de
frottement de Tresca. Dans toute cette partie, nous considérons {2 un ensemble ouvert non vide borné
connexe lipschitzien de R?, oti d € N*, avec sa frontiere notée I' := 99, et nous notons n le vecteur
normal unitaire extérieur a I'. Nous commencons par le Chapitre 5, dans lequel nous nous plagons
dans un modele simplifié dit scalaire, c’est-a-dire que 1’on considere une équation de type Laplace et
que les champs de déplacements considérés (voir le Chapitre 1) sont dans H*(2). Nous étudions dans

ce modele, entre autres :

(i) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du probleme

de Signorini scalaire

0 surT,

—Auy +u; = f; dans €,
ug <0, Ohuy < gi et ug (Onuy — )

ou f; € L2(2), g; € L3(I"), pour tout ¢ > 0. L'unique solution faible u; € H!(Q) de ce probléme,
qui appartient au cone convexe fermé non vide Kj(Q) := {v € HY(Q) | v <0 p.p. sur T'} (ot p.p.

signifie presque partout), satisfait I'inéquation variationnelle

/QVut-V(v—ut)—i-/Qut(v—ut)Z /th(v—ut)—l—/rgt(v—ut), o € K3(Q),

et est donnée par u; = projyi o) (F1), o Fy € H!(€2) est 'unique solution d’un certain probléme
de Neumann scalaire (voir Sous-section 5.1.1 pour les détails), et ol projx o) (F3) est l'opérateur
de projection sur K3 (€2). Afin d’utiliser notre méthodologie, nous utilisons 'opérateur proximal

pour caractériser u;, ¢’est-a-dire (voir Remark 3.1.11)

(Ft)v

U = prox
t p LIC(l)(Q)

ou prox%ém) est lopérateur proximal associé a la fonction indicatrice de Signorini LKC(9)-
Nous prouvons alors, en utilisant notamment 1’épi-différentiabilité du second ordre (voir Défini-
tion 3.2.5) de la fonction indicatrice de Signorini Lich(©), que sous certaines hypothéses (voir
Corollaire 5.1.5), I'application ¢ € R, +— u; € HY(Q) est dérivable en t = 0, et que sa

dérivée ufy € H(2) est I'unique solution faible du probléme de Signorini scalaire

—Auy +uy = fy dans Q,
[ 0,90
Owhug = gy sur I'@™%°,
uy =0 sur I'y9,
0,90
— Y

up <0, dhugy < g et ug (Opug — gj) = 0 sur Fg

ot fi € L3() (resp. gj € L%(T)) est la dérivée en t = 0 de I'application t € Ry — f;, € L2(Q)
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(i)

(resp. t € Ry +— g; € L2(I)), et ot I se décompose, & un ensemble de mesure nulle prés,

U090 U090 uo,90
en I'y ury UI'g®?, avec

[309 .= {s € T | uo(s) # 0},
TU09 .= {5 €T | ug(s) = 0 et duug(s) < go(s)},
Pg2% = {s €T |uo(s) = 0 et Onuo(s) = go(s)} -

L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du probléeme

de Tresca scalaire :
—Auy +u; = f; dans Q,

[Onut] < gr et urdnus + gelug] = 0 sur T,

(1)

ol f; € L?(Q), g+ € L), avec g > 0 p.p. sur I, pour tout ¢ > 0. L’unique solution

faible u; € H'(Q2) de ce probléme satisfait 1'inéquation variationnelle

/QVut-V(v—ut)—i-/ﬂut(v—ut)—|—/th|v|—/th|ut|2 /th(v—ut), o € H(Q),

et est donnée par

up = proXg .y (F1),

ott F; € H'(Q) est 'unique solution d’un certain probléme de Neumann scalaire (voir Sous-
section 5.2.2 pour plus de détails) et ol proxg;,.) est I'opérateur proximal associé a la fonction-

nelle de Tresca dépendant d’un parameétre ®(¢,-) définie par

®(t,-): HYQ) — R
v — D(t,v) ::/th|v|.

Puisque la fonctionnelle ® dépend d’un parameétre, nous utilisons la notion plus générale d’épi-
différentiabilité du second ordre dépendant d’un parametre (voir Définition 3.2.11) afin de prou-
ver que, sous certaines hypotheéses (voir Théoréme 5.2.12), Iapplication t € Ry + u; € HY(Q)
est dérivable en t = 0, et que sa dérivée ujy € H' () est I'unique solution faible du probléme de

Signorini scalaire

—Auj +uf = fy dans Q,
/1 Onug 0,90

Onug = go=ue sur I'g
/I uo,90

uy =0 sur I';”7°, (2)

/ / 1 Onug / / / Onug | U0,90
uy <0, Onug < go=i® et ug (Gnug —gp=ee) =0 sur I'g?%°,
/ ! / Onug / /1 Onug | _ 0,90
uy > 0, Onug > go=e® et ug (Onug —gp=e®) =0 sur I'gS7",

ot fi € L2(Q) est la dérivée en t = 0 de I'application t € Ry — f; € L2(Q), gi € L3(T) est la

g:(s)=go(s)

fonction définie, pour presque tout s € I', par g (s) := limy;_,o+ 7

, et ou I' se décompose,
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a un ensemble de mesure nulle prés, en P9 UTE9 UTY? UTG, avec

Y9 ={s el |uo(s) #
Iy :={s el |uo(s)
)
)

( }s

(
g2 :={seTl|ug(s

(

et Ohuo(s) € (—go(s),90(s))},
et Ohuo(s) = go(s)},
et dhup(s) = —go(s)}.

o O o O

gy ={seT |ug(s) =

Dans le Chapitre 6, nous nous plagons dans le modele de I’élasticité linéaire (voir Chapitre 1 pour
des détails sur ce modele), avec d € {2,3}. Nous supposons que 2 est un solide élastique, et que la fron-
tiere I' se décompose en deux parties, notées I'p et T'g, telles que I' = I'pUT's et TpNT's = 0, avec I'p
de mesure strictement positive, et nous notons Hf, (€2, R?) := {v € H'(Q,R?) | v = 0 p.p. sur I'p} qui

est un sous-espace vectoriel de H*(2, R?). Nous étudions dans ce modele, entre autres :

(iii) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du probléme
de Signorini
—div (Ae (ut)) = f¢ dans Q,
ug = 0 sur I'p,
or(us) =0 surTs,
Uty <0, on(ue) < gr et ugy (on(ug) —g¢) = 0 sur I,

ou fi € L2(Q,RY), g € L2(T's), usy := ug - n, A est le tenseur des rigidités, e est le tenseur
des déformations, o,(u;) est la contrainte normale et o,(u;) la contrainte tangentielle (voir
Chapitre 1 pour plus de détails), pour tout ¢ > 0. Lunique solution faible u; € H*(Q2, R?) de ce
probléme, qui appartient au cone convexe fermé non vide g (Q, R?) := {v € H5(Q,R%) | v, <

0 p.p. sur I's}, satisfait 'inéquation variationnelle
/ Ae(uy) :e(v—uy) > / feo (v —uy) +/ gt (Un — Usy) Yo € K (Q,RY),
Q Q I's

et est donnée par u; = proj,Cé(QRd)(Ft), ott Fy € HL(Q,R?) est I'unique solution dun cer-
tain probléme de Dirichlet-Neumann (voir Section 6.1 pour les détails), et ot proj ki (,Rd) st
I'opérateur de projection sur (€2, R?). Pour utiliser notre méthodologie, nous écrivons

(£1),

Uy = Prox
t p chll)m.uxd)

ol prox est 'opérateur proximal associ¢ a la fonction indicatrice de Signorini ¢x1(q ga).-

ticl(a,rd)
Nous proﬁvons alors, en utilisant notamment 1’épi-différentiabilité du second ordre de la fonc-
tion indicatrice de Signorini Lich(o,rd) que, sous certaines hypotheses (voir Corollaire 6.1.5),

l'application t € Ry — u; € HE(Q,RY) est dérivable en t = 0, et que sa dérivée uf, € Hy(Q,R)
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est I'unique solution faible du probleme de Signorini

—div (Ae(up)) = f§ dans Q,
uy =0 sur I'p,
or(ug) = sur I's,
on(ug) = go sur T2 %,
up, = 0 sur [g?%,
Uy <0, 0u(ug) < gg et ugy, (on(up) —gp) =0 sur g2,

ot f) € L2(Q,RY) (resp. g € L?(I's)) est la dérivée en t = 0 de P'application t € Ry — f; €
L2(Q,R?) (resp. t € Ry ~— g; € L2(T's)), et ot I's se décompose, & un ensemble de mesure nulle

pres, en I‘gl‘l’go U I‘g]‘;’go UTg”%, avec

Tg0% = {s € T's | uon(s) # 0},
[y i={s € T's | uon(s) = 0 et an(uo)(s)

0 < go(s)
g2 = {s € Ts | uon(s) = 0 et on(uo)(s) = go

b
(s)}-
L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du probléme

de Tresca
—div (Ae(ut)) = fi dans Q,

ug = 0 sur I'p,
on(ur) = hy sur Ig,
lor(ue)ll < gi et ugr - or(ue) + gt [Jue-|| = 0 sur I,

ot fy € L2(Q,RY), g; € L23(T's), avec g; > 0 p.p. sur I's, pour tout ¢+ > 0. L’unique solution

faible u; € HL (€2, R?) de ce probléme satisfait I'inéquation variationnelle

/QAe<ut>:e<v—ut>+/Fsgt||vT—/Fsgutfn>/th-<v—ut>+/rsht<vn—utn>,

pour tout v € HL (2, R?), et est donnée par
Ut = proxXe, .y (F1),

ot Fy € HE (€2, R?) est I'unique solution d'un certain probléme de Dirichlet-Neumann (voir Sous-
section 6.2.1 pour les détails) et ou Proxg .y est lopérateur proximal associé a la fonctionnelle
de Tresca dépendant d’un parametre ®(t,-) définie par

®(t,-): HE(Q,RY)

v o B(t,0) ::/

T's

— R

ge llv- |l -

Nous prouvons alors, sous certaines hypotheses (voir Corollaire 6.2.8) telles que 1’épi-différenti
abilité du second ordre (dépendant d’un parameétre) de ®, que l'application ¢t € Ry +— wuy €
HL (2, R?) est dérivable en t = 0, et que sa dérivée uf, € HE (2, R?) est I'unique solution faible
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du probleme de Signorini tangentiel

—div(Ae(ug)) = f§ dans Q,
uy =0 sur I'p,
on(ug) = hy sur I's,
/ 90 I /o, _Yor U0, — 4l _Yor e
or(ug) + To T (UOT (uOT HUOTH) Huofl\> 9oTue Sur groso,
U/OT =0 sur FS;o,yo’
/ o (uo) / 7 o (uo) o (ug)
up, € R_==0, (aT(uO) — 907 g ) Ty S0t
/ / 7 or(u .
Yo, - (Uf(uo) - 90%) =0 sur I'guo.0.

ot f} € L%(Q) est la dérivée en t = 0 de lapplication t € Ry — f; € L%(Q), gy € L*(Ts)

est la fonction définie, pour presque tout s € I's, par g{(s) := lim;_,o+ M, et ou I'g se

décompose, a un ensemble de mesure nulle pres, en I'quo.90 U 'quo.90 U 'quo.90, avec
’ ’ S S Sq ’
R D

Fsﬂrt{o-,go = {S elg | Ug,, (8) # 0},
Tguoso = {5 € T's | ug,(s) = 0 et 7)) € B(0,1) N (Rn(s))J‘},

Pguos0 = {5 € Is | ug, (s) = 0 et 2= € 9B(0,1) (Rn(s))J‘} .

Notons que les conditions sur Fsgoﬂo sont appelées les conditions tangentielles de Signorini (voir
Remarque 4.2.12).

Finalement, cette partie est conclue avec le Chapitre 7 ou des simulations numériques sont effec-
tuées afin d’illustrer le résultat obtenu dans (ii), lequel affirme que, approximation du premier ordre
de la solution u; du probléme de Tresca scalaire (1) est donnée par ug + tuj, pour de petites valeurs

de t > 0, o uy est la solution du probléme de Signorini scalaire (2) (voir les Figures 1 et 2).

Il est important de noter que dans la partie II, nous faisons I'analyse de sensibilité de problemes
de Signorini (resp. Tresca) bien plus généraux (c’est-a-dire avec davantage de données perturbées)
que ceux présentés précédemment. En effet, le but est de prendre en compte I'analyse de sensibilité
par rapport & la forme, des problémes de Signorini (resp. Tresca) ci-dessus, puisque si la forme
est perturbée, alors ces problemes plus généraux apparaitront naturellement aprés un changement
de variables approprié dans les formulations variationnelles du probléme de Signorini (resp. Tresca)

(voir, par exemple, les résumés ci-dessous des Chapitres 8 et 9 pour plus de détails).
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log (|| ut-u0-tu0'||_{H1})

_

—4.0 —-35 -3.0 2.5 2.0 -15 -1.0 -0.5

Figure 1 — La réprésentation en échelle logarithmique de l'application ¢ € R +—
l[ue — uo — tug[ (o) € Ry (courbe rouge) et de 'application t € Ry t? € R4 (courbe bleue).

Figure 2 — La premiere figure affiche les valeurs de u;, tandis que la seconde affiche les valeurs
de ug + tug pour t = 0.1.
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Résumé Partie ITII. Dans cette partie, nous présentons des applications des analyses de sensibilité
effectuées dans la Partie II pour la résolution de problemes d’optimisation de forme et de controle

optimal.

(i) Nous commengons par le Chapitre 8 ol nous traitons un probléme d’optimisation de forme
impliquant la loi de frottement de Tresca dans le modele simplifié du cas scalaire. Plus précisément,
avec d € N*, f € HY(R?) et g € H2(R?) telle que g > 0 p.p. sur R?, nous considérons le probléme
d’optimisation de forme suivant

mirslzig}liser J(Q), (3)
|Q|=x

U = {0 c R | Q ouvert non vide borné connexe lipschitzien de R?},

avec une contrainte de volume fixé [Q] = A > 0, ot J : U — R est la fonctionnelle énergie de Tresca

7@ =5 [ (19wl +ual*) + [ slual ~ [ fun,

ot ' := 9Q est la frontiere de Q et ot ug € H!(Q2) est I'unique solution du probléme de Tresca scalaire

définie par

(TPq)

—Au+u = f dans Q,
|[Ohu] < g et uOhu+ glu|] =0 sur T,

pour tout 2 € U.

Pour le traitement numérique du probleme d’optimisation de forme ci-dessus, une expression
adéquate du gradient de forme de J est nécessaire. Pour ce faire, nous suivons la stratégie clas-
sique développée dans la littérature sur 'optimisation des formes (voir, par exemple, [8, 46]). Con-
sidérons Qg € U et une direction § € CL>°(R4 RY) := CYR? R?) N WL>(R4 R?). Alors, pour
tout ¢ > 0 suffisamment petit tel que id 4 6 est un difféomorphisme de classe C' de R, nous no-
tons Q; := (id + t0)(Q) € U et u; = ug, € HY(Q), ot id : R? — R? est I'opérateur identité.
Afin d’obtenir une expression du gradient de forme de J en 2y dans la direction 6, le premier pas
consiste & obtenir une expression de la dérivée de l'application t € Ry + u; € HY(Qy) en t = 0.
Cependant, cette application est mal définie puisque I'espace d’arrivée H! (Q;) dépend de la variable .
Pour surmonter cette difficulté, nous considérons le changement de variables id 4 tf et nous prouvons

que Uy := uy o (id + t0) € H1 () est I'unique solution du probléme de Tresca scalaire général

—div (AtVEt) +ﬂtJt = ftJt dans Qo,
|A:VT, -n| < g lJv, et WA VU -n+ gilJr, [u] =0 sur I'g,

considéré sur le domaine fixe g, ou I'y := 9, n est le vecteur normal unitaire extérieur a la fron-
tiere o, fi := f o (id + tf) € HY(R?), g; := go (id + tf) € H'(R?) et ot J;, A; et Jr, sont les
termes Jacobien standards, résultant du changement de variable utilisé dans la formulation faible
du Probléme (TPgq,) (voir Section 8.1 pour les détails). Maintenant, pour obtenir I’expression de la

dérivée de I'application t € Ry — 7, € HY(Qg) en t = 0, noté uy € HY(Qg) et appelée la dérivée

11
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matérielle directionnelle (la terminologie directionnelle a été ajoutée par rapport a la littérature,
puisque P'expression de g n’est pas linéaire par rapport a la direction 6, voir Remarque 8.1.2), et
nous écrivons alors u; = prox,, (F;), ou Fy € H'(Qp) est I'unique solution d'un certain probléeme de
Neumann scalaire, et ot prox,, est I'opérateur proximal associé a la fonctionnelle de Tresca pertur-
bée ¢; définie par
¢ HY Qo) — R
vo— P(v) = / geJT, v,
Lo

et considéré sur I'espace de Hilbert perturbé (H*(£2), (-, Va,.1,) (voir les détails sur le produit scalaire
dans la Section 8.1). En utilisant alors les résultats issus de la Partie II, nous obtenons les principaux
résultats théoriques, énoncés dans les Théoremes 8.1.1 et 8.2.1, et résumés ci-dessous. Cependant, pour
rendre leurs expressions plus explicites et élégantes, nous les présentons sous certaines hypotheses de
régularité supplémentaires, telles que ug € H3(), dans le cadre des Corollaires 8.1.3, 8.1.5 et 8.2.2,

ce qui les rend plus adaptés a cette introduction.

1. Sous certaines hypotheses décrites dans le Corollaire 8.1.3, la dérivée matérielle direction-

nelle )y € H!(Q) est I'unique solution faible du probléme de Signorini scalaire

—Auy+uy = —A (8- Vug) +0-Vug dans Q,

uy, =0 sur T'9,

Oty = h™(6) sur Fﬁo’g,

Uy < 0, Oy < h™(0) et up (O — h™(6)) = 0 sur I'g%?,
Ty > 0, dyuy > h™(6) et Wy (BuTty — h™(6)) = 0 sur g7,

ou h™(6) := (% -0 —V0n-n)dyug+ (VO+VOT)Vug-n € L2(Ty), VO est la matrice Jacobienne

uo,g

de 6, et ot I'g se décompose, & un ensemble de mesure nulle pres, en I'? UTE Y UTg” I UTES Y,

Y7 :={seTly|uo(s) #0},

I'yY :={seTy|up(s) =0 et duo(s) € (—g(s),q(s))},
P29 = {5 € Ty | uo(s) = 0 et dyuio(s) = 9(s)}

[gh? = {s € Ty | up(s) = 0 et dyuo(s) = —g(s)}.

2. Nous déduisons dans le Corollaire 8.1.5 que, sous certaines hypotheses, la dérivée de forme
directionnelle, définie par uf, := 1, — Vug - 0 € HY(Qp), est I'unique solution faible du probléme

de Signorini scalaire

—Auy+uy =0 dans Q,

uy = —0-Vug sur I'yY,

Onupy = h*(0) sur 'Y,

—0-Vug, Oguy < h*(0) et (uf + 0-Vug) (Onuy — h*(0)) = 0 sur I'g”9,
—0-Vug, Ogufy > h*(0) et (ug + 0-Vug) (Oquy — h*(0)) =0 sur T'g°

!
0=
/

02

s+,

ot h*(0) =0 - n(Bn(Futio) — Z5) + Vg - Vo (6 - n) — gV (222 ) . § € L2(Ty).

12
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3. Finalement, les deux points précédents sont utilisés afin d’obtenir le Corollaire 8.2.2, affir-
mant que, sous certaines hypotheses, le gradient de forme de J en €y dans la direction 6 €
CHoo(R?, R?) est donné par

Vol + |uol?
7@ = [ o (w

To

On
5 — fuo + Hgl|uo| — On (uoOnuo) + guov<%> . n) ,

ot H est la courbure moyenne de I'y. Soulignons que J'(€2y) dépend uniquement de ug (et
non de up). Par conséquent, son expression est explicite (et aussi linéaire) par rapport a la
direction 6. En particulier, cela implique qu’il n’y a pas besoin d’introduire un probléme adjoint

afin d’effectuer des simulations numériques (voir Remarque 8.2.4 pour plus de détails).

L’expression du gradient de forme de J obtenue dans le point 3. permet d’obtenir une direction de
descente de J (voir la Section 8.3 pour les détails). Par conséquent, en utilisant cette direction de de-
scente, combinée avec ’algorithme d’Uzawa pour prendre en compte la contrainte de volume fixé, nous
effectuons des simulations numériques afin de résoudre numériquement le probleme d’optimisation de

forme (3) sur un exemple en deux dimensions présenté dans la Sous-section 8.3.2 (voir Figure 3).

Figure 3 — Formes minimisant la fonctionnelle de Tresca J avec la contrainte de volume fixé A = 7 en

fonction de différentes valeurs de g. La frontiére rouge montre ou u = 0 et la frontiére noire montre
ou |Oyu| = g.

13
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(ii) Dans le chapitre 9, nous traitons un probléme d’optimisation de forme impliquant des con-
ditions unilatérales de Signorini dans le modele de ’élasticité linéaire. Plus précisément, consid-
érons d € {2,3}, f € HY(R? R?), et Qe un ensemble ouvert non vide borné connexe lipschitzien
de R?, avec une frontiére notée I'yes := 09, telle que Iy = I'p U Ig,.,, ou I'p et I's,, sont deux
ensembles mesurables disjoints et inclus dans T'yef, avec I'p de mesure strictement positive. Nous

considérons alors le probleme d’optimisation de forme suivant

- Q A
g er T W
‘le‘ﬂrefl

ou
Uper := {Q CR? | Q ouvert non vide borné connexe lipschitzien de R

avec une frontiere I' := 0 telle que I'p C F},

avec une contrainte de volume fixé | = |Qer| > 0, 2 est un solide élastique qui satisfait le modele
de ’élasticité linéaire, pour tout ) € Uet, et ot J : Urer — R est la fonctionnelle énergie de Signorini

definie par
J(Q) = %/QAG(UQ) e (ug) 7\/Qf‘UQ,

ot ug € HY (9, R?) est 'unique solution faible du probléme de Signorini

—div(Ae(u)) = f dans Q,
=0 I'p,
u sur I'p (SPq)
or(u) =0 surTg,
un < 0,04(u) <0 et upon(u) =0 sur I,

ot, pour tout Q € Uer, I := 09Q, T's := I'\I'p, n est le vecteur normal unitaire extérieur a la frontiere T

Similairement au Chapitre 8, nous considérons 0y € Ut et une direction 6 € C%’W(Rd, R%), ol
CH(RY,RY) = {0 € C2 (R, RN N W2 (RY,RY) | = 0 sur I'p },

et, pour tout ¢ > 0 suffisamment petit tel que id + t6 est un difféomorphisme de classe C? de R?, nous
notons € := (id+t6)(Qo) € Urer b uy := ug, € HEy (2, R?). Nous considérons ensuite le changement
de variables id + ¢ et nous prouvons que %; := uy o (id + tf) € HE (Q0, RY) est I'unique solution faible

du probleme de Signorini général

—div (JtA [VﬁtBt] B:) = ftJt dans Qo,
=0 sur I'p,
((J:A[VuB,] B/ ) n) (MIITH)L =0 sur I's,,

7 -M; 0 <0, (JA[VEBIB ) n- M n <0 et

@ -M;'n ((JtA [V B, B )n- M, F“)

Il
o

sur I'g,,

14
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ol f; := fo(id+t0) € HY (R4, RY), J; := det(I+tV0) € L°(R4 R) est le Jacobien, M; := (I +tV0) €
CLoo(RY, REXD) B, := (14 tV0) " € L°(R%, R¥*?) et o

Mt
((J.A V@B, B/ ) n) () (J,A[VEB,B] )n— <(JtA [Va,B,) B ) n - |Mj1Tn|2> M .
t + n

Par conséquent, u; est donnée par u; = prox (Fy), ou Fy € HL (20, R9) est I'unique solution

tkl(Qg,rd)
t

d’un certain probléme de Dirichlet-Neumann (voir les détails dans la Section 9.1), et ou PIOX, , o )

t 40

est I'opérateur proximal associé a la fonction indicatrice de Signorini (k1 (g, re), 0t Ki(Q0,R?) :=
{v € HL(Q0,RY) | v+ (I+tVOT)"In < 0 p.p. sur I's,}, et considéré sur I'espace de Hilbert per-
turbé (Hy (Qo, RY), (-, )3,.A.B,) (voir les détails sur le produit scalaire dans la Section 9.1). En utilisant
alors les résultats issus de la Partie II, nous obtenons les principaux résultats théoriques, énoncés dans
les Théoremes 9.1.2 et 9.2.1, et résumés ci-dessous. Cependant, nous les présentons sous certaines

hypotheses de régularité supplémentaires, dans le cadre des Corollaires 9.1.3, 9.1.5 et 9.2.2.
1. Sous certaines hypotheses décrites dans le Corollaire 9.1.3, I'application ¢t € Ry — w €
HE(Q0,RY) est dérivable en t = 0, et la dérivée matérielle directionnelle w) € HE(Qp,RY)

est I'unique solution faible du probléme de Signorini

—div(Ae(uy)) = £(0) dans Qo,
uy = 0 sur I'p,
or(uy) = h™(0), sur I's,,

on(Th) = h™(0)n sur FSS‘}?’
o, = (VOug), sur Fsg‘g"

T < (VOuo),  ou(ih) < K™ (O)a et (T, — (VOuo),) (ou(@h) — ™ (0).)

0 sur ['guo,,
0,

ot h™(0) = ((Ae(ug))VO" + A(VuoVl) — on(ug)(div(d)I + VO ))n € L3(Ts,,RY), () =
—div(Ae(Vugh)) € L2(Qp,R?), et ou I's, se décompose, a un ensemble de mesure nulle pres,
en I‘gg; U I‘gg‘r“) U Fggi, avec

e = {s € I's, | uon(s) # 0},

Sonx

g’ :={s e€Tls, | upy(s) =0 et opn(ug)(s) <0},
=0}.

Sop

T i={s € T's, | uon(s) = 0 et on(uo)(s)

2. Nous déduisons dans le Corollaire 9.1.5 que, sous certaines hypotheses, la dérivée de forme
directionnelle, définie par uf, := gy —Vugh € Hi (29, R?), est I'unique solution faible du probléme
de Signorini

—div(Ae(ug)) = 0 dans Qo,

up = 0 sur I'p,
o (ug) = h%(0), sur Is,,
on(ug) = h*(0)n sur FS:‘;\?’
Uy = W(0)n sur FS:‘};"

U < W(O)a,0n(u) < h* (O et (uh, = W(O)n) (ou(up) —h*(0)a) =0 sur Dguon,

15
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ott W(6) := (VOug) — (Vugh) € HY/?(Ty,R%),

h?(0) := 0 -1 (9, (Ae(ug)n) — Iy (Ae(ug))n) + Ae(ug)V, (6 - 1)
— V(Ae(uo)n)f — a4 (uo) (div,(0)I+VOT) n € L?(T's,, RY),

et ot div, () :=div(f) — (VOn-n) € L°°(T) est la divergence tangentielle de 6, 9, (Ae(up)n) :=
V(Ae(up)n)n est la dérivée normale de Ae(up)n, et 9y (Ae(up)) est la matrice dont la i-ieme ligne
est le vecteur 9y, (Ae(ug);) := V(Ae(up)i)n, out Ae(ug); est la i-itme ligne de la matrice Ae(ug)
pour tout ¢ € [[1,d]].

3. Finalement les deux précédents points sont utilisés afin d’obtenir le Corollaire 9.2.2; lequel
affirme que, sous certaines hypotheses, le gradient de forme de J en 2y dans la direction 6 €
CH>®(RY R?) est donné par

7'@0)0) = |

r

. (0 ‘n (W —f- u0> + Ae(ug)n - (VOug — Vu00)> )

Notons que, similairement au probléme d’optimisation de forme impliquant la loi de frottement de
Tresca dans le modele scalaire traité dans le Chapitre 8, J'(€) est explicite et linéaire par rapport &
la direction 6, et par conséquent nous permet d’exhiber une direction de descente. Ainsi, en utilisant
cette direction de descente ainsi que ’algorithme d’Uzawa, nous effectuons des simulations numériques
afin de résoudre le probléme d’optimisation de forme (4) sur un exemple en deux dimensions présenté

dans la Sous-section 9.3.2 (voir Figure 4).

(iii) Nous concluons avec le Chapitre 10, dans lequel nous traitons un probléme de contréle optimal
impliquant la loi de frottement de Tresca dans le modele de 1’élasticité linéaire. Plus précisément, nous
considérons d € {2,3}, Q un ensemble de R? qui est ouvert non vide borné connexe de classe C!, avec
une frontiere notée I' := 012, et nous notons n le vecteur normal unitaire extérieur a la frontiere I'.
Nous supposons que I' se décompose en I' = I'p UT'g, ot I'p et I's sont deux ensembles mesurables
(de mesure strictement positive) disjoints, inclus dans T', et que presque tout les points de I's sont
dans intp(T's). Nous supposons que 2 est un solide élastique qui satisfait le modele de élasticité
linéaire, et nous considérons f € L2(Q,R9), h € L2(T's), g1 € L>=(I's) qui satisfait g; > m p.p. sur I's,
ot m > 0 est une constante positive, et go € L*°(I's) qui satisfait ||ga||r,crg) > 0. Nous considérons

alors le probléme de controle optimal suivant
minimiser J(z), )
inyiser 7 (2) 5)
ou J est la fonctionnelle cotlit définie par

J: V. — R
z v J(2) =5 [ul@); + 5 16) T2 1) -

oll || - ||a est la norme associée au produit scalaire (-,-), (voir (4.1)), V est un sous-ensemble ouvert
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Introduction

Wo.233304
Wo.257184
W0.280365

lx 50725
162425

Figure 4 — Forme initiale (gauche) et la forme qui minimise J (droite), sous la contrainte de volume
fixé |Qef| = 7. En haut sont affichées les valeurs de la solution du probléeme de Signorini, tandis qu’en
bas sont affichées les valeurs de l'intégrande de J.

de L>°(T'g) défini par
V:={z e L>®([g) | IC(2) > 0, £(2) > C(z) p.p. sur I's},

ot £ est I'application définie par z € L®(I's) + £(z) := g1 + zg2 € L®(I's), et ot u(¢(z)) € HL(Q,RY)
est I'unique solution du probleme de Tresca

—div(Ae(u)) = f dans Q,
u =0 surIp,
(6)
on(u) = h sur T,
lor(w)]| < £(z) et ur - or(u) +€(2) |ur]] = 0 sur T,

ou B > 0 est une constante positive et ot U est un sous-ensemble non vide convexe de V tel que U
est un sous-ensemble fermé borné de L?(I's). Nous prouvons dans la Section 10.1 Iexistence d’une
solution au probléme (5), et dans la Section 10.2 nous prouvons, en utilisant les résultats issus de la

Partie II, que, sous certaines hypotheéses (voir Théoreme 10.2.1), J est Gateaux différentiable sur V

17



Introduction

et, pour tout zg € V, sa Gateaux différentielle est donnée par

16T (20)(2) = / 292 (B (g1 + 7092) — o ) + / B2gs (g1 + 7092)

L ug,e r ur
0-¢(20) ug,€(20) ug,€(z0)
Sk Sp Sg

pour tout z € L>®(T's), ot ug := u(€(2p)) est I'unique solution du probléme de Tresca (6) avec £(z) =
g1+2092, et ou I's se décompose, a un ensemble de mesure nulle prées, en FS;U,Z(ZO) UFS;O,z(ZO) UFs;‘O‘“ZU) ,
avec

Fsg‘)’“zo) :={se€Ts|ug,(s)#0},

T uui(e) 1= {s € Ts | ug, (s) =0 et Z&E) ¢ B(0,1) N (Rn(s))l},
st G)(5)

or(ug)(s 1
Pguo o) = {s € Ts | uo, (s) = 0 et 729 € 9B(0,1) N (Ru(s)) }

Enfin, dans la Section 10.3, nous supposons ||ga|rrg) < m ot m > 0 est la constante déja
introduite précédemment, et nous considérons U := {z € L?(I's) | =1 < 2z < 1 p.p. sur I's}, qui est
alors bien un ensemble convexe inclus dans V et également un fermé borné de L?(T's). Nous utilisons
alors I'expression de la Gateaux différentielle de 7, laquelle nous permet d’obtenir une direction
de descente, que 'on combine avec un algorithme de gradient projeté pour prendre en compte les
contraintes présentes dans ’ensemble U, afin de résoudre numériquement le probleme de controle

optimal (5) sur un exemple en deux dimensions présenté dans la Sous-section 10.3.2 (voir Figure 5).

o0 —

0.75

0.50

0.25

0.00

-0.25

‘Optimal control value

—0.50

-0.75

-1.00

157 234 392 553 628
Angle (radian)

Figure 5 — Valeurs du contréle optimal sur I's := {(cosf,sinf) €' | T < 6 < 27}.
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GENERAL NOTATIONS

intp
Ln
Ty

I(MH)J‘

W (Q)
H™(Q,RY)

The set of nonnegative integers

The set of positive integers

The set of real numbers

The set of nonnegative real numbers

The set of nonpositive real numbers

The set of positive real numbers

The dimension, d € N* or d € {2, 3} depending on the section
The absolute value map

The Euclidean scalar product of R?

The Euclidean norm of R?

The linear subspace of R? defined by R_z := {y € R? | 3\ <
0 such that y = Az} for any = € R?

Nonempty bounded connected open subset of R? with a Lip-
schitz boundary

The boundary of €2

The outward-pointing unit normal vector to I'

The interior relative to T’

The normal component of z € R? defined by z, := = -n

The tangential component of 2 € R? defined by =, := z—z,n
The component of z € R? defined by Tyt = T — (z -
Hl&dﬁ)Mn € R?, where M € R%x4

Abbreviation for almost everywhere

Abbreviation for quasi everywhere

The set of functions that are infinitely differentiable with
compact support in )

The set D(Q2, R)

The set of distributions on 2

The set D'(£2, R)

The usual Lebesgue spaces endowed with their standard
norms, where X is measurable set and p € N* U {400}

The Lebesgue space LP(X, R)

The usual Sobolev spaces endowed with their standard norms,
where (m,p) € N x N* U {+o00}

The Sobolev space W™ (), R)

The Sobolev space W™2(), R9)
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General notations

H™ (9)
HE(Q,Rd)

HI/Q(F,Rd)
Hl/Q(F)
H_l/Q(F,Rd)
H71/2(F)
On(u)

A

e
on(u)
or(u)
{5 o)
- [l @)

<..

)
- 1la

The Sobolev space H™(Q, R)
The linear subspace of H'(£2, R9) given by {v € H' (2, R?) |
v=0a.e onI'p} where I'p C T
The usual trace space
The space H'/2(T', R)
The dual space of H'/2(I', R%)
The dual space of H/?(T")
The normal derivative of u
The stiffness tensor (see Chapter 1)
The infinitesimal strain tensor defined by e(u) := 1(Vu +
Vu') for all u € H (2, RY)
The normal stress defined by oy, (u) := Ae(u)n - n for all u €
HY(Q,RY)
The shear stress defined by o, (u) := Ae(u)n — o, (u)n for all
u € HY(Q,RY)
The usual scalar product on H!(£2)
The norm associated with the scalar product (-, )i (q)
The scalar product on H} (€2, R?) defined by (4.1)

<'a '>A

The norm associated with the scalar product
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PART 1

Reminders and preliminaries
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In this first part, we introduce the results and tools involved all along the manuscript. In Chapter 1,
the linear elastic model and the definitions of the Signorini unilateral conditions and of the Tresca
friction law are presented. In Chapter 2, some notions from differential geometry, functional analysis
and capacity theory are reminded. In Chapter 3, concepts and results from convex and variational
analyses are described, such as the proximal operator, the Mosco epi-convergence, the twice epi-
differentiability, etc. Finally, in Chapter 4, some boundary value problems are detailed: a Neumann
problem, a Signorini problem and a Tresca friction problem.

We mention that some results presented here are only reminders, while some are new. In this last

case their proofs are given.
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CHAPTER 1

LINEAR ELASTIC MODEL

For details on this chapter, we refer, for instance, to [17, 30, 34, 73]). Let d € {2,3} and Q be an
elastic solid, which means that it returns to its initial shape when stresses are no longer exerted. The
elastic solid is characterized by the Cauchy stress tensor o : u € H' (€2, R?) = o(u) € R?, a symmetric
tensor of rank 2 which describes the stress state of the elastic solid, and where u € H! (€, R?) is called

a displacement field. Moreover, the stress vector T is defined by

T: H(QRY) — R?
u — T(u):=ocwn=ouwn-n+o-(u),

where oy, (u) is the normal stress and o, (u) the shear stress. Note that, if o, < 0, then the exterior
exerts compressive forces on the boundary of the elastic solid, while o, > 0 means that the exterior
exerts tractions forces. In the case where the elastic solid is subject to small deformations, then it

satisfies the linear elastic model given by,
o(u) = Ae(u),

for all u € HY(Q2, R?), where A is a symmetric tensor of rank 4 called the stiffness tensor, and e is the

infinitesimal strain tensor defined by

e: HI(Q,RY) —» Rixd
1
u —  e(u) ::i(Vu—FVuT).

In this work, we assume that all coefficients of A are constant (denoted a;;x; for all (i,j,k,1) €
{1,.., d}4)7 and there exists one constant o > 0 such that, all coefficients of A and e (denoted ¢;; for
all (i,5) € {1,...,d}?), satisfy
d d d d d
Qijkl = Qjikl = Olkij Z Z Z aijri€ij (V) (@)ex(u)(z) > Z Z €ij(v)(@)es;(u) (@),  (1.1)
i=1 j=1

i=1j=1k=1I=1

for all displacement field v, u € H' (€2, R?) and for almost all z € Q. Note that, from the assumptions
on A, one has Ae(v) = AV, for all v € H}(Q, R?).

Remark 1.0.1. In the particular case where the elastic solid is isotropic, which means that its me-

chanical properties are identical in all directions, then the stiffness tensor A is given, for all symmetric
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Part I, Chapter 1 — Linear elastic model

matrix S, by
AS =2uS + ATr(S)I,

where > 0 and A > 0 are Lamé parameters (see, e.g., [30, 34]), Tr(S) is the trace of the matrix S,

and I stands for the identity operator. Thus, one deduces the Hooke’s law given by
o(u) = 2pe(u) + ATr(e(u))l, Yu € HY(Q,RY).

In this work, we assume that the elastic solid is static and subjected to volume forces f € L2(Q, R?).

Therefore, the equilibrium equation is given by (see, e.g., [30, Chapter 5 p.45]),
—div (Ae(u)) = f in Q. (1.2)

Now let us introduce the Signorini unilateral conditions and the Tresca friction law, on which we

will focus in this manuscript.

1.1 Signorini unilateral conditions

A. Signorini proposed in 1933 (see [75]) some boundary conditions which describe a non-permeable
contact between an elastic solid and a rigid foundation. More precisely, assume that 2 is in contact
with a rigid foundation on a part I's of its boundary. Then the Signorini unilateral conditions are
given by

up <0, op(u) <0 and wpon(u)=0 onTyg,

where u,, € L2(T") is the normal component of the displacement field u € H*(Q,R%). The physical
sense of those conditions is:

(i) un < 0 describes the non-permeability of I's with the rigid foundation;

(ii) on(u) < 0 means that there are only compressive stresses exerted on I's by the rigid foundation;

(iii) upon(u) = 0 is the complementarity relation. If u, < 0, then the rigid foundation is not in
contact with I's, thus it does not exert compressive stresses i.e. op(u) = 0. If op(u) < 0, then

the elastic solid and the rigid foundation are in contact, thus u,, = 0 since they is no permeability.

Moreover, in some sections of the manuscript, we will consider the generalized Signorini unilateral

conditions, that are
un < wy (resp. > wy), on(u) < g (resp. >g) and (un —w)(on(u) —g) =0 on Iy,

where w € HY(Q,R?) and g € L?(I's) are given data.

Remark 1.1.1. In this work, we will also consider the scalar model, i.e. displacement fields are
in H'(Q). In that case the scalar Signorini unilateral conditions (see, e.g., [52, Section 1]) are given
by

u<w (resp. >w), Ohu<g (resp. >g) and (u—w)(Ghu—g)=0 onlyg,
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1.2. Coulomb friction law and Tresca friction law

where w € HY(Q), g € L?(I's) and d,u is the normal derivative (when it exists) of v € H!(Q) which

solves a Laplace type equation instead of the linear elasticity equation (1.2).

1.2 Coulomb friction law and Tresca friction law

The Coulomb friction law was introduced by C.A. Coulomb in 1785 (see [24]) and allows to
modelize the friction between an elastic solid and a rigid foundation. More precisely, assume that 2

is in contact with a rigid foundation on a part I's of its boundary. Then the Coulomb friction law is

given by
lo-(w)] < —pson(u),
if [o-(uw)|| < —pson(w), then u, =0,
if |los(u)|| = —pson(u), then there exists A > 0 such that u, = —Ao-(u),
on T's, where ||-|| is the Euclidean norm on R?, w, is the tangential component of the displacement

field v € HY(Q,RY) and pu, > 0 is the static coefficient of friction, which is an empirical property of
the elastic solid and of the rigid foundation. Roughly speaking, this law physically means that, as
long as the tangential stress is inferior to the friction threshold given by —pus0y,(u), then the elastic
solid does not slide on the rigid foundation. When the friction threshold is reached, then the elastic
solid slides in the same direction but in the opposite sense of the shear stress.

The Tresca friction law is a simplification of the Coulomb friction law, where the friction threshold

does not depend on the normal stress oy, (u). More precisely, this law is given by

lo-(ll < g,
< g, thenu, =0,
if |lo,(u)|| = g, then there exists A > 0 such that u, = —Ao,(u),

where g € L2(T'g) is the friction term and is a positive function almost everywhere on I's. Moreover,

using Cauchy—Schwarz inequality, the Tresca friction law is equivalent to

lo-(u)l <g and  ur-or(u) = —gllu-,

and it is with this formulation that we will use it, all along the manuscript.

Remark 1.2.1. In the scalar model i.e. the displacement fields are in H*(£2), the scalar Tresca friction
law is given by

|[Ohul <g and udhu = —glul,

where d,u is the normal derivative (when it exists) of u € H'(Q) (see, e.g., [37, Section 1.3 Chapter 1]).
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CHAPTER 2

DIFFERENTIAL GEOMETRY,
FUNCTIONAL ANALYSIS AND CAPACITY
THEORY

This chapter concerns classical reminders that we recall here for the sake of completeness. The first
section claims some results on differential geometry and functional analysis, such as the divergence
formula or some Sobolev embeddings. The second section recalls notions on capacity theory used in

this manuscript.

2.1 Results on differential geometry and functional analysis
Let us introduce
Haiy (Q, R¥*) .= {w € L2(Q,RYY) | div(w) € L2(Q,RY)},

where div(w) is the vector whose the i-th component is defined by div(w); := div(w;) € L?(2,R), and
where w; € L2(Q,R?) is the i-th line of w, for all i € [[1,d]] and for all w € Hgaj, (Q, R*9).

The next proposition, known as divergence formula, can be found in [7, Theorem 4.4.7 p.104].

Proposition 2.1.1 (Divergence formula). If w € Hgi,(Q,R?¥9), then w admits a normal trace,
denoted by wn € H-Y/2(T|RY), satisfying

[ divw)- ot [0 To = @n b e o€ HLRY.
Q Q

From the divergence formula, one deduces the Green formula.

Proposition 2.1.2 (Green formula). Let w € HY(Q). If Aw € L*(Q), then Vw admits a normal
trace Oyw € H-Y2(T) such that

/ vAw +/ Vw - Vo = (Oaw, O)gs/amyaanay, Y0 € HI(Q).
Q Q

The following propositions will be useful and their proofs can be found in [46].
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2.1. Results on differential geometry and functional analysis

Proposition 2.1.3. Let § € C1(RY,RYO)NWL>(RE, RY) and w € HY(Q) such that Aw € L2(Q2). Then
the equality

A (0 Vw) = div ((Aw)  — div(0) Vw + (VO + VO )Vw) ,
holds true in D'(Q2).

Proposition 2.1.4. Assume that ' is of class C*> and let 0 € C*(R* R%). It holds that

/(0 -V 4 vdiv,(0)) = / 0 -n(0yv + Hv), Yo € WAL, R),
r r
where div,(0) := div(0) — (Vén-n) € L>°(T) is the tangential divergence of §, O,v :== Vv-n € L}(T,R)

stands for the normal derivative of v, and H stands for the mean curvature of T'.

Proposition 2.1.5. Assume that ' is of class C* and let w € H?(2,R?*4). [t holds that
div(w) = div, (w;) + Hun + (Oqw) n a.e. on T,

where div, (w,) € L*(T,R?) is the vector whose the i-th component is defined by (div, (w;)); :=
div, ((w;),) € L2(T,R), where w; € R? is the i-th line of w, and where dyw € L2(T,R¥¥4) 4s the
matriz whose the i-th line is the vector Oyw; := (Vw;)n € L3(T,RY), for all i € [[1,d]]. Moreover it
holds that

/v ~divy (wr) = —/ w: Vv, Vv € H2(Q,RY),
r r

where V. v is the matriz whose the i-th line is the tangential gradient V,v; := Vv; — (Oqv;)n €
HY2(D,R%), for alli € [[1,d]].

From the previous proposition, one can deduce the following result.

Proposition 2.1.6. Assume that T is of class C* and let w € H3(2). It holds that

82
Aw:ATw—FH@nw—Fiw a.e. on T,
On?
where Arw € L2(T') stands for the Laplace-Beltrami operator of w (see, e.g., [46, Definition 5.4.11
p.196]), and ‘31'2” := D?*(w)n - n € L?(T"), where D*(w) stands for the Hessian matriz of w. Moreover

it holds that

/ vALw = —/ V.v-V,w, Vv € H3(Q).
r r

Now, let us consider a decomposition I' =: I'y UT's where I'; and I's are two measurable disjoint
subsets of T'. Let us recall some embeddings useful in this work, that can be found for instance in [1,
Chapter 4, p.79], [13], [16], [25, Chapter 7, Section 2 p.395], [33] and [38, Chapter 1, p.27].

Proposition 2.1.7. The continuous and dense embeddings:
— HY(Q,RY)—HY*(I,R?)—L*(I,R")—H"1/2(, RY);
— L2(I', RY)—LY(T, R%);

— HYQ,RY)—L2(Q,RY);
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Part I, Chapter 2 — Differential geometry, functional analysis and capacity theory

— Hyf* (D1, R =LA, RY) = Hyy (T, RY);
are satisfied, where Hééz(I‘l,Rd) can be identified to a linear subspace of H'/?(I',RY) defined by

Hééz(Fl,Rd) = {v e L*(I',RY) | Jw e HY(QLRY), w=v ace. onT; andw =0 a.e. onT>},
and Hgol/Q(I‘l,]Rd) stands for its dual space. Furthermore the dense and compact embedding
HY(Q,R?) —» L2(I,RY),

holds true, and, if d € {2,3}, then we have the continuous embedding H'(Q, RY)—L*(T', RY).
The next proposition can be found in [80, Section 2.9 p.56].

Proposition 2.1.8. Let (V,(-,-)y) and (H,(-,-),) be two real Hilbert spaces such that the contin-
uous and dense embedding V — H holds, and where ||-||,, is the norm corresponding to the scalar
product (-,-),,. Let w € V', where V' is the dual space of V. If there exists C > 0 such that

<w,v>v,xv <C ||U||7-L )

for allv € V, then w can be identified to an element h € H with

<wav>V’><V = <hav>’}{ )

forallveV.

2.2 Notions from capacity theory

Let us recall some notions from capacity theory (we refer to standard references such as [27, 40,
46, 58]). Let us consider (X, B(X),¢) be a positively measured topological space with its borelian o-
algebra, ¢ a Radon measure, and where X C R? is a locally compact set, admitting a countable
compact covering. Let H C L*(X, £) be a vector space endowed with a scalar product (-, -),, and |||,

the corresponding norm.

Definition 2.2.1. Consider B € B(X) and let us introduce the closed convex subset
Cp:={veH|v>1E&-ace on a neighborhood of B} .

The capacity of B is defined by
. 2
cap(B) := HprO‘]CB(O)HH7

where projg,, s the projection operator onto the nonempty closed convex set Cp.

Definition 2.2.2. A property holds quasi everywhere (denoted q.e.) if it holds for all elements in a

set except a subset of null capacity.
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2.2. Notions from capacity theory

Definition 2.2.3. A function v : X — R is said quasi-continuous if it exists a decreasing sequence of

open sets (Wn)nen such that cap(wy,) — 0 when n — +o00 and fix\w, s continuous for all n € N.

Now, let us assume that (H, (-,-);,) is a Dirichlet space (see, e.g., [58] for the definition). Thus,

one can prove the following proposition (see, e.g., [40, 46, 58]).

Proposition 2.2.4. For all v € H, there exists a unique quasi-continuous representative in the class

of v, for the q.e. equivalence relation.

To conclude, let us give three examples of Dirichlet space (see [58] for the first example, [40] for
the second one and [78, Chapter 4] for the third one).

Example 2.2.5. The space H = HY(Q) endowed with its standard scalar product (Vo) @ a

Dirichlet space.

Example 2.2.6. The space H := Hl/z(F) endowed with the scalar product defined in [40, Example 6
p.629] is a Dirichlet space.

Example 2.2.7. Assume that T is given by the following decomposition I’ =: I'1UT'y, where I'y and T’y

are two measurable disjoint subsets of I'. Then,
H = {v -n € H/2(Ty,R) | v € HY(Q,R?Y) and v =0 a.e. on Fl} ,

is a Dirichlet space endowed with the scalar product defined in [78, Chapter 4, Eq. (4.192) p.208].
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CHAPTER 3

CONVEX AND VARIATIONAL ANALYSES

In this chapter, we first recall some notions of convex analysis, in particular the so-called proximal
operator which will have an importance in the analysis of the contact problems presented in the
introduction. Then we give the definition of the notion of twice epi-differentiability and several
propositions based on this, since the methodology proposed in this manuscript in order to perform
sensitivity analysis of variational inequalities is highly based on this notion.

For notions and results presented in this chapter, we refer to [15, 26, 48, 59, 67] and [70, Chapter 12].
In what follows (#, (-,-),,) stands for a general real Hilbert space.

3.1 Notions from convex analysis

Let us start with some classical definitions.

Definition 3.1.1 (Orthogonal complement). Let P be a nonempty subset of H. The orthogonal
complement to P is the linear subspace of H defined by

Pti={z€eH | (2,p)y =0,Vp € P}.

Definition 3.1.2 (Polar cone). Let P be a nonempty subset of H. The polar cone to P is the nonempty

closed convex cone of H defined by
P°:={zeH|(2,p)y <0,VpeP}.

Definition 3.1.3 (Normal cone). Let C be a nonempty closed convex subset of H and x € C. The

normal cone to C at x is the nonempty closed convex cone of H defined by
Ne(z) :={z€ H | (z,c —x),, <0,Vce€ C}.

Definition 3.1.4 (Tangent cone). Let C be a nonempty closed convex subset of H and x € C. The

tangent cone to C at x is the nonempty closed convex cone of H defined by

Te(z):={z€H|IN>0,z+ Iz € C}.

The following definition of polyhedric sets will be important in the sensitivity analysis of contact

problems involving Signorini unilateral conditions.
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3.1. Notions from convex analysis

Definition 3.1.5 (Polyhedric set). Let C be a nonempty closed convex subset of H. We say that C
is polyhedric at x € C for y € Ng(z) if

Te(z)N(Ry)" ={zeH|3IA>0,z+ Az € C} N (Ry)™.

Remark 3.1.6. Recall that, in finite dimension, polyhedric sets reduce to polyhedral sets, which is

the intersection of a finite set of closed half-spaces (see, e.g., [54]).

The following classical result is important to prove that there exists a unique weak solution to the

tangential Signorini problem (see Subsection 4.2.3).

Proposition 3.1.7. Let us consider ¢ : H — R a convex and Fréchet differentiable function on H, C

a nonempty convexr subset of H, y € C and © € H. Then the following variational inequalities are

equivalent:
(i) p(z) —py) 2 (x —y,z2 —y)y, V2EGC
(’LZ) <V90(y)72 - y>7.[ > <!E — Y,z — y)H N Vz e C.

Definition 3.1.8 (Domain and epigraph). Let ¢ : H — RU {£oo}. The domain and the epigraph
of ¢ are respectively defined by

dom (¢) :={z € H | ¢(z) < +o0} and epi(d) :={(x,t) e H xR | ¢(z) < t}.

Recall that ¢ : H — RU {+o0} is said to be proper if dom(¢) # @ and ¢(x) > —oo for all z € H.
Moreover, ¢ is a convex (resp. lower semi-continuous) function on H if and only if epi(¢) is a convex
(resp. closed) subset of H x R.

The following example is used in this work, in order to investigate the sensitivity analysis of a

Signorini problem.

Example 3.1.9. Let C be a nonempty closed convexr subset of H, and vc be the indicator function
of C, defined by tc(x) :=0 if x € C, and tc(x) := +00 otherwise. Then, for all x € C,

Otc(z) = Ne(a).

Definition 3.1.10 (Proximal operator). Let ¢ : H — R U {400} be a proper lower semi-continuous

convex function. The proximal operator associated with ¢ is the map prox, : H — H defined by
. 1 2 _
prox(x) := argmin | $(y) + 5 [ly =zl | = (1+09) Ha),
ye

for all x € H, where 1 : H — H stands for the identity operator.

Remark 3.1.11. Note that, if ¢ := 1c, where (¢ is the indicator function of the nonempty closed
convex subset C C H (see Example 3.1.9 for the definition), then v is a proper lower semi-continuous

convex function and

Prox,, = projc,
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where projq is the projection operator on C. This equality is important for the sensitivity analysis of

a Signorini problem (see Sections 5.1 and 6.1).

We underline that the proximal operator has been introduced by J.J. Moreau in 1965 (see [60, 61])
and can be seen as a generalization of the classical projection operator onto a nonempty closed convex
subset. Recall that, if ¢ : H — R U {+o0o} is a proper, lower semi-continuous and convex function,
then its subdifferential 94 is a maximal monotone operator (see, e.g., [67]), and thus its proximal
operator prox,, : H — H is well-defined, single-valued and nonexpansive, i.e. Lipschitz continuous
with modulus 1 (see, e.g., [15, Chapter II]).

3.2 Twice epi-differentiability

As mentioned in Introduction, the solutions to the contact problems considered in this work can be
expressed via the proximal operator. Therefore, the sensitivity analysis of those problems is related to
the differentiability (in a generalized sense) of the involved proximal operator. To investigate this issue,
we will use the notion of twice epi-differentiability introduced by R.T. Rockafellar in 1985 (see [68])
defined as the Mosco epi-convergence of second-order difference quotient functions. Our aim in what
follows is to provide reminders and backgrounds on these notions for the reader’s convenience. For
more details, we refer to [70, Chapter 7, Section B p.240] for the finite-dimensional case and to [28] for
the infinite-dimensional case. The strong (resp. weak) convergence of a sequence in H will be denoted

by — (resp. —) and note that all limits with respect to ¢ will be considered for ¢ — 0.

Definition 3.2.1 (Mosco convergence). The outer, weak-outer, inner and weak-inner limits of a

parameterized family (St)i>o of subsets of H are respectively defined by

limsup S; = {w €H | Itn)nen — 01, 3 (Tn)peny —+ ¢, YR EN, 2, € Stn} ,
w-limsup S; = {x €H|3I(tn)nen — 0T, 3 (Tn)pey =, ¥R €N, z, € Stn} ,

liminf S, = {2 €M |Y({tw)nen — 07, I(zn), ey 2> @, INEN, Vn >N, z, €Sy, },
w-liminf S; = {x €H | V(tn)nen — 01, 3 (Tn)pey =, AN €N, ¥Vn > N, 2, € Stn} )

The family (St)i>o is said to be Mosco convergent if w-limsup Sy C liminf S;. In that case all the

previous limits are equal and we write
M-lim S; := liminf S; = lim sup S; = w-lim inf S; = w-lim sup S;.

Definition 3.2.2 (Mosco epi-convergence). Let (1;);>0 be a parameterized family of functions 1 :
H — RU{Zoo} for all t > 0. We say that (¥1)i>0 is Mosco epi-convergent if (epi(¢;))i=o is Mosco
convergent in H x R. Then we denote by ME-lim ¢, : H — R U {£oo} the function character-
ized by its epigraph epi (ME-lim ;) := M-lim epi (¢);) and we say that (¢)i>0 Mosco epi-converges
to ME-lim ;.

Remark 3.2.3. In Definition 3.2.2, the abbreviation ME stands for the Mosco Epi-convergence (which

is related to functions), while the abbreviation M stands for the Mosco convergence (related to subsets).
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3.2. Twice epi-differentiability

The proof of the next proposition can be found in [11, Proposition 3.19 p.297].

Proposition 3.2.4 (Characterization of Mosco epi-convergence). Let (¢:)i>o be a parameterized
family of functions ¢, : H — RU{xo0} for allt > 0 and let ¢ : H — RU{xo0}. Then (¢)i>0 Mosco
epi-converges to v if and only if, for all x € H, the two conditions

(i) there exists (xt)r=0 — & such that limsup ¥ (z;) < ¥(z);

(ii) for all (x4)i>0 — z, liminf ¢y (2;) > ¥(x);

are satisfied.

Now let us recall the notion of twice epi-differentiability introduced by R.T. Rockafellar in [68]

that generalizes the classical notion of second-order derivative to nonsmooth convex functions.

Definition 3.2.5 (Twice epi-differentiability). A proper lower semi-continuous convex function U :
H — RU {+o0} is said to be twice epi-differentiable at x € dom (V) for y € 0V (x) if the family of
second-order difference quotient functions (67 W (x|y))i>o defined by

S20(zly): H — RU{+oo}
U(x+tz) — W(x) —t(y, 2),

z t2 y

for allt > 0, is Mosco epi-convergent. In that case we denote by
d?¥(z|y) := ME-lim 62(z|y),

which is called the second-order epi-derivative of ¥ at x for y.

Remark 3.2.6. In the case where W is twice Fréchet differentiable at = € H, then ¥ is twice epi-
differentiable at x for V¥ (x) and

A2 (2| VI (2))(2) = %Dzlll(x)(z,z), Vz e H,

where D2W(z) is the twice Fréchet differential of ¥ at x.

It is well-known that the convexity and the lower-semicontinuity are preserved by the Mosco epi-
convergence. Moreover the properness of the Mosco epi-limit is also preserved (we refer the reader

to [69, 70] for the finite-dimensional case and to [28] for the infinite dimensional one).

Proposition 3.2.7. Let ¥ : H — R U {+oo} be a proper lower semi-continuous convex function.
If W is twice epi-differentiable at x € dom(¥) for y € 0V(z), then A2V (z|y) is a proper lower semi-
continuous convex function.

The following proposition is an extension of a result proved in [28, Example 2.7 p.286], that will
be useful in Part II.

Proposition 3.2.8. Let C be a nonempty closed convex subset of H and hc the support function of C
defined by
he: H — RU{+oo}

r > hco(x) :=sup(x,y),, -
yeC
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Then, for all x € C*, one gets
6hc(l‘) =C.

Moreover hg is twice epi-differentiable at x for any y € C and

d2he(zly) = ine ),
where in(y) stands for the indicator function of the normal cone to C at y.

Proof. Let z € C*. Since C is a nonempty closed convex subset of # one easily gets using the convex

conjugate of hg (see, e.g., [48, Lesson E]) that

(i) y € Ohc(x) & x € dic(y) & y € C;

(ii) if y € C then: z € Ne(y) & he(z) = (2,¥) -
From the first item one deduces that Ohc(z) = C. Let us prove that he is twice epi-differentiable
at x for y € C. To this aim we use Proposition 3.2.4. Consider z € N¢(y), then hc(z) = (y, ). Thus,

by considering the sequence z; := z for all t > 0, one gets

sup (x +tz,¢)5 —t (Y, 2)y
ho(x +tz) — he(z) —t{y, 2z c hco(z) — he(z
é?hc(xly)(zt) _ C( ) t(;( ) <y >7—[ _ eC 3 _ C( ) ; C( ) -0

Moreover, since 62hc(x|y)(v) > 0, for all v € H, one deduces that d?hc(z]y)(2) = 0. Now consider z ¢
Nc(y). There exists ¢g € C such that (z,co);, > (y,2)4, thus he(z) > (y,2)y. Consider any

sequence (z) — z. Since hg is convex and lower semi-continuous, then h¢ is also weakly lower

>0
semi-continuous (see, e.g., [16, Corollary 3.9 p.61]), thus one has

lim inf hC(Zt) > hC(Z) and <yv Zt>7—[ — <y7 Z>7—[ )
when t — 0F. Therefore, there exists € > 0 such that, for all ¢t < ¢,

ho(z) — (Y, 2) 4 ha(z) = (Y, 2)y

he(zt) > he(z) — and — (y, 2t) = — (Y, 2)gy —

4 4 ’
then one has for all ¢ < ¢,
h —(y, h —(y,
5 ho(@y)(z:) = olz) t<y ) > c(2) 2t<y Z>H—>+oo,
when t — 07. Thus,
dZho(zly)(2) = +oo.
This concludes the proof. O

The following result, due to C.N. Do. (see [28, Chapter 2, Example 2.10 p.287]), shows that
the indicator function of a nonempty closed convex set is twice epi-differentiable under an additional

assumption.
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Proposition 3.2.9. Let C be a nonempty closed convex subset of H. If C is polyhedric at x € C
for y € Na(z), then i is twice epi-differentiable at x for y and

dZic(@ly) = trg@)n(ry)

where Na(x) (resp. To(x)) is the normal cone (resp. tangent cone) to C at x.

The notion of twice epi-differentiability leads to the protodifferentiability of the proximal oper-
ator, thus to the next proposition (see, e.g., [2, Theorem 4.15 p.1714]), which is one of the key points

to derive our main results in this manuscript.

Proposition 3.2.10. Let ¥ : H — R U {400} be a proper lower semi-continuous convez function
onH. Let F: RT — H and let u: RY — H be defined by

u(t) := proxy (F(t)),

for allt > 0. If the conditions

1. F is differentiable at t = 0;

2. W is twice epi-differentiable at w(0) for F(0) —u(0) € 0¥ (u(0));
are both satisfied, then u is differentiable at t = 0 with

u'(0) = ProxXgzy (4(0)|F(0)—u(0)) (F”(0))-

As mentioned in Introduction, in order to perturb Tresca friction law and to investigate the
sensitivity analysis of a boundary value problem involving this law, an extended version of the twice
epi-differentiability for parameterized convex functions, recently developed in [2], is required. To
provide recalls on this extended notion, when considering a function ¥ : Ry x H — R U {+o0} such
that, for all ¢ > 0, ¥(¢,-) : H — RU{+o0} is a proper function, we will make use of the following two
notations: (0, -)(x) stands for the convex subdifferential operator at « € H of the function ¥(0,-),
and for each ¢t > 0, U~1(t,R) := {zx € H | ¥(t,2) € R} and U~'(-,R) := Ny ¥ (¢, R).

Definition 3.2.11 (Twice epi-differentiability depending on a parameter). Let ¥ : Ry x H — R U
{+0o0} be a function such that, for allt > 0, U(t, ) : H — RU{+o0} is a proper lower semi-continuous
convex function. Then U is said to be twice epi-differentiable at x € V=1(-,R) for y € O¥(0,-)(x) if
the family of second-order difference quotient functions (A?W(x|y))i>o defined by

A?U(zly): H — RU{+o0}

o APU(aly)(2) = Ytz +te) — Wt,x) —t{y, 2)y

t2 ’

for allt > 0, is Mosco epi-convergent. In that case we denote by
D2V (z|y) := ME-lim A?¥(z|y),
which is called the second-order epi-derivative of ¥ at x for y.
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Remark 3.2.12. If the real-valued function W is t-independent, Definition 3.2.11 recovers the classical

notion of twice epi-differentiability.

Remark 3.2.13. Compared to the t-independent case (see Proposition 3.2.7), the properness of the
Mosco epi-limit may fail, even if the sequence is proper. If, for each t > 0, U(¢,-) : H — R U {400}
is a proper, lower semi-continuous and convex function, then the Mosco epi-limi D?¥(z|y) (when it
exists) is also lower semi-continuous and convex function. However, it may be possible that there
exists some z € H such that D2 (z|y)(2) = —oco (see, e.g., [2, Example 4.4 p.1711]).

To illustrate the notion of twice epi-differentiability depending on a parameter, one example ex-

tracted from [2, Lemma 5.2 p.1717] is given below.

Example 3.2.14. Consider the function ¥ : R, x R — R defined by ¥(¢,z) := |z —t?| for all (¢,7) €
R, x R. For each t > 0, ¥(¢,-) is a proper, lower semi-continuous and convex function. For all z € R

and all y € 9U(0,-)(z), ¥ is twice epi-differentiable at = for y and its second-order epi-derivative is

given by
LR if x #£0,
DQ\IJ( 1) LR_ ifx=0and y=—1,
x =
© Y Ry — 2 ifr=0and y=1,

tioy —y—1 ifx=0andy e (-1,1).
Finally, the next proposition (see [2, Theorem 4.15 p.1714]) generalizes Proposition 3.2.10 for ¢-

dependent function.

Proposition 3.2.15. Let ¥ : Ry xH — RU{+0o0} be a function such that, for allt > 0, U(t,-) : H —
RU {400} is a proper, lower semi-continuous and convex function. Let F : Ry — H and u: Ry — H
be defined by

u(t) == proxy ) (F(t)),
for allt > 0. If the conditions
(i) F is differentiable at t = 0;
(ii) W is twice epi-differentiable at u(0) for F(0) —u(0) € 0¥(0,-)(u(0));
(iii) D2W(u(0)|F(0) — u(0)) is a proper function on H;
are satisfied, then u is differentiable at t = 0 with

u'(0) = ProXpzy (u(0)| F(0)—u(0)) (£ (0))-
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CHAPTER 4

SOME REQUIRED BOUNDARY VALUE
PROBLEMS

As mentioned in Introduction, the major part of the present work consists in performing the
sensitivity analysis of a Signorini problem and a Tresca friction problem with respect to the data. To
this aim three boundary value problems will be involved: a Neumann problem, a Signorini problem
and a Tresca friction problem. In Section 4.1 we introduce those problems in the scalar model, i.e. the
displacement fields are in H!(Q) and the solution must satisfy a Laplace type equation. In Section 4.2,
we present those problems in the linear elastic model. Only the proofs of Subsections 4.2.3 and 4.2.4
are detailed, the other ones being similar. We recall that the notation intp stands for the interior

relative to I'.

4.1 Boundary value problems in the scalar model

In this section, let d € N* be a positive integer, f € L2(Q), g € L2(T), w € HY2(T'), k € L>(Q)
and M € L*°(Q, R¥*?) satisfying

k>« a.e. on and M(z)y -y > ~|lyll?, Yy e R,

for some o > 0, v > 0, where M (z) is a symmetric matrix for almost every x € Q, and where || - ||

stands for the usual Euclidean norm of R%. From those assumptions, note that the map

(-, >Mk : HY(Q)xHY(Q) — R
(v1,v2) +— <v1,1}2>M7k = / MVvl'vaJr/ kviva,
Q Q

is a scalar product on H!(().

Remark 4.1.1. The classical scalar Signorini (resp. Tresca friction problem) is for M =T and k =1
a.e. on § (see, e.g. [62, Section 1]) and [37, Section 1.3 Chapter 1]). Nevertheless, as we saw in
the Introduction, a more general version of this problem appears when the sensitivity analysis with
respect to the shape is performed. Thus, in the sequel, we introduce a general version of the scalar

Signorini (resp.Tresca friction) problem.
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4.1.1 A general scalar Neumann problem

Consider the general scalar Neumann problem given by

{ —div(MVF) + kF = f in €, (GSNP)

MVF . -n =g onl.

Definition 4.1.2 (Solution to the general scalar Neumann problem). A (strong) solution to the
general scalar Neumann problem (GSNP) is a function F € HY(Q) such that —div(MVF) + kF = f
in D' () and MVF -n € L3(T') with MVF -n =g a.e. onT.

Definition 4.1.3 (Weak solution to the general scalar Neumann problem). A weak solution to the

general scalar Neumann problem (GSNP) is a function F € H(Q) such that

/MVF~VU+/kFU:/fU+/gv, Yo € HY(Q).
Q Q Q r

Proposition 4.1.4. A function F € HY(Q) is a (strong) solution to the general scalar Neumann

problem (GSNP) if and only if F is a weak solution to the general scalar Neumann problem (GSNP).

From the assumptions on M and k and using the Riesz representation theorem, one can easily get

the following existence/uniqueness result.

Proposition 4.1.5. The general scalar Neumann problem (GSNP) possesses a unique (strong) so-
lution F € HY(Q). Moreover there exists a constant C > 0 (depending only on Q, M and k) such
that

1Pl < € (Il + I9lary ) -

4.1.2 A general scalar Signorini problem

In this part we assume that I' is decomposed (up to a null set) as
I'vUI'pUl's— UTsy,

where I'y, I'p, I's— and I'sy are four measurable pairwise disjoint subsets of I'. Consider the general

scalar Signorini problem given by

—divIMVu) + ku = f in Q,

MVu-n =g only,

u=w onlIp, (GSSP)
u<w, MVu-n<gand(v—w)MVu-n—g) =0 onTg_,
u>w, MVu-n>gand(u—w) MVu-n—g) =0 ongy.

Definition 4.1.6 (Solution to the general scalar Signorini problem). A (strong) solution to the general
scalar Signorini problem (GSSP) is a function u € HY(Q) such that —div(MVu) + ku = f in D'(Q),
u=w a.e. onTp, and also MVu -1 € L3(T') with MVu-n = g a.e. on 'y, u < w, MVu-n < g
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and (u —w)(MVu-n—g)=0a.e onTs_, u>w, MVu-n> g and (u —w)(MVu-n—g) =0 a.e.
on I'sy.

Definition 4.1.7 (Weak solution to the general scalar Signorini problem). A weak solution to the

general scalar Signorini problem (GSSP) is a function u € KL (Q) such that

/MVu-V(U—U)—F/ku(U—u)z/f(v—u)—l—/ g(v—u), Yo € KL (Q),
Q Q Q I'nUls—Ul's 4
where KCL () is the nonempty closed convex subset of HL () defined by

K (Q):={veH Q) |[v<wae onTs_,v=wae onl'p andv>w ae onTs;}.

One can easily prove that a (strong) solution to the general scalar Signorini problem (GSSP)
is also a weak solution. However, to the best of our knowledge, one cannot prove the converse
without additional assumptions. To get the equivalence, one can assume, in particular, that the

decomposition 'y UT'p UT's— UT'sy of T' is consistent in the following sense.
Definition 4.1.8 (Consistent decomposition). The decomposition Ty UTp UTs_ UTsy of T is said
to be consistent if

(i) for almost all s € T's_ (resp. T'sy ), s € intp(I's—) (resp. s € intr(T'sy));

(ii) the nonempty closed convex subset IC}U/Q(F) of HY/2(T) defined by

KY2(T) = {v eHY* () |v<w a.e. onTs_, v=w a.e. onT'p and v > w a.e.on Fs+},
is dense in the nonempty closed convex subset K (T') of L%(T') defined by
Ko(I) :={vel*I) |v<wae onTs_,v=wae onTp andv>w a.e. onTg;}.

Proposition 4.1.9. Let u € H(Q).
(i) If u is a (strong) solution to the general scalar Signorini problem (GSSP), then u is a weak
solution to the general scalar Signorini problem (GSSP).

(ii) Ifu is a weak solution to the general scalar Signorini problem (GSSP) such that MVu-n € L%(T)
and the decomposition Tn UTp UTs_ UTsy of T is consistent, then u is a (strong) solution to
the general scalar Signorini problem (GSSP).

Using the classical characterization of the projection operator, one can easily get the following

existence/uniqueness result.

Proposition 4.1.10. The general scalar Signorini problem (GSSP) admits a unique weak solution u €
HY(Q) characterized by

u = projx (o) (F),

where F € HY(Q) is the unique solution to the general scalar Neumann problem (GSNP), and
where projii (o) HY(Q) — HY(Q) stands for the classical projection operator onto the monempty
closed conver subset K,,(Q) of H'(Q) for the scalar product (-, )y .-
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Remark 4.1.11. Note that, from Remark 3.1.11, the unique weak solution u € H*(£2) to the general
scalar Signorini problem (GSSP) is also characterized by the proximal operator since prox, , - =
Proji (q)-

Remark 4.1.12. The notion of consistent decomposition is only used to prove that a weak solution
to Problem (GSSP) is also a strong solution. Nevertheless, we can notice that the notion of consistent

decomposition is quite unrestrictive.

4.1.3 A general scalar Tresca friction problem

In this part we assume that g > 0 a.e. on I'. Consider the general scalar Tresca friction problem

given by

(GSTP)

—divIMVu) + ku = f in Q,
[MVu-n| <gand uMVu-n+glul =0 onT.

Definition 4.1.13 (Solution to the general scalar Tresca friction problem). A (strong) solution to the
general scalar Tresca friction problem (GSTP) is a function u € HY(Q) such that —div(MVu)+ku = f
in D' (), MVu - n € L2(T') with |M(s)Vu(s) - n(s)| < g(s) and u(s)M(s)Vu(s) - n(s) + g(s)|u(s)| =0
for almost all s € T".

Definition 4.1.14 (Weak solution to the general scalar Tresca friction problem). A weak solution to

the general scalar Tresca friction problem (GSTP) is a function u € HY(Q) such that

/QMVu-V(U—u)—|—/Qku(v—u)+/rg|v|—/Fg|u\ z/Qf(u—u), o € H(Q).

Proposition 4.1.15. A function u € H(Q) is a (strong) solution to the general scalar Tresca fric-

tion problem (GSTP) if and only if u is a weak solution to the general scalar Tresca friction prob-

lem (GSTP).
Using the classical characterization of the proximal operator, we obtain the following result.

Proposition 4.1.16. The general scalar Tresca friction problem (GSTP) admits a unique (strong)
solution u € H(Q) characterized by
u = prox 4 (F),

where F' € HY(Q) is the unique solution to the general scalar Neumann problem

—divIMVF) + kF = f in Q,
MVF-n=0 onT,

and where prox,, : HY(Q2) — HY(Q) stands for the prozimal operator associated with the Tresca friction
functional given by
¢: HY(Q) — R

v o= [ gl

considered on the Hilbert space (H'(2), (-, -)yy 4)-
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4.2 Boundary value problems in the linear elastic model

Let d € {2,3} and assume that I" is decomposed as I'p UT's, where I'p and I's are two measurable

pairwise disjoint subsets of I', such that I'p and I's have a positive measure. In that case,
HL(Q,R?) := {ve HY(Q,RY) | v =0 a.e. on I'n},

is a linear subspace of H' (€2, R?). We assume that  is an elastic solid satisfying the linear elastic

model (see Chaper 1 for details and notations). Thus, from (1.1), it follows that

(,)a: (Hh(2RY)? — R (4.1)
(v1,v2) +—> Ae(vy) : e(va),
Q
is a scalar product on H} (92, R?) (see, e.g., [31, Chapter 3]), and one denotes |-||, the corresponding
norm. If for some v € H!(Q,R?), the stress vector T'(v) = Ae(v)n is in L2(I's, R?), then one uses the
notation

Ae(v)n = oy (v)n + o, (v),

where o, (v) € L?(I's, R) is the normal stress and o, € L?(I's, RY) the shear stress.
Moreover, let z € L°(Q) and B € L>°(Q, R?*4) such that

/ 2A [(Vo1)B]B' : Vo, > C/ Ae(v1) : e(va), Yoy, vp € HY(Q,RY),
Q Q

where C' > 0 is a constant. In that case, the map

2
<'7'>z,A,B: (H]13(97Rd)) — R
(v1,v2) > (v1,v2), A p ::/ZA[(Vvl)B]BT:va,
Q

is a scalar product on H} (€2, R?).

We consider M € L>®(I's,R%*9) and we denote by Vit == 0 — (v m%ﬁ)Mn, for any v €
L2(Ts,RY) and, to simplify, we assume in the sequel that |[Mn|| = 1 a.e. on I's. We also denote
for all S € R¥*? by div(S) the vector defined by (div(S)); := div(S;), where S; is the i-th line
of S, for all ¢ € [[1,d]]. Moreover, all along the paper, we denote (when it is necessary to avoid any
confusion) A[S] the stiffness tensor A applied to the matrix S.

Finally, in the sequel, consider f € L2(2,R%) and ¢ € L3(T's, R%).

Remark 4.2.1. The classical Signorini (resp. Tresca friction problem) is for z =1, B=1 a.e. on ,
and M =1 a.e. on I'g (see, e.g. [25, Chapter 3 p.102]) or [29]). Nevertheless, in the same way as
Section 4.1, a more general version of this problem appears when the sensitivity analysis with respect
to the shape is performed. Thus, in the sequel, we introduce a general version of the Signorini (resp.

Tresca friction) problem.
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4.2.1 A general Dirichlet-Neumann problem

Consider the general Dirichlet-Neumann problem given by

—div (2A[(VF)B]BT) = f inQ,
F=0 onlp, (GDNP)
(2A[(VF)B]BT)n = £ onTs.

Definition 4.2.2 (Strong solution to the general Dirichlet-Neumann problem). A (strong) solu-
tion to the general Dirichlet-Neumann problem (GDNP) is a function F € H*(Q,RY) such that
—div (zA[(VF)B]BT") = f in D'(Q,R%), F =0 a.e. onTp, (2A[(VF)B]B")n € L?(T's,R%) with
(zA[(VF)B]B")n="{ a.e. onTs.

Definition 4.2.3 (Weak solution to the general Dirichlet-Neumann problem). A weak solution to the
general Dirichlet-Neumann problem (GDNP) is a function F € HL (2, R?) such that

/ZA[(VF)B]BT:Vv:/f-v—i— l-v, Vo € H(Q,R?).
Q Q Is

Proposition 4.2.4. A function F € HY(Q,RY) is a (strong) solution to the general Dirichlet-
Neumann problem (GDNP) if and only if F is a weak solution to the general Dirichlet-Neumann
problem (GDNP).

Proposition 4.2.5. The general Dirichlet-Neumann problem (GDNP) admits a unique solution F €
HE(Q,RY).

4.2.2 A general Signorini problem

Assume that T's is decomposed (up to a null set) as
FSN @] FSD UTs- UTs4,

where I'sy, I's,, I's— and I's; are four measurable pairwise disjoint subsets of I's. Note that ¢ €
L2(I's,R?) can be decomposed as ¢ = (£ - Mn)Mn + /., and we denote by g := ¢- Mn € L2(I's)
and h :={, € L?(I's,R?). Let w € HL (2, R?) and consider the general Signorini problem given by

—div (2A [VuB]B") = f in Q,
u =0 onIp,
((zA[VuB]BT)n) (M)t = h onTg,
(z2A[VuB]BT)n-Mn = g on Ty,
(u—w)-Mn =0 on g, (GSP)
(u—w)-Mn <0, (zA [VuB] T)n~Mn§gand
(u—w)-Mn((z2A[VuB]B")n-Mn—g) =0 onTs_,
(u—w)-Mn >0, (ZA [VuB] T)n~angand
(u—w)-Mn ((2A[VuB]B")n-Mn—g) =0 onI'g;.
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4.2. Boundary value problems in the linear elastic model

Definition 4.2.6 (Strong solution to the general Signorini problem). A (strong) solution to the
general Signorini problem (GSP) is a function u € H'(Q,R?) such that —div (2A [VuB]B") = f in
D'(QR?Y), u =0 ae onTp, (u—w) -Mn =0 ae onTs,, (2A[VuB]B")n € L*(I's,RY) with
((zA[VuB]|BT) n)(Mn)L =h a.e. onTg, (2A[VuB]|BT)n-Mn = g a.e. onTgy, (u—w)-Mn <0,
(zA[VuB]BT)n-Mn < g and (u—w)-Mn ((2A [VuB]B")n-Mn — g) =0 a.e. onTs_, (u—w)-Mn >
0, (:A[VuB]BT)n-Mn > g and (u—w)-Mn ((2A[VuB]BT)n-Mn — g) =0 a.e. onTsy.

Definition 4.2.7 (Weak solution to the general Signorini problem). A weak solution to the general
Signorini problem (GSP) is a function u € IC}U’M(Q,Rd) such that

/QZA[(VU)B]BT:V(vfu)z/ﬂf~(vfu)+/r gMn - (v — u)

syUl's—Ul's ¢

+ [ h-(v—u), Yo € Ky v (Q,RY),
Is

where IC}UM(Q,R‘{) is the nonempty closed conver subset of Hi (Q,RY) given by
K;’M(Q,Rd) = {v € HH (U RY) | (v —w)-Mn=0 a.e. onTs,, (v—w)-Mn <0 a.e. ons_
and (v—w)-Mn >0 a.e. on I‘s+}.

Similarly to Subsection 4.1.2, one can prove that a (strong) solution is a weak solution but, to the
best of our knowledge, without additional assumptions, one cannot prove the converse. To get the
equivalence, we need to assume, in particular, that the decomposition I'p UT'g, UT's, UT's_ UT'gy

of I" is consistent in the following sense.

Definition 4.2.8 (Consistent decomposition). The decomposition T'n UTs, UTs, UTs_ UTsy of T

1s said to be consistent if
(i) for almost all s € T's_ (resp. I'sy ), s € intp(I's_) (resp. s € intr(I'sy));
(ii) the nonempty closed convex subset K;{i/I(F,Rd) of HY2(D',R?) defined by

ICiU/fv[(F,]Rd) = {v e HY/2(T,RY) |[v =0 a.e onTp, (v—w)-Mn=0 ae onlgy,
(v—w)-Mn <0 ae onTs_ and (v—w)-Mn >0 a.e. on I‘s+},
is dense in the nonempty closed convexr subset K%’M(F,Rd) of L%, R%) given by
IC%M(F,]Rd) = {v cL2(I,RY |v=0ae onTp, (v—w) -Mn=0 ae onTg,,
(v—w) -Mn <0 ae onTs_ and (v—w) -Mn >0 a.e. on I‘s+}.

Proposition 4.2.9. Let u € H'(Q,R?).
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(i) If w is a (strong) solution to the general Signorini problem (GSP), then u is a weak solution to
the general Signorini problem (GSP).

(i) If u is a weak solution to the general Signorini problem (GSP) such that (zA[VuB]BT)n €
LQ(FS,Rd) and the decomposition I'p UT's, UT's, Ul's_ UT'sy of I' is consistent, then u is a
(strong) solution to the general Signorini problem (GSP).

Proposition 4.2.10. The general Signorini problem (GSP) admits a unique weak solution u €
HL (Q,RY) which is given by

u=projer (o) (F),

where F € HE(Q,RY) is the unique solution to the general Dirichlet-Neumann problem (GDNP)
and projy: () HE(Q,RY) — HE(Q,RY) stands for the classical projection operator onto the nonempty
closed convex subset KL (2, R?) of HL (Q,R?) for the scalar product (-, ). AB-

Remark 4.2.11. Note that, from Remark 3.1.11, the unique weak solution u € HL (9, R?) to the

general Signorini problem (GSP) is also characterized by the proximal operator since PrOX, , o ia =
w, M

Projit | (o r4)-

4.2.3 A general tangential Signorini problem

In this subection, we assume that M =1 a.e. on I's and that I's is decomposed (up to a null set)
as
FSR U FSD U Fss,

where I's,, I's, and I's, are three measurable pairwise disjoint subsets of I's. Moreover, let us
consider w € Hy(Q,R9), ¢ € L2(T's,RY), h € L3(Ts), ¢ € L°°(I's, R) such that ¢ [Loo (rs ursg Re) < 1
and k € L*(I's, ) such that k& > 0 a.e. on I's,,. The general tangential Signorini problem is given by

—div (2A [VuB]BT) = f in £,
u =20 on I'p,
(z2A[VuB]BT)n-n = &, on Ig,
((zA[VuB]BT)n)_+k(u, — (ur () G) = i +& onTs,, (GTSP)
Ur = Wy on ',
(ur —wr) € R_¢, (((2A [VuB]BT) n)T —h¢; —&) ¢ <0and
(ur —w;) - (((2A [VuB]BT) n)T —hér—&) =0 on I'g,.

Remark 4.2.12. The boundary conditions on I's, are called the tangential Signorini conditions.
Indeed they are close to the Signorini unilateral conditions, but they are on the tangential components
instead of the normal components. We do not know if these conditions have a physical sense, however
they appear naturally when we investigate the sensitivity analysis of a Tresca friction problem in the

linear elastic model (see Section 6.2).

Definition 4.2.13 (Strong solution to the general tangential Signorini problem). A (strong) so-
lution to the general tangential Signorini problem (GTSP) is a function u € HY(Q,R?) such that
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4.2. Boundary value problems in the linear elastic model

-div (2A [VuB]|BT) = f in D'(Q,R?), u =0 a.e. onTp, ur = w, a.e. onTsy, (2A[VuB]B")n €
L?(Ts,R?) with (z2A[VuB]B")n-n =&, a.e. onTs, ((2A[VuB]B") n)T +k(ur — (ur - ¢)Gr) =
h¢: + & ae. on Tsy, and where (ur —w;) € R_(,, (((zA [VuB] BT) n)T — h(r —{}) ¢ <0
and (u; —wy) - (A [VuB]BT)n), — h¢, — &) =0 a.e. on Ts,.

Definition 4.2.14 (Weak solution to the general tangential Signorini problem). A weak solution to
the general tangential Signorini problem (GTSP) is a function u € KL ,(Q,R?) such that

/ 2A [(Vu)B]B' : V(v —u) > / f-(v—u)+ fn(vn—un)—i—/ (hér + &) - (vr —ur)
Q Q I's r

Sg

+/F (h¢r + & — k(ur — (ur - G)G)) - (0 — ug), Yo € IC}._’w(QRd), (4.2)

SR

where K1 ,,(Q,R?) is the nonempty closed convex subset of Hf,(Q,R?) given by
Ki,w(QRd) = {v e HH(Q,RY) | v, = w, ace. onTs, and (v, —w,) € R_( ace. onTgy}.

Similarly to Subsection 4.1.2, to prove that a weak solution is a (strong) solution, one can assume

that the decomposition I'n UT's, UT'sy UT's, of I' is consistent in the following sense.

Definition 4.2.15 (Consistent decomposition). The decomposition Tp UTg, UTs, UT's, of T is said
to be consistent if

(i) for almost all s € Ty, s € intp(Tgy);

(ii) the nonempty closed convex subset ICi,/j(F,Rd) of HY/2(I,R?) defined by

Ki{j(F,Rd) = {v e HY*(I,RY) |v =0 a.e. onT'p, v, = w, a.e. on s,

and (v —w;) € R_(; a.e. on Igg },

is dense in the nonempty closed convex subset K2 (', R?) of L2(T',R?) given by

T,W

ICg’w(l",Rd) = {v cL2T,RY) |v=0a.e onTp, v, =w, ae. onTs,

and (vr —w;) € R_(; a.e. on I'gg }

Proposition 4.2.16. Let u € H(Q,RY).

(i) If u is a (strong) solution to the general tangential Signorini problem (GTSP), then u is a weak

solution to the general tangential Signorini problem (GTSP).

(if) Ifu is a weak solution to the general tangential Signorini problem (GTSP) with the additional as-
sumptions that (zA [VuB] BT )n € L2(I's, R?) and that the decomposition TpUTs, Ul's, Ul'sy of T

is consistent, then u is a (strong) solution to the general tangential Signorini problem (GTSP).
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Proof. (i) Assume that u is a (strong) solution to the general tangential Signorini problem (GTSP).
Then, from the boundary conditions, u € K, (€2,R?). Moreover, since —div (zA [VuB]B") = f
in D'(Q,R?) and f € L*(Q,RY), thus —div (A [VuB]BT) = f in L2(Q,R?). Hence, from divergence

formula (see Proposition 2.1.1), one gets
/QZA [VuB]BT : V(v —u) — ((2A[VuB]B") n,v — u>H71/2(F,Rd)XH1/2(F,Rd) = /Qf (v —u),

(2, R4). Moreover, for all v € K1, (Q,R?), one has v € Hé(/f(FS,Rd) which can be

T, W

for all v € K1

T, W

identified to a linear subspace of H'/2(I",R%), hence
/QZA [VuB]B' : V(v —u) — ((2A [VuB]B") n,v — u>Hg01/2(Fs,Rd)xHééQ(Fs,Rd) = /Qf (v —u),

for all v € K1, (Q,R%). Since (2A[VuB]B")n € L?(T's, R?), one deduces

{(z2A[VuB]B" ) n,v — u>Hgol/2(1"s,Rd))><H(1)é2(1"s,]Rd) = /F (zA[VuB]B")n- (v —u),
S

for all v € K1, (Q,R?), which is also

(zA[VuB]B") n~n(vn—un)+/ ((,A[VuB]B") n) -(v;—ur),

FSR UFSS

/FS (2A [VuB]B") n-(v—u) = /

T's

for all v € KL, (Q,R?). From the boundary conditions, one has (2A[VuB]B")n -n = &, a.e.
on I's and ((2A[VuB]BT)n)_ = h¢: 4+ & — k (ur — (ur - ¢)¢7) a.e. on I's,. Moreover, for all v €
KL, (€, RY), one has

((zA[VuB]B") n)_-(vy —uy) = ((2A [VuB] BT) n)_-v- — ((2A [VuB] B) n)_-ur
> (hC'r + ET) “Ur — (hCT + §T) CUr = (hCT + fT) : (UT - u.,.) s

a.e. on I's,. This concludes the proof of the first item.

(ii) Assume that u is a weak solution to the general tangential Signorini problem (GTSP). Then u €
KL, (Q,RY). For all ¢ € D(Q,RY), if we consider v = u+ ¢ € KL, (2,R?) in Inequality (4.2), one
gets —div (2A [VuB]B") = f in D'(Q,R?), thus in L*(Q,R?) since f € L?(Q,R%). Hence, using

divergence formula (see Proposition 2.1.1) in Inequality (4.2), one deduces

<(ZA [qu] BT) l’l, v — u>H*1/2(F,Rd)><H1/2(F,]R’i) 2 A gn(/Un - uﬂ) + /I‘ (hCT + ST) ! (/UT - ’U,T)

Ss

e e =k = (66 (0~ )

SR

for all v € KL, (Q,R?). Moreover, similarly to (i) and from the assumption (zA[VuB]B")n €
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4.2. Boundary value problems in the linear elastic model

L%(T's,R%), one gets

/FS (zA[VuB]B") 1 n(vy — un) +/

FSR UFSS
/
I8

for all v € KL, (Q2,R?), also for all v € Ki{i(F,Rd). Since k € L*(T'sy), then from the continuous
embedding H!(Q, R?)—L*(T",RY) (see Proposition 2.1.7), one deduces that ku, € L?(T's,, R?). From
the consistant decomposition of I's, UT's, UT'g,, one gets that IC%%(F,RCI) is dense in K2, (T',R%),

and since HCHLOO(FSR Urs, ke) < 1, one deduces that Inequality (4.3) holds true for all v € ICQ,w(F,]Rd).
Let us consider the function v := u=£¢n € K2 ,(I',R?) in Inequality (4.3), where ¢ € L*(T) is defined

by
0 on I'p,
¥ =
1) on I'g,

((2A[VuB]BT) n) - (vy —ur) > g &n(vn — up)

(h¢r + &) - (vr — ur) +/ (hGr + & =k (ur — (ur - 7)) - (0 —uy),  (4.3)

r

Sg SR

for any function ¢ in L?(I's). Then it follows that (A [VuB]BT)n-n =&, a.e. on I's. Now let us
consider v := u £ vy € K2, (T, R?) in Inequality (4.3), where vy, € L2(T', R?) is defined by

S 0 on I'p UT's, UTl'sg,
¢ ng on FSR7

with any function ¢ in L?*(Is,,R?). Thus one deduces that ((2A[VuB]BT)n)_ = h(r + & —
k(ur — (ur - ¢-)¢r) a.e. on I's,. Hence, Inequality (4.3) becomes

/ ((ZA [VuB] BT) n)q- (vr —ur) 2 / (h¢r + &) - (vr —uy), (4.4)
for all v € K2,,(I',R?). Let s € I'sy be a Lebesgue point of ((zA [VuB]BT) n)T ¢ € L?(T'sy) and
of (h¢; + &) - ¢ € L2(T'sy), such that s € intr(I'sy). Let us consider the function v := u — ¢(, €
K? (T, R%) in Inequality (4.4), where ¢ € L*(T') is defined by

= 1 on Br(s,e),
"1 0 onT\Br(s,e),

for € > 0 such that Br(s,e) C I'sq. Thus, one gets

e [ ((A[VuBIBT)n), ¢ <

T 7. N\ (hCT+§T) 'CTv
|BF(87€)| Br(s,e) |BF(376)| Br(s,e)

and thus (((zA[VuB]BT) n)T (s) = h(s)¢r(s) — &+ (8)) - ¢+ (s) < 0 by letting ¢ — 0F. Moreover, since

almost every point of I's is in intp(I'sy) and is a Lesbegue point of ((zA [VuB]BT) n)T ¢, € L2(Tsy)
and of (h(; +&;) - ¢ € L?(Ts,), one deduces (((ZA [VuB] BT) n)T —hé — &) ¢ <0 a.e. on Dg,.
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Finally, by considering v = w and v = 2u — w in Inequality (4.4), one deduces
/ (ur —wy) - (((2A [VuB] BT) n)_r —hér— &) =0,
Tsq

thus, (ur —w-)- (((2A [VuB]B")n)_— k¢ — &) =0 a.e. on I, since u, € KL, (€2,R?). The proof

is complete. O

Let us prove that there exists a unique solution to the general tangential Signorini problem (GTSP).

To this aim, we introduce the functional ¥ defined by

¥: HH(QRY) — R
v — U(v) ::/

Is

2 (el = e - o).
R

Note that ¥ is well defined since k& € L*(T'sy), ||¢|]| < 1 a.e. on I's, and from the continuous
embedding H!(Q, RY)—L4(T", RY).

Lemma 4.2.17. The functional ¥ is convex and Fréchet differentiable on H (2, R?), and for all vy €
HL(Q,RY), its gradient denoted by V¥(vy) € HY(Q,RY), is the unique solution to the Dirichlet-

Neumann problem

—div (2A [V(V¥(v))B]BT) = 0 in Q,
V\IJ(’U()) =0 on FD7
(A [V(V¥(v0))B]BT)n = 0 on T's, UTg, (4.5)

(zA[V(V¥(v0))B]B")n-n = 0 on I's,,
((zA[V(V¥(v0))B]BT)n)_ = k(vo, — (vo, - () ¢r) on Tsy.

Proof. Let us start with the convexity of ¥ and consider vy, vs € Hy(Q,R%), A €]0,1[. Then

\IJ()\Ul —+ (1 — )\)Ug) — )\\P(Ul) — (1 — )\)\IJ(UQ) =

k
/r _5/\(1 - /\)[{HvlfHQ + oo, |12+ 201, - va, = Jor, - G P = Jva, - G P = 2(vn, G (va, - Gr) | =

SR

k k
J A T AR A SR V[ pret
r Fsp

SR

Since k > 0 and ||¢]] <1 a.e. on I's,, one deduces

\IJ()\Ul + (1 — )\)UQ) — )\\P(Ul) — (1 — )\)\IJ(UQ) S

J

thus ¥ is convex on Hi (Q, R?).

k k
A=V, v P4 [ AN o, o PGP <0

SR Fsy
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Now let us prove that W is Fréchet differentiable. For vg € H(Q,RY) and v € HL (Q, R?),

E (el = o).

SR

|

r

k (vo, — (vo, - ¢r) Cr) - vr +/

Sk X

Moreover, from the continuous embedding H!(Q, RY)—L4(,R?), k € L*(Ts,) and [|¢]| < 1 ae.

on I's,, one deduces
k
L5 (el = o 67) = oto),
r

SR
where o stands for the standard Bachmann-Landau notation, and that the map

v e Hh(Q,RY) = k(vo, — (vo, - &) &) - vr €R,

Psg

is linear and continuous. Therefore ¥ is Fréchet differentiable in vy € HE (02, R?), and

(VU(v0),v), o5 = k(vo, — (vo, - ¢r) Cr) - s,y Yo € H(Q,RY),

FSR
i.e. VU(vg) € HL (R, R?) is the unique solution to the Dirichlet-Neumann problem (4.5). O

Proposition 4.2.18. The general tangential Signorini problem (GTSP) admits a unique weak solu-
tion u € HY (Q, R?) which is given by
(F)

U=PrOXwpy g o)

where F € HY (Q,R?) is the unique solution to the general Dirichlet-Neumann problem

—div (2A[(VF)B]BT) = f in Q,
F=0 on I'p, (4.6)
(2A[(VF)B]BT)n = £+ h¢- onTs,

and prox
p \IJ+IIC,1r7w($2,1Rd

considered on the Hilbert space (HL (2, R?), (-, ). AB)

) stands for the proximal operator associated with the functional ¥ + Iy L (QRY)

Proof. Let F € H} (9, R?) be the solution to the general Dirichlet-Neumann problem (4.6), then
Fohop= [ Foot [ Gont [ (G +e)-on
Q T's Ts

for all v € HL(Q2,R?). Let us notice that ¥ + Ii1(q) is a proper lower semi-continuous convex
function on HE(Q,RY). Then u € HL (2, R?) is the weak solution to the general tangentiel Signorini
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problem (GTSP) if and only if u € K1, (2, R?) and

<u,v—u>z,A,Bz/Qf-<v—u>+ [ gn@nfunw/r (her +67) - (07— ur)

Ss

+/F (hCT & k(uT — (ur - Gr)Gr)) - (v — uq),

SR

for all v € KL, (Q,RY), i.e. if and only if
T,w\> % ) y

k(ur — (ur - () Gr) - (0r —ur) 2 (F —u,v — u>z,A,B )

FSR

for all v € KL, (Q,R?), i.e. if and only if (see Lemma 4.2.17 and Proposition 3.1.7)
U(v) — U(u) > (F —u,v— u>Z7A7B ,
for all v € K1, (Q,R?), i.e. if and only if
(F —u,v— u>Z’A’B <U(v) —U(u) + L’C}_’w(Q,Rd)(U) — [/Ki}_’w(Q’Rd)(u)7
for all v € H5(Q,RY), i.e. if and only if
F—-ue 8<\Il + L}C}_m}(gz’Rd)) (u),

i.e. if and only if
(F).

This concludes the proof. O]

u = prOX\I’_"L}C}r L (.rd)

4.2.4 A general Tresca friction problem

In this part, we assume that almost every point of I's is in intp(I's), h € L2(I's) and g € L?(T's)
such that g > 0 a.e. on I's. Consider the general Tresca friction problem given by

—div (A [VuB]B") = f in Q,
u =0 onIp,
(2A[VuB]BT)n-Mn = h on I, (GTP)
| (A [VuBIBT) 1) o
Unin)L ((zA[VuB]BT) n)(Mn)L +g ’U(MH)L

< g and

=0 on Fs.

Definition 4.2.19 (Strong solution to the general Tresca friction problem). A (strong) solution to the
general Tresca friction problem (GTP) is a function u € H'(Q,R%) such that —div (zA [VuB]B") = f
in D'(Q,RY), u = 0 a.e. on I'p, (zA [VuB] BT)n € L3(I's,RY) with (zA [VuB] BT)n -Mn = h,
| ((2A [VuB]BT) n) (Mn) - Il < g and upgy)s - ((zA[VuB]BT) n)(Mn)L + gl|umy+ || = 0 a.e. on Ts.
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Definition 4.2.20 (Weak solution to the general Tresca friction problem). A weak solution to the
general Tresca friction problem (GTP) is a function u € HL (Q,R?) such that

[ ollrom |2 [L£-6-

—|—/ hMn - (v —u), Vo € HLH(Q,RY).  (4.7)
T's

/ 2A [VuB]|BT : V(v — u) +/ g HU(MH)L
Q I's

Proposition 4.2.21. A function u € H' (2, RY) is a (strong) solution to the general Tresca friction
problem (GTP) if and only if u is a weak solution to the general Tresca friction problem (GTP).

Proof. Let u € HY(Q,R%) be a (strong) solution to the general Tresca friction problem (GTP).
Then u € HL(Q,R?) and —div (2A[VuB]BT) = f in D'(Q,R?). Since f € L2(,R?), one deduces
that —div (2A [VuB]BT) = f in L?(Q,R?). Thus it follows from the divergence formula that

T. T —
/QzA [VuB]B' : V(v —u) — ((2A[VuB]B') n,v — u>H0‘01/2(Fs,Rd)xHég"’(Fs,Rd) = /Qf (v —u),
for all v € H{, (2, R?). Moreover, since (zA [VuB]BT)n € L?(I's,R?) it follows that
/ZA[VUB]BT : V(v —u) f/ (2A[VuB]B")n- (v —u) :/ f-(w—u),
Q I's Q
for all v € H5 (2, RY). Furthermore, one has

/ (2A[VuB]B")n- (v —u) = / ((2A[VuB]B")n-Mn)Mn - (v —u) +
Ts T's

/F ((2A[VuB]B")n) (Mn)L (v—u),

for all v € H5(Q,RY). From the Tresca friction law, one deduces that

).

a.e. on I's and for all v € H(Q,R?), and since ((2A [VuB]BT)n-Mn) = h a.e. on I's, we can
conclude the first part of the proof.
Conversely, let u € HL (€2, R?) be a weak solution to the general Tresca friction problem (GTP).
For all ¢ € D(Q,R?), if we consider v = u 4 ¢ € HY(Q,R?) in Inequality (4.7), one gets the
equality —div (zA [VuB|BT) = f in D'(,RY), thus in L*(Q, R?) since f € L*(Q, R?). Hence, using
divergence formula in Inequality (4.7), one deduces

/r . g Hu(l\/m)L

—((A[VuB]|B") n)(Mn)L (v—u)<yg (HU(MH)L - H'I.L(MH)L

.
((2A[VuB]B")n,v — u>H001/2(Fs,Rd)XHééz(Fs,Rd)+/I,S g H’U(Mn)L > /1“5 hMn-(v — u),
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Part I, Chapter 4 — Some required boundary value problems

for all v € H5(Q,RY). Moreover one has

- <(ZA [VUB] BT) n’w>HJOI/2(Fs,Rd)><H(1)(/J?(Fs,Rd) S (||g||L2(FS) + Hh||L2(FS)) Hw||L2(FS,Rd) ’

for all w € HééQ(Fs,Rd). From Proposition 2.1.7 and 2.1.8, it follows that (zA[VuB]B')n €

L%(T's,R%) and then
= Je, -
/Fs (Mn)

/FS (2A[VuB]B")n- (v —u) + /Fs g HU(MH)L

2/ hMn - (v — u),
I's

for all v € HééQ(FS, R?), that is also

/Fs ((2A [VuB]BT) - Mn) Mn - (v — u) +/

. ((=A[VuB]BT) n)(Mn)L (v—u)+ /1“5 g H’U(MH)L

— gHuMHL
/l:‘s ( )
1

for all v € HOéQ(FS,Rd), thus for all v € L2(T's,RY) by density. Let us consider the function w =
u £ Mn € L2(T's,R%), for any function 1 € L%(T's). Then one gets in Inequality (4.8),

Z/F hMn - (v —u), (4.8)

/ Y (zA[VuB]B")n-Mn= [ hy, V¢ eL*(Tg),
T's T's

thus (A [VuB]B")n-Mn = & in L*(T's). Inequality (4.8) becomes

= Jo, # o
/FS (Mn)

Let s € I's be a Lebesgue point of the functions || ((2A [VuB]BT) n)(Mn)L [ € L2(I's) and also
of g|| ((zA[VuB]BT) n)(Mn)L || € L}(I's), which is moreover in intr(I's). Then, if we consider the
function v = u — ¢ € L?(I's, R?), where ¢ € L2(I's, R?) is defined by

/FS ((2A[VuB]B")n) (- (V=) + /FS g HU(MH)L >0, (4.9)

= { ((zA[VuB]BT) n)(Mn)L on Br(s,e),

0 on I's\Br(s,e),
for € > 0 such that Br(s,e) C I's. Thus, one gets in Inequality (4.9)

1
|BF (S’ E)' Br(s,e)

2 1
P —
o |BF(S’E)| Br(s,e

(Mn)~+ ’

(A [VuB]BT) n)

o | (A [vuB BT) n)

(Mn)~+

thus H ((zA[VuB]BT) n)(Mn)L (3)H2 < g(s) H((ZA [VuB]BT) n)(Mn)L (s)

‘ by letting ¢ — 0%, and

then one has H ((zA[VuB]BT ) n) (Mn) (S)H < ¢g(s). Since almost every point of I'g is in intp(I's) and
is a Lesbegue point of || ((zA [VuB]B ") n) (Mn) - ||* € L?(I's) and of g|| ((2A [VuB]B")n) (Mn) - || €
LY(T's), one deduces that

|((zA[VuBIBT) n)

<9,

(Mn)~+
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4.2. Boundary value problems in the linear elastic model

a.e. on I's. Moreover, if we consider v = 0 in Inequality (4.9), one gets

/ (A ITUBIBT) ) s~ tatmy + 9 [ty || <0,
I's
thus it follows that
((ZA [VUB] BT) Il) (MH)J‘ . U(MH)J‘ + g HU(MH)L = 0,
a.e. on I's. This concludes the proof. O

From definition of the proximal operator (see Definition 3.1.10), one deduces the following exis-

tence/uniqueness result.

Proposition 4.2.22. The general Tresca friction problem (GTP) admits a unique solution u €
HE(Q,R?) given by
u = prox,(F),

where F € H (2, RY) is the unique solution to the general Dirichlet-Neumann problem

—div (z2A[(VF)B]BT) = f in Q,
F=0 on I'p,
(2A[(VF)B]BT)n = hMn onTs,

and where prox, stands for the proximal operator associated with the Tresca friction functional ¢
defined by
¢: HLHQ,RY) — R

v —  o(v) ::/ gHv(Mn)i
I's

)

considered on the Hilbert space (HL (€, R?), (-, ). AB)

Proof. Let F € HL (9, R?) be the solution to the above general Dirichlet-Neumann problem. Then u €
HL (€2, R?) is solution to the general Tresca friction problem (GTP) if and only if

- gHu n)t
/Fs (Mn)

F —u € 0¢(u),

<’U/,’U - u>z,A,B + /F g H’U(Mn)L Z <F7U - u>z,A,B Vo € HllD(QaRd)a
S

that is, if and only if

that is, if and only if
u = prox,(F),

which concludes the proof. O

Remark 4.2.23. The assumption that almost every point of I's is in intp(I's) is only used to prove
that a weak solution to the general Tresca friction problem (GTP) is also a (strong) solution, more
precisely to get the Tresca friction law on I's. Of course, some sets do not satisfy this assumption,

for instance the well-known Smith—Volterra—Cantor set (see, e.g, [5, Example 6.15 Section 6 Chapter
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Part I, Chapter 4 — Some required boundary value problems

1]). Nevertheless it is trivially satisfied in most of standard cases found in practice. Furthermore,
if this assumption is not satisfied, one can also prove that the weak solution to the general Tresca
friction problem (GTP) is a (strong) solution by adding the assumption that g € L>°(T'g), and by
using the isometry between the dual of (L'(I's,R?), || - [|L1(rg ray,) and L>®(T's, R?) (with its standard

norm || - ”L‘X’(Fs,Rd)) where || - ||L1(FS,Rd)g is the norm defined by
H'”Ll(ps,Rd)g : Ll(rs,Rd) — R
L gllvll-
I's

We refer to [31, Chapitre 3] for a similar proof.
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In this second part, we investigate the sensitivity analysis of boundary value problems involving the
Signorini unilateral conditions or the Tresca friction law, with respect to the data. More precisely, in
Chapter 5 we focus on the scalar model of those problems. We start with the scalar Signorini problem
in Section 5.1 and with the scalar Tresca friction problem in Section 5.2. Then, in Chapter 6, we
focus on the linear elastic model: the Signorini problem in Section 6.1 and the Tresca friction problem
in Section 6.2. Using our methodology based on convex and variational analysis, we characterize
the solution to the Signorini (resp. Tresca friction) problem using the proximal operator associated
with the corresponding Signorini indicator functional (resp. the nonsmooth convex Tresca friction
functional). Then, by invoking the notion of twice epi-differentiability, we prove the differentiability
of the solution to the parameterized Signorini (resp. Tresca friction) problem, and we characterize
its derivative as the solution to a boundary value problem involving Signorini unilateral conditions.
Those characterizations are the main results of this part and, to the best of our knowledge, have never
been obtained in the literature.

Let us emphasize that in Subsections 5.1.2, 5.2.3 and Sections 6.1, 6.2, we perform the sensitivity
analysis of a general Signorini (resp. Tresca friction) problem with additional perturbed data, the
aim being to take into account a shape perturbation case. Indeed, as we saw in the Introduction, if
the shape is perturbed in the classical Signorini (resp. Tresca friction) problem (see Remark 4.1.1
and 4.2.1), those general problems will appear naturally after an appropriate change of variables in
the variational formulation of the classical Signorini (resp. Tresca friction) problem (see Chapters 8
and 9 for details). These results will be used in Part III in order to investigate shape optimization
problems. Finally, in Chapter 7, numerical simulations are provided in order to illustrate the results
obtained in Subsection 5.2.2 (note that we have chosen this subsection arbitrarily, other numerical

simulations could also be computed for the results obtained in the other sections and subsections).
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CHAPTER 5

SENSITIVITY ANALYSIS OF BOUNDARY
VALUE PROBLEMS IN THE SCALAR
MODEL

In this chapter, d € N* is a positive integer. For all ¢ > 0, let us consider f; € L2(Q), g; € L3(T),
ki € L°(Q) and My € L>®(,R¥*?) with k; and M; satisfying the assumptions described at the

beginning of Section 4.1. Moreover, we assume that My =1 and kg = 1 a.e. on {2, and that:

(H1) the map t € Ry — f, € L2(Q) is differentiable at ¢t = 0, with its derivative denoted by f} €
L2(Q);

(H2) the map t € Ry — M; € L*°(Q,R%*%) is differentiable at ¢+ = 0, with its derivative denoted
by M} € L>°(Q, R4*4);

(H3) the map ¢t € Ry — ky € L>°(Q) is differentiable at ¢t = 0, with its derivative denoted by k(| €
L>(Q).

In the sequel, the classical scalar Signorini (resp. Tresca friction) problem is called the scalar
Signorini (resp. Tresca friction) problem (see Remark 4.1.1).

In Section 5.1, the sensitivity analysis of boundary value problems involving the scalar Signorini
unilateral conditions is performed. In Subsection 5.1.1, a scalar Signorini problem is considered and
we perturb the source term and the scalar Signorini unilateral conditions. Then in Subsection 5.1.2,
a general scalar Signorini problem is considered with additional perturbed data, which cause a new
difficulty compared to the Subsection 5.1.1: the scalar product is perturbed. In order to apply our
methodology, in particular to use the twice epi-differentiabiliy and Proposition 3.2.10, we characterize
the solution to the (general) scalar Signorini problem using the proximal operator instead of the
projection operator.

In Section 5.2, we focus on boundary value problems involving the scalar Tresca friction law.
More precisely, in Subsection 5.2.1 we perform the sensitivity analysis of the scalar Tresca friction
problem with respect to the source term. Therefore the friction term in the Tresca friction law is not
perturbed and the classical notion of twice epi-differentiability can be used (see Definition 3.2.5). In
Subsection 5.2.2 we add an additional difficulty: the friction term is perturbed, thus the extended
notion of twice epi-differentiability depending on a parameter is required (see Definition 3.2.11).
Finally, the general scalar Tresca friction law is considered in Subsection 5.2.3, where the source term,

the friction term and additional data are perturbed, which cause a perturbation of the scalar product.
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Part II, Chapter 5 — Sensitivity analysis of boundary value problems in the scalar model

5.1 Boundary value problems involving scalar Signorini uni-

lateral conditions

5.1.1 The scalar Signorini problem

Let us consider the parameterized scalar Signorini problem

{ *Aut + uy = ft in Q, (SSPt)

ug <0, Oquy < gp and uy (Opur —ge) = 0 on T,

for all ¢ > 0. From Subsection 4.1.2 (consider M(xz) = I and k(z) = 1 for almost all z € Q), for
all t > 0, there exists a unique weak solution u; € K3(Q2) to (SSP;) which satisfies

Vug - V(v —uy) +/

wg (v — ug) > ft(v—ut)+/gt(v—ut)7 Vo € K5(9Q),
Q Q T

Q

where K§(Q) := {v € H(Q) | v <0 a.e. on '}, and it can be expressed as

uy = projia o) (F1),

where Fy € H!(Q) is the unique solution to the parameterized scalar Neumann problem

{ —AFt +Ft = ft in Q7 (51)

OnFy = g+ onT.

In order to use our methodology, we use the proximal operator to characterize u;, that is (see Re-
mark 3.1.11)

Up = Prox

(Ft)a

is the proximal operator associated with the Signorini indicator function ti1(q)

g @)
where proxLKé(Q)
considered on the Hilbert space (H'(Q), (-, Vu())-

Since, for all ¢t > 0, u; is related to F} by the proximal operator, let us start with the sensitivity
analysis of the parameterized scalar Neumann problem (5.1), which will be useful for the sensitivity
analysis of the parameterized scalar Signorini problem (SSP;). The following proposition is easily

proved using Hypothesis (H1), the linearity of the scalar Neumann problem and Proposition 4.1.5.

Lemma 5.1.1. Let Fy € HY(Q) be the unique solution to the parameterized scalar Neumann prob-
lem (5.1), for all t > 0. Assume that the map t € Ry + g; € L2(T) is differentiable at t = 0, with its
derivative denoted by gi € L2(T'). Then the map t € Ry — F, € HY(Q) is differentiable at t = 0 and

its derivative, denoted by F}, € HY(Q), is the unique solution to the scalar Neumann problem given by

(5.2)

—AFj+ F) = f§ inQ,
OnF§ =gy onT.

Now, in order to differentiate the map t € R, + u; € HY(Q) at t = 0, we will use Proposition 3.2.10
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5.1. Boundary value problems involving scalar Signorini unilateral conditions

which characterizes the derivative of a map given by a proximal operator using the notion of twice
epi-differentiability (see Definition 3.2.5). To this aim the twice epi-differentiability of the Signorini
indicator function LKCH(Q) has to be investigated. From Proposition 3.2.9, we need the polyhedricity
(see Definition 3.1.5) of the subset K§(Q2). This has been already proved in [58] and requires some
concepts from convex analysis and capacity theory reminded in Sections 2.2 and 3.1.

Lemma 5.1.2. The nonempty closed convex subset K(Q) of H(Q) is polyhedric at ug € K§(S2)
for Fo — ug € N,C})(Q)(uo) and, one has

Tn., . (u0) N (R (Fo — ug))™ = {U €H'(Q) [ v <0 ge. on T"=0 and (Fy — o, v} ) = o} ,

K3 ()

where T%=0 := {s € T' | ug(s) =0}, "g.e.” means quasi everywhere, Nici (o) (uo) (resp. TN o) (up))
0

is the normal cone (Tesp. tangent cone) to K§(Q) (resp. Nici(a)) at uo.
Using the previous Lemma, one can deduce from Proposition 3.2.9 the following corollary.

Corollary 5.1.3. The Signorini indicator function Lici (o) s twice epi-differentiable at ug € K3 (€2)
fOT Fy— ug € NIC(I)(Q)(UO) and

dgb/cé(sz) (uo|Fo —uo) = LTN’CI(Q) (uo)N(R(Fp—up)) L+
0

The twice epi-differentiability of the Signorini indicator function allows us to apply Proposi-
tion 3.2.10 in order to prove the differentiability of the map t € Ry ~ u; € HY(Q).

Theorem 5.1.4. Let u; € HY(Q) be the unique solution to the parameterized scalar Signorini prob-
lem (SSPy) for allt > 0. Assume that the map t € Ry~ g, € L2(T) is differentiable at t = 0, with its
derivative denoted by g € L?(T'). Then the map t € Ry~ u, € HY(Q) is differentiable at t = 0, and

its derivative denoted by uj, € Tn (uo) N (R (Fy — o))" is the unique solution to the variational

}cé(sz)
inequality

{ug,v — U6>H1(Q) 2 /Qf(/) (v —up) + /r96 (v —ug), Vv € TN,C%)(Q) (1) N (R (Fo — ug))™

Proof. Using Hypothesis (H1) and the assumption that the map t € Ry ~ g, € L(I) is differentiable
at t = 0, we know from Proposition 5.1.1, that the map t € Ry + Fy € H(Q) is differentiable at t = 0,
with its derivative F; € H!(Q) being the unique solution to the scalar Neumann problem (5.2). Thus,
from Corollary 5.1.3, one can apply Proposition 3.2.10 to deduce that the map t € Ry +— u; € HY(Q)
is differentiable at t = 0, and its derivative uf, € H!(Q2) satisfies

Fp),

[
'LLO — proxdgbm‘%(Q)(uo‘Fofuo)(

which, from the definition of the proximal operator (see Proposition 3.1.10), leads to

(oo = wihwiey > [ 0 =)+ [ao—up) o T (w) N R~ o))
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Part II, Chapter 5 — Sensitivity analysis of boundary value problems in the scalar model

O

In [58], the same result is obtained using the conical differentiability of the projection operator.
Since K} () is polyhedric at ug € K§(Q) for Fy — ug € Nici (o) (uo), then from Mignot’s theorem the
projection operator on K} () is conically differentiable at ug for Fy — ug, and its conical derivative is

given by projTN’Clm) (10)N(R(Fy—uo))~ (£0), which is exactly prox (F}). Nevertheless,
0

‘T,C(l)(m(uom(R(Fo—m))L
to the best of our knowledge, no one notices that it was possible to improve this result under additional
assumptions, in order to characterize uy, as solution to a boundary value problem. Indeed, as mentioned
in [19, 47], it is possible to replaced ¢.e. in the subset TN;cé(m(uO) N (R (Fo —up))" by a.e. under
some hypotheses like, for instance, if T%0=9 = W. Moreover, if we assume some regularity

on dyug, then it allows us to characterize uf, as weak solution to a scalar Signorini problem.

Corollary 5.1.5. Consider the framework of Theorem 5.1.4, and assume that dyug € L2(T) and
also T%=0 = intp(T'w0=0). Then u) € H'(Q) is the unique weak solution to the scalar Signorini
problem
—Auy +uy = fi in Q,
Ohuh = g on T,
uy =0 onITH9,

uf <0, dhuh < go and ufy (Opuy — gy) = 0 on T,

where T is decomposed, up to a null set, as T\ UT 9 UL, where

L% = {s € T | ug(s) # 0},
T9 .= {s €T |ug(s) = 0 and dnuo(s) < go(s)}
[g2% :={s € ' | uo(s) = 0 and Guuo(s) = go(s)}-

Proof. Since H/2(T) is a Dirichlet space (see Example 2.2.6), then for all v € H/2(T'), v admits a
unique quasi-continuous representative for the ¢.e equivalence relation (see Proposition 2.2.4), thus it
follows that (see [19, Remark 3.12 p.13] for details)

Tn., . (uo) N (R (Fy — ug))* = {v €H'(Q) | v <0 ae. on T=" and (Fy — uo, v)gpi o) = o} .

K§(@)
Moreover, since dyug € L2(T'), then ug is a (strong) solution to the scalar Signorini problem (SSP;)
for the parameter ¢t = 0 (see Proposition 4.1.9 since T is obviously consistent), thus from the Signorini

unilateral conditions, one has

(gO - anUO) v = / (go - anUO) U= Ov

u0-90
I—‘D

<F0 - U07U>H1(Q) = / (90 - anUO)’U = /
r

[uo=0

for all v € T, , (o) N (R (Fo — ug)) ™", and since (go — dntug)v < 0 and dyug < go a.e. on I'p%,
K@ (uo) N (R (Fy — ug))™, which concludes the

proof from Subsection 4.1.2. O

/ctl)(n)

one deduces that v = 0 a.e. on T, for all v € Ty

Remark 5.1.6. Consider the framework of Corollary 5.1.5. Note that, for instance, the assump-
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5.1. Boundary value problems involving scalar Signorini unilateral conditions

tion Oyugp € L2(T) is satisfied if ug € H2(Q), which is true if T is sufficiently regular (see [14, Chapter 1,
Theorem 1.10 p.43]). Moreover uj, is the unique weak solution to the scalar Signorini problem (5.3),
but it is not necessarily a strong solution. However, in the case where d,uf, € L?(I") and the decom-
position I'”9° UT 9 UT>? is consistent (see Definition 4.1.8), then wj is a strong solution to the

scalar Signorini problem (5.3).

5.1.2 A general scalar Signorini problem

Let us consider the parameterized general scalar Signorini problem

{ —div(M;Vug) + kyuy = fi in Q, (GSSP,)

up <0, MyVuy -n < gy and ug M¢Vuy -n—g) =0 on T,

for all t > 0. From Subsection 4.1.2, there exists a unique weak solution u; € K§(2) to (GSSP;) which

satisfies
/MtVut-V(v—ut)—i—/ krugy (v — uy) Z/ft (v—ut)—i—/gt (v—uy), VvelC(l)(Q),
Q Q Q r

where K§(Q) := {v € H'(Q)|v <0 a.e. onT'}. In order to use our methodology, we express the

solution u; using the proximal operator as (see Remark 3.1.11)

(Ft)a

U = Prox
¢ PO q)

where F; € H'(Q) is the unique solution to the parameterized general scalar Neumann problem

{—div(MtVFt) + ket = fp inQ, (5.4)

M;VF-n=g; onT,

and proxLKé(Q

ered on the perturbed Hilbert space (H'(), (-, )y, 4,) (see the notations in Section 4.1). One might
believe that Proposition 3.2.10 could allow to compute the derivative of the map t € R, + u; € HY(Q)

) is the proximal operator associated with the Signorini indicator function LICH(Q) consid-

at t = 0, as we did in Subsection 5.1.1. However, we face here to a scalar product (-,-)y;, ;, that
is t-dependent and we need to overcome this difficulty as follows. Let us write My = T+ (M; —I)
and k; =1+ (k; — 1) to get

(ue, v = Wy (o) Z/th(v—“tﬂ‘/rgt (U—Ut)—/Q(Mt—I)Vut'v(v—ut)—/ (bt — Dy (v — ),

Q

for all v € K§(£2), and thus
(Et)a

Ut = Prox
t =P i@

where E; € H'(2) stands for the unique solution to the parameterized variational equality given by

(Et,v)miq) = /thv + /thv - /Q (M; —TI)Vu, - Vo — /Q (kt — 1) ugv, Yo e HY(Q),  (5.5)
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Part II, Chapter 5 — Sensitivity analysis of boundary value problems in the scalar model

and where prox is now considered on the Hilbert space (H'(Q), (-, ‘)11 (q)) Whose scalar product

L)c(l)(sz)
is t-independent.

Remark 5.1.7. Note that the existence/uniqueness of the solution F; € H'(Q) to the parame-
terized variational equality (5.5) can be easily derived from the Riesz representation theorem, and
that Ey € H'(Q) coincides with the solution Fy € H'(Q) to the parameterized general scalar Neu-
mann problem (5.4) for the parameter ¢t = 0. Furthermore note that, if div ((M; —I) Vu,) € L3(9),
then the above parameterized variational equality (5.5) corresponds exactly to the weak variational

formulation of the parameterized scalar Neumann problem given by

—AEt + Et = ft - (kt - 1) Us + le((Mt - I) Vut) in Q,
6nEt = gt — (Mt - I) Vut -1 on I'.

For instance, the condition div ((M; — I) Vu;) L2(Q) is satisfied when M; € W1>°(Q, R?*9) and u; €
H2(Q).

Now, using Hypothesis (H1), (H2) and (H3), our next step is to differentiate the map ¢ € R
E, € HY(Q) at ¢ = 0.

Lemma 5.1.8. Let E; € HL(2) be the unique solution to the parameterized variational equality (5.5),
for all t > 0. Assume that the map t € Ry — gy € L2(T") is differentiable at t = 0, with its derivative
denoted by gy, € L*(T'). Then the map t € Ry — E;, € HY(Q) is differentiable at t = 0 and its

derivative, denoted by E} € HY(Q), is the unique solution to the variational equality given by

(Eg, v)p1(0) = / fov+ / gov— | MyVug - Vo — [ kjugv, Yu € HY(Q). (5.6)
Q r Q O

Proof. Using the Riesz representation theorem, we denote by Z € H'(Q) the unique solution to the
variational equality (5.6). From linearity we get that

<C
H(Q) L2(T)

+ O (IMp om0 ey + 166 . s ) It = ol g

M, — 1 ky — 1
o[t ,

gt — 9o /

-7
; Y90

- f6

"

ft—=1fo
t t

"

L2(Q)

Mk
t + t 0

Loe (Q,RdX d)

et
L°°(Q)> e

for all t > 0, where C' > 0 is a constant which depends on 2. Therefore, to conclude the proof we
only need to prove the continuity of the map t € Ry + u; € HY(Q2) at t = 0. To this aim let us
take v = ug in the weak variational formulation of u; and v = u; in the weak variational formulation

of ug to get

e = wollis oy < € (IMe = e ey + e = oy ) el oy

+C (Hgt = gollLary + I1fe = foHL’z(Q)) ;
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5.1. Boundary value problems involving scalar Signorini unilateral conditions

for all t > 0. Therefore, to conclude the proof we need to prove that the map ¢ € Ry = [July1 o) € R
is bounded for ¢ > 0 sufficiently small. For this purpose, let us take v = 0 in the weak variational

formulation of u; to get that

letelli @y < € (IMe = Tl gaxay + Ik = ey ) Nellnngay + € (Ngelliaqey + 1fellaqey )

for all ¢ > 0, and thus

C (Ifillzqey + el
1-C (||Mt — o (,raxay + [[ke — 1||L°°(Q)>

HutHHl(Q) <

for all ¢ > 0 sufficiently small. The assumptions (H1), (H2), (H3) and that the map t € Ry —
gi € L3(I) is differentiable at t = 0, imply the continuity of the corresponding maps. The proof is
complete. O

Using the twice epi-differentiability of the Signorini indicator function LKL () (see Corollary 5.1.3),
one can prove in the same way as Theorem 5.1.4, that the map t € Ry +— u; € H'(Q) is differentiable
at t =0.

Theorem 5.1.9. Let u; € HY(Q) be the unique solution to the parameterized general scalar Signorini
problem (GSSPy), for allt > 0. Assume that the map t € Ry — g, € L2(T') is differentiable at t = 0,
with its derivative denoted by gy € L*(T'). Then the map t € Ry — u, € HY(Q) ids differentiable

at t =0, and its derivative denoted by uj € Tx (uo) N (R (Fo — ug)) ™ is the unique solution to the

Ky ()
variational inequality

(W0 =)y = [ oo =)+ [ gi(o =)
_ /QM{)VuO V(v —up) — /Q kyuo (v — ug) , Vo e TN,%(Q) (up) N (R (Fo —up))™, (5.7)
where

Tn (uo) N (R (Fy —ug))™ = {v cHY(Q) |v<0 ge onT"=0 and (Fy — Uo, V) g1 () = O} ,

)c(l)(sz)
and T%=0:= {s € T | uo(s) = 0}.

With some additional assumptions, we can prove that wj, is the unique weak solution to a scalar

Signorini problem.

Corollary 5.1.10. Consider the framework of Theorem 5.1.9 and assume that:
1. div(M{Vug) € L2(Q) with MjVug -n € L2(T'), and also Oyug € L(T);
2. Tw0=0 = intp(Tuo=0),
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Then ujy € H(Q) is the unique weak solution to the scalar Signorini problem

—Aufy +ufy = f§ — kjuo + div (MjVug) in Q,

8nu6 = h on F:I()ago, (5 8)
u6 -0 on 1"%0,90, :
uy <0, dyul < h and ufy (Oyuy, —h) = 0 on T'g9,

where h := g\, — M{Vug-n € L2(T'), and T is decomposed, up to a null set, as T3> UTE P UTg9%,
where

Y% :={s el |up(s) # 0},

Iy :={s eI |u(s) =0 and dhuo(s) < go(s)},

Ig?% :={seT |ug(s) =0 and dauo(s) = go(s)}.
Proof. From Hypothesis 1, one can apply divergence formula (see Proposition 2.1.1) in Inequality (5.7).
The rest of the proof is similar to Corollary 5.1.5. O

Remark 5.1.11. Consider the framework of Corollary 5.1.10. Note that Hypothesis 1 is, for instance,
satisfied if ug € H2(Q2) and M} € W1>°(Q,R¥*4). Note that u} is the unique weak solution to the
scalar Signorini problem (5.8), but is not necessarily a strong solution. Nevertheless, in the case
where dyu(, € L?(I') and the decomposition I'y*% UTH% UTg is consistent, then uj, is a strong

solution to the scalar Signorini problem (5.8).

5.2 Boundary value problems involving the scalar Tresca fric-

tion law
In this section, we assume that g; > 0 a.e. on I, for all ¢ > 0.

5.2.1 The scalar Tresca friction problem with perturbation of the source

term only

In this first subsection, we do not perturb the scalar Tresca friction law, and we assume that, for

allt >0, g: =1 a.e. onT'. Let us consider the parameterized scalar Tresca friction problem

{ *Aut + Uy = ft in Q, (STPl{,)

[Onut] <1 and usOpus + |ugl =0 on T,

for all ¢ > 0. From Subsection 4.1.3 (consider M(z) = I and k(z) = 1 for almost all z € Q), for
all t > 0, there exists a unique weak solution u; € H*(2) to (STP1;) which satisfies

/QVut~V(U—ut)+/ﬂut(v—ut)+/r|v|—/F|ut|2 /th(v—ut), o € HH(Q),

and it can be expressed as

uy = prox,(Fy),
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5.2. Boundary value problems involving the scalar Tresca friction law

where F; € H'(Q) is the unique solution to the parameterized scalar Neumann problem

{ *AFt +Ft = ft in Q, (59)

OnF; =0 onT,

and where prox, stands for the proximal operator associated with the Tresca friction functional given
by
¢: HY(Q) — R

v o) = [ bl

considered on the Hilbert space (H(Q), (-, ~>H1(Q).

In the same way as Subsection 5.1.1, using Hypothesis (H1) we have the following lemma.

Lemma 5.2.1. Let F; € HY(Q) be the unique solution to the parameterized scalar Neumann prob-
lem (5.9), for all t > 0. Then the map t € Ry — Fy, € HY(Q) is differentiable at t = 0 and its

derivative, denoted by F}, € HY(Q), is the unique solution to the scalar Neumann problem given by

{—AFé +F, = f, inQ, (510)

hEF) =0 onT.

In order to use Proposition 3.2.10 and then to deduce the derivative of the map ¢t € Ry — u; €
H!(2) at t = 0, let us prepare the background for the twice epi-differentiability (see Definition 3.2.5) of
the Tresca friction functional ¢. More specifically let us start with the characterization of the convex

subdifferential of ¢. To this aim, we introduce an auxiliary problem defined, for all u € H'(2), by

—Aw+4+w=0 in Q, (AP1,)
Onw( “

s) € 9f|(u(s)) onT,

where, for almost all s € T', J|-|(u(s)) stands for the convex subdifferential of the classical absolute
value map |-| : R — R at u(s) € R. For a given u € H*(£2), a solution to this problem (AP1,) is a
function w € H'(Q) which satisfies —Aw +w = 0 in D’(Q) and such that d,w € L*(T') with d,w(s) €
0|-|(u(s)) for almost all s € T.

Lemma 5.2.2. Let u € HY(Q). Then
0¢(u) = the set of solutions to Problem (AP1,).

Proof. Let v € HY(Q) and let us prove the two inclusions. First, let w € H'(Q) be a solution to
Problem (AP1,). Then w € HY(Q2), d,w € L3(T") and d,w(s) € d|-|(u(s)) for almost all s € T'. Hence

one has
Inw(s)(v(s) —u(s)) < (Jv(s)| = [uls)]),

for all v € H'(Q) and for almost all s € I". Tt follows that

/F Duw(v —u) < / (Io] — ul),

65



Part II, Chapter 5 — Sensitivity analysis of boundary value problems in the scalar model

for all v € HY(Q). Moreover —Aw + w = 0 in D’(Q2), thus it holds —Aw + w = 0 in L?(Q2). Hence,

from Green formula (see Proposition 2.1.2), one gets since d,w € L2(T'),

Vw-V(v—u)+/

Q

w(v—u):/ranw(v—u),

Q

for all v € HY(Q). Therefore one deduces
/Vw~V(v—u)+/ w (v —u) §/(|v|—|u|),
Q Q r

(W, v = w)(q) < 0(v) — d(u),

for all v € HY(Q). Thus w € d¢(u) and the first inclusion is proved. Conversely let w € d¢(u). One

. [ vue-ve-—w+ [w@=u< [l-p. (5.11)

for all v € H'(2). Considering the function v = u &+ ¢ € H'(Q2) with any function ¢ € D(), one
deduces from Inequality (5.11) that —Aw +w = 0 in D’(2), and also —Aw +w = 0 in L?(Q). Hence,
from Green formula (see Proposition 2.1.2) and Inequality (5.11), it follows that

for all v € HY(Q), that is

(Ohw,v — U>H*1/2(F)><H1/2(F) < /F(|U| = [ul),

for all v € H'(Q), and thus also for all v € H/2(T"). Now let us consider the function v = u + ¢ €
HY2(T) for any ¢ € H/?(T). One gets

1
’<anw,Q0>H71/2(1—~)><H1/2(1—\)‘ < /I‘ |50‘ < |1_\|2 ”SD”LZ(F) .

From Proposition 2.1.7 and 2.1.8, one deduces that 9,w € L?(T') and also that

Jowto=w< [ o] u (5.12)

for all v € H/2(I') and, by density, for all v € L?(T). Let s € I' be a Lebesgue point of d,w € L3(I),
of the product ud,w € LY(T") and of |u| € L3(T"). Let us consider the function v € L?(T") defined by

x  on Br(s,e),
vi=
u on I'\Br(s,¢),

with € R and € > 0 such that Br(s,e) C I'. Then one has from Inequality (5.12) that

1 1 1
Ohw(z —u) < |z| —

Faygmy Jul,
|BF( )‘ Br(s,e) |BF(S7€)| Br(s,e) |BF( )‘ Br(s,e)

thus dhw(s)(x — u(s)) < |z| — |u(s)| by letting e — 0F. This inequality is true for any = € R,
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5.2. Boundary value problems involving the scalar Tresca friction law

therefore O w(s) € 9]-|(u(s)). Moreover, since almost every point of T' is a Lesbegue point of d,w €
L3(T), udyw € LY(T') and of |u| € L(T), one deduces

Ohw(s) € 9|-[(u(s)),

for almost all s € I, and this proves the second inclusion. O

The twice epi-differentiability (see Definition 3.2.5) is defined using the second-order difference
quotient functions. Therefore let us compute the following second-order difference quotient functions
of ¢ at u € HY(Q) for w € d¢p(u) defined by

So(ulw): HY(Q) — R
v 5(ulw)(v) = etz (b(:g ! <w’U>H1(Q),

for all t > 0.

Proposition 5.2.3. For allt >0, u € H'(Q) and w € d¢(u), it holds that
37 ¢ (ulw)(v) = /F5t2 -] (u(8)[Onw(s))(v(s))ds, (5.13)

for allv € HY(Q), where, for almost all s € T, 62 |-| (u(s)|0nw(s)) stands for the second-order difference
quotient function of the absolute value map |-| at u(s) € R for dyw(s) € 9|-|(u(s)).

Proof. Let t > 0, u € HY(Q) and w € d¢(u). From Lemma 5.2.2 and Green formula (see Proposi-

tion 2.1.2), one deduces
<waU>H1(Q) = <anw’v>H*1/2(F)><Hl/2(F)>

for all v € HY(Q). Moreover, similarly to Lemma 5.2.2, one gets

(w,v)Hl(Q) :/Fvanw,

for all v € HY(Q). Thus it follows that

626 (ulw)(v) = / u(s) + v(5) = us)] = o))

for all v € HY(Q). Furthermore, since d,w(s) € 9|-|(u(s)) for almost all s € T, one deduces that
57 ¢(ulw)(v) = /F5t2 | (u(s)[Ouw(s))(v(s))ds,

for all v € H'(Q2), which concludes the proof. O

From the above proposition we can notice that the twice epi-differentiability of the Tresca friction
functional is strongly related to the twice epi-differentiability of the absolute value map |-|. Therefore

the computation of the second-order epi-derivative of |-| is the next step.
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Lemma 5.2.4. The absolute value map |-| : R — R is twice epi-differentiable at any = € R for
any y € 9|-|(z), and its second-order epi-derivative is given by d?|-|(z]y) = ik, ,, where K, , is the

nonempty closed convex subset of R defined by

R if x #0,

R_ ifx=0and y= -1,
R4 ifr=0and y=1,

{0} ifr=0and y € (—1,1),

Ky y =

and where 1, stands for the indicator function of K ,.
Proof. Since |-| = hj_1,1], where hj_y 1y is the support function of [~1, 1], then one can apply Propo-
sition 3.2.8 to get, for z = 0 and for all y € 9]-|(0) = [-1, 1],

dg H (0|y) = LN[_1,1](?J)’

where Ni_; 11(y) is the normal cone to [~1,1] at y. One can easily prove that

R_ ify=-1,
Ni-(y) = Ry ify=1,
{0} ifye(-1,1).

In the case where z # 0, then J|-|(z) = {%}, and || is twice Fréchet differentiable at = with its twice

el

Fréchet differential given by

D? || (z) = 0.
Thus one gets (see Remark 3.2.6),
x
A2 | (2]5) () = 0,
||
for all z € R, which concludes the proof. O

Remark 5.2.5. Since || is twice epi-differentiable, then from Proposition 5.2.3, if ¢ is twice epi-
differentiable at u € H(Q2) for w € d¢(u), one can naturally expect that its second order epi-derivative

satisfies

dZe(ulw)(v) = /Fdﬁ || (u(s)[Oaw(s))(v(s))ds,

for all v € H'(Q2), which corresponds to the inversion of symbols ME-lim and fF in Equality (5.13)
on the H!(2)-space. Nevertheless, to the best of our knowledge, this inversion is an open question.
Therefore we do not know, in general, if the Tresca friction functional is indeed twice epi-differentiable
at u for w. Nevertheless, in Appendix A, we prove it in several particular cases corresponding to

practical situations.

From the previous results and some additional assumptions detailed below, we are now in a position

to characterize the derivative of the solution to the parameterized Tresca friction problem (STP1;).
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5.2. Boundary value problems involving the scalar Tresca friction law

Theorem 5.2.6. Let u; € HY(Q) be the unique solution to the parameterized scalar Tresca friction
problem (STP1;) for allt > 0. Assume that the Tresca friction functional ¢ is twice epi-differentiable
at ug for Fy —ug € 0p(ug), with

26 (0| Fo — o) (v) = / 02 |1 (110 (3)1n(Fo — o) (5))(v(s))ds,

for all v € HY(Q), where Fy is the unique solution to the parameterized scalar Neumann problem (5.9)
for the parameter t = 0. Then the map t € Ry w uy € HY(Q) is differentiable at t = 0, and its

derivative denoted by uly € H*(Q) is the unique weak solution to the Signorini problem

—Auf+uy = f§ in Q,
Owug =0 onT}P,

ug =0 onT}y, (5.14)

uy <0, dhup <0 and updhuy = 0 on T'g%,
up >0, dhug > 0 and ugdhug = 0 on I'gY,

where I' is decomposed, up to a null set, as I'Y UT'Y UT'g? UL with

LY :={sel|u(s)
I :={sel|ug(s) =
g’ :={sel|uy(s) =
gy ={sel|u(s) =

# 0},
0 and Onuo(s) € (—1,1)},
0 and Oyup(s) =1},

0 and Oyup(s) = —1}.

Proof. From the assumption and Lemma 5.2.4, it follows that
2000l Fo = 10)(0) = [ 150,005 (005)),
for all v € HY(Q). Therefore, one deduces that
d2¢(uo| Fo — u0)(v) = ticuy o0 iy o) (V)
for all v € H*(Q), where K, o, (r,—uo) is the nonempty closed convex subset of H'(Q) defined by
Koo,0n(Fo—uo) = {v € H'(Q) | v(8) € Kug(s),0m(Fo—uo)(s) for almost all s € T'}.
Moreover, since 0, Fyp = 0 a.e. on I'; one gets
Koo (Fo—ue) = {V € H'Y(Q)|v=0a.e on T}, v<0ae onTg,v>0a.e on g%

where subsets I'y’, T'[Y, I's?, T's% are defined in Theorem 5.2.6. Moreover, from Hypothesis (H1)
we know from Lemma 5.2.1 that the map t € R, — F, € H' () is differentiable at ¢t = 0, with its
derivative I}, € H(Q) being the unique solution to the scalar Neumann problem (5.10). Thus, using
Proposition 3.2.10 one deduces that the map ¢t € Ry +— u; € H'(Q) is differentiable at ¢ = 0, and its
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derivative uj, € H'(Q) satisfies

! AN /
Uy = PTOng¢(uo\Fo—uo)(Fo) = PTOXL,CHO,GD(FTW (F9),

which is also (see Remark 3.1.11)

r . ’
Uy = PTOJK, om0y (Fy).

From Subsection 4.1.2, one deduces that wj, is the unique weak solution to the scalar Signorini prob-

lem (5.14). O

5.2.2 The scalar Tresca friction problem with perturbation of the source

term and of the friction term

In this subsection, the scalar Tresca friction law is perturbed. We recall that, for all ¢ > 0, g > 0

a.e. on I'. Let us consider the parameterized scalar Tresca friction problem

{ —Aug+up = f; in Q, (STP2)

[Onut] < gr and ugOnug + gelus] =0 on T,

for all ¢ > 0. From Subsection 4.1.3, for all ¢+ > 0, there exists a unique weak solution u; € H!(Q)
to (STP2;) which satisfies

/QVut-V(v—ut)+/9ut(v—ut)—I-/th|v|—/th|ut|2 /th(v—ut), Vo € H(Q).

The Tresca friction functional, defined in Proposition 4.1.16, now depends on the parameter ¢ > 0.

Precisely we are led to define the parameterized Tresca friction functional given by

. R.xH(Q) — R (5.15)
tv) — B(tv) ::/thm.

Note that, for all t > 0, ®(¢,-) is a proper lower semi-continuous convex function on H!(Q) and, the

unique solution to the parameterized scalar Tresca friction problem (STP2;) is given by
Up = prox¢(t7,)(Ft), (5.16)
where F; € H'(2) is the unique solution to the parameterized scalar Neumann problem

{ ~AF,+F, = f, inQ, (517)

OhF; =0 onT,

and where proxg, .y stands for the proximal operator associated with @ (¢, -) considered on the Hilbert
space (HI(Q)a <'a '>H1(Q)'
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5.2. Boundary value problems involving the scalar Tresca friction law

As we can see in Equality (5.16), the proximal operator proxg, ., depends on the parameter ¢ > 0.
This leads us to use Proposition 3.2.15 which characterizes the derivative of a map given by a param-
eterized proximal operator, using the notion of twice epi-differentiability depending on a parameter
(see Definition 3.2.11). Let us underline that this is an important difference with the previous Sub-
section 5.2.1, where the proximal operator was associated to a functional that did not depend on
the parameter t > 0, therefore the classical notion of twice epi-differentiability (see Definition 3.2.5)
introduced by R.T. Rockafellar (see [68]) was sufficient.

In order to investigated the twice epi-differentiability of the parameterized Tresca friction func-
tional defined in (5.15), let us start with the characterization of the convex subdifferential of ®(0,-).

To this aim, we introduce an auxiliary problem defined, for all v € H*(Q), by

{ —Aw+w=0 in , (AP2,)
Ohw(s) € go($)0||(u(s)) onT.

For a given u € H!(Q), a solution to this problem (AP2,) is a function w € H!(Q) which satis-
fies —Aw +w = 0 in D'(2) and such that d,w € L*(T) with d,w(s) € go(s)d|-|(u(s)) for almost
all s €T

The proof of the following lemma can be proved in the same way as Lemma 5.2.2
Lemma 5.2.7. Let u € HY(Q). Then
0%9(0,-)(u) = the set of solutions to Problem (AP2,).

The twice epi-differentiability depending on a parameter is defined using the second-order differ-
ence quotient functions (see Definition 3.2.11). Therefore let us compute the following second-order
difference quotient functions of ® at u € H!(Q) for w € 99(0,-)(u) defined by

AZd(ujw): HY Q) — R
(I)(ta U+ t’U) - (I)(ta U) —t <wa v)Hl(Q)

v o AZ®(u|w)(v) = e ,

for all ¢t > 0.

Proposition 5.2.8. For allt >0, u € HY(Q) and w € 99(0,-)(u), it holds that
A28 () (v /A2 $)]Bw(s))(v(s))ds,

for all v € HY(Q), where, for almost all s € T, A2G(s)(u(s)|Onw(s)) stands for the second-order
difference quotient function of G(s) at u(s) € R for Oqyw(s) € go(s)0|-|(u(s)), with G(s) defined by

G(s): RyxR — R
(t,z) — G(s)(t,x) := gi(s)|x].

Remark 5.2.9. Note that, for almost all s € T and all ¢ > 0, G(s)(t,-) := ¢:(s)|-| is a proper lower
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semi-continuous convex function on R. Moreover, since gg > 0 a.e. on I', it follows that

d[G()(0,)] (x) = go(s)9]-|(x),
for all x € R and for almost all s € T.

Proof of Proposition 5.2.8. Let t > 0, u € HY(Q2) and w € 8®(0,-)(u). From Lemma 5.2.7 and Green

formula (see Proposition 2.1.2), one deduces that

<w7U>H1(Q) = <aﬂw’U>H*1/2(F)><H1/2(F) = /F’Uanw,

for all v € HY(Q). Thus it follows that

ge(s)u(s) + tv(s)] — ge(s)[u(s)| — to(s)dnw(s) ,

t2

A%MM@=A

S?
for all v € HY (). Furthermore, since d,w(s) € go(s)d|-|(u(s)) for almost all s € T, one deduces that
AFR(ufu)(v) = [ AFG(s)(u(s) Duo(s)) (o),

for all v € HY(Q), which concludes the proof. O

From the above proposition we note that the twice epi-differentiability of the parameterized Tresca
friction functional is strongly related to the twice epi-differentiability of the parameterized func-
tion G(s) for almost all s € I'. Therefore the computation of the second-order epi-derivative of G(s)

for almost all s € T" is the next step.

Proposition 5.2.10. Assume that, for almost all s € ', the map t € Ry — gi(s) € Ry is differen-
tiable at t = 0, with its derivative denoted by g{(s). Then, for almost all s € T', the map G(s) is twice
epi-differentiable at any x € R and for all y € go(s)I|-|(x) with

DZG(s)(zly)(2) = e, (2)+ gé(s)go?S)Z’

for all z € R, where 1k, stands for the indicator function of the set K, (see Lemma 5.2.4).

Proof. We use the same notations as in Definitions 3.2.5 and 3.2.11. Let x € R. Then, for almost
all s € T, for all y € go(s)0|-|(x) and all z € R, one has

S)|lx Z| — ge(8)|x| — tyz -’L‘-‘rtz—x—tgo%z +(s) — s
At el ) = St gl el T Ul (o)

that is

Mmmmw>g@wH@%%)@+@@Agw%v

) is the second-order difference quotient function of ||

with — (5 € d]-|(x), and where &2|- (2] 557 ®)

at x for gT(s) (see Definition 3.2.5 since || is t-independent function). Using the characterization of
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Mosco epi-convergence (see Proposition 3.2.4) and Lemma 5.2.4, it follows that the map G(s) is twice

epi-differentiable at x for y with

DG (s)(2]y)(2) = e, 2+ gé(s)go?ﬁ)z’

for all z € R, and the proof is complete. O

Remark 5.2.11. The perturbation of the friction term g; in the parameterized scalar Tresca friction
problem (STP2;) (which is not considered in Subsection 5.2.1) generates an additional term in the
expression of the second-order epi-derivative of G(s), for almost all s € T, at all x € R for all y €
90(8)0|-|(x), given by the function z € R — g{(s) 4 ez ER

Theorem 5.2.12. Let u; € H'(2) be the unique solution to the parameterized scalar Tresca friction
problem (STP2;) for allt > 0. Assume that:

1. for almost all s € T, the map t € Ry — gi(s) € Ry is differentiable at t = 0, with its derivative
denoted by g}(s), and also g}, € L*(T');

2. the parameterized Tresca friction functional ® defined in (5.15) is twice epi-differentiable at ug
for Fo —ug € 09(0, -)(uo), with

D2 (1| Fy — o) () = / DG (3) 1t (5))0n (Fo — 110)(5)) (v(s))ds,

for all v € HY(Q), where Fy is the unique solution to the parameterized scalar Neumann prob-
lem (5.17) for the parameter t = 0.

Then the map t € Ry — uy € HY(Q) is differentiable at t = 0, and its derivative denoted by ufy € H'(Q)

1s the unique weak solution to the scalar Signorini problem

—Auy +uh = f in Q,
0, uo = gy= % cutie op IR
0,90
up =0 on I'y”™, (5.18)
uy <0, dhuf < g aqgo and ug ( Owug — 9§ 8;0*0 =0 on T'g>%,
/ Oy On
up =2 0, Owup = 952> and ug (Oaug — go=2re ) =0 on T'gy?,

where T is decomposed, up to a null set, as T % UT° UTg"% UTGLY with

# 0},

=0 and Onuo(s) € (—go(s),90(s))} ,
=0 and dnuo(s) = go(s)},

=0 and Oyuo(s) = —go(s)}.

I ={seTl | u(s
9 :={seTl | u(s
Lg% :={seT |uy(s
LS :={seT |ug(s

— — — —

Remark 5.2.13. The problem (5.18) in Theorem 5.2.12 is a well-posed problem since

Ontp(s)
go(s)
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for almost all s € T', and hence 96% € L2(I") since gf € L(T).

Proof of Theorem 5.2.12. From the assumptions and Proposition 5.2.10, it follows that

Dg@(uo|F0 —up)(v) = L’CUOY@n(Fo—uw (v) + / gé(s)Mv(s)ds,

90 r 90(3)

for all v € H*(2), where K., 8aFp-ug) is the nonempty closed convex subset of H!(Q) defined by

g0

_ 1 _ 0,90 0,90 0,90
ICuo,ar'(F;‘;uO) = {v ceH () |v=0ae onI? v<0ae onIg” v>0a.e on gy }7

where subsets T'y"%°, T, T¢”? and T'}?° are defined in Theorem 5.2.12. One can easily prove
that D2®(ug|Fo — up) is a proper lower semi-continuous convex function on H!(Q). Moreover, from
Hypothesis (H1), we know that the map ¢t € Ry ~ F; € H'(Q) is differentiable at t = 0, with its

derivative F{; € H*(Q2) being the unique solution to the scalar Neumann problem

“AF, 4+ F) = f} inQ,
OhEF, =0 onT.

Thus, using (5.16) and Proposition 3.2.15, the map t € Ry ~ u;, € H'(Q) is differentiable at t = 0,

and its derivative uf, € H'(Q) satisfies
UE) = prOXDgé(uo\Fo—uo)(FO/)v
which, from the definition of the proximal operator (see Definition 3.1.10) leads to
F§ —up € 0D?®(uo| Fy — uo) (up),
which means that
(Fy = ufy, v = ug) g1 () < D2®(ug|Fo — o) (v) — D2 (uo| Fo — uo) (ug),

for all v € HY(Q). Hence we get that

[ 9 =) V@) + [ (F =) (0~ )
Q

Q
, On(Fo — uo)

/ /
< LKUO,81,<§goffuo> (v) = L’Cuo,ar.@gofuo) (ug) + /FQOT(’U — ug),

for all v € HY(£2). Moreover, since 9, Fy = 0 a.e. on T, it follows that

[ V=) [ 0= 16) 2 0 iy (06 06 i )

90 T 90
OpU
+ [ S+ [ a0 )
Q r

9o
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5.2. Boundary value problems involving the scalar Tresca friction law

for all v € H'(Q). Hence uy € K onmy—uy) and

90

anuO

/V%V(%%H/ua(vfué)Z/fé(vf%H/gé
Q Q Q T go

for all v € ICHO o (Fo—ug) , Which concludes the proof from Subsection 4.1.2. O
T

(U - u6)7

5.2.3 Perturbation of a general scalar Tresca friction problem

Let us consider the parameterized general scalar Tresca friction problem

{ —div(M; V) + kjuy = fi in Q, (GSTP,)

[M;Vus -n| < gr and usMVuy -n+giugl =0 onT,

for all + > 0. From Subsection 4.1.3, for all + > 0, there exists a unique weak solution u; € H(Q)
to (GSTP,) which satisfies

/MtVut~V(v—ut)+/ktut(vfut)+/gt|v|—/gt\ut| z/ft(v—ut), Vo € HY(Q),
Q Q r r Q

and it can be expressed as
Ut = pI'OXq,(t’_)(Ft),
where F; € H'(Q) is the unique solution to the parameterized general scalar Neumann problem

ft in Q,
0 onT,

(5.19)
MtVFt -1

{ *le(MtVFt) + ktFt

and where proxg, . stands for the proximal operator associated with ®(¢,-) (already defined in
the previous subsection in (5.15)) considered on the perturbed Hilbert space (H'(2), (-, )y, 5,) (see
notations in Section 4.1). Since the scalar product (-, -)tht depends on t, we follow the same strategy
already described in Subsection 5.1.2, to deduce that

Uy = proxq)(t’,)(Et),

where E; € H'(Q) is the unique solution to the parameterized variational equality given by

(Bt v) i) = / frv —/ My —T) Vuy - Vo —/ (ky — 1) ugv, Yo € HY(Q),
o o Q

and where proxg, , is now considered on the Hilbert space (H'(Q2), (,, )11 () Whose scalar product
is t-independent. Note that Eq € H(£2) coincides with the solution Fy € H!(Q) to the parameterized
general scalar Neumann problem (5.19) for the parameter ¢ = 0. Since we have already investigated
the twice epi-differentiability of ® on the Hilbert space (H!(€2), (-, “)i1(q)) in Subsection 5.2.2, and
the differentiability of the map t € R, — E; € HY(Q) at t = 0 in Subsection 5.1.2, one can obtain the
following theorem whose the proof is similar to Theorem 5.2.12.
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Part II, Chapter 5 — Sensitivity analysis of boundary value problems in the scalar model

Theorem 5.2.14. Let u, € HY(Q) be the unique solution to the parameterized general scalar Tresca
friction problem (GSTP;) for allt > 0. Assume that:

1. for almost all s € T, the map t € Ry +— gi(s) € Ry is differentiable at t = 0, with its derivative
denoted by gj(s), and also g}y € L(T);

2. the parameterized Tresca friction functional ® is twice epi-differentiable at ug for Fy — ug €
09(0,-)(ug), with

D20 (ug| Fo — ug)(v) = /FDEG(S)(UO(S)Wn (Fo — uo) (5))(v(s))ds,

for all v € HY(Q), where Fy is the unique solution to the parameterized general scalar Neumann
problem (5.19) for the parameter t = 0.
Then the map t € Ry — uy € HY(Q) is differentiable at t = 0, and its derivative denoted by ujy € H'(Q)

is the unique solution to the variational inequality

(oo =)o = [ oo =)~ [ Mo F0— )~ [ Ko (0 =)

On
+ / géﬂ(v — u6)7 Vv € K 9n (Fo—uq) » (520)
r 90 R T

where

o 1 _ 0,90 0,90 0,90
/Cu(),a,,(FgOﬂO) = {v ceH (Q)|v=0ae onI'", v<0ae onTg®%, v>0ae onlgy },

is a nonempty closed convex subset of H' (), and T is decomposed, up to a null set, as Ty 9 UT 9 U
Lg% uTgy? with

Y% ={sel |u(s
Iy :={seT |u(s
Lg% :={seT |uo(s
Lg% = {seT |u(s

# 0}
0
0
0

and 8nu0(5) S (*go(S)aQO(S))}v
and Onuo(s) = go(s)},
and Onuo(s) = —go(s)}.

~— — — ~—

With some additional assumptions, one can characterize uf, € H'(Q2) as solution to a scalar Sig-

norini problem.

Corollary 5.2.15. Consider the framework of Theorem 5.2.14, and assume that div(M{Vug) € L?(Q)
and M,Vug -n € L2(T'). Then u}, € HY() is the unique weak solution to the scalar Signorini problem

—Aug +up = fo — kyuo + div (MyVug) in €,

8n“6 = h on F;mgo

uh = 0 on T,
uy <0, Oqupy < h and ufy (Oqufy —h) = 0 on T'g>%,
uy >0, Oqug > h and uf (Oguy —h) = 0 on gy,

where h := 96% — M{Vug -n € L2(T).
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5.2. Boundary value problems involving the scalar Tresca friction law

Proof. Since div(M{Vug) € L?(£2) one can apply divergence formula (see Proposition 2.1.1) in In-
equality (5.20) to deduce that

(ug, v — u6>H1(Q) =z /Qf(l) (v —ugp) + /Q div(MyVuo) (v — ug) — (MyVug - n,v — u6>H*1/2(F)XH1/2(F)

Optt
— / kug (v —ug) + / 9 0 (v —ug), Yo € K oprg—ug)
Q r 9 BT
and since M{,Vug - n € L(T), we can conclude the proof from Subsection 4.1.2. O

Remark 5.2.16. Note that the assumptions in Corollary 5.2.15 are, for instance, satisfied if ug €
H2(Q) and M), € WL>(Q, R?). Note that ug is in H2(Q2) if " is sufficiently regular (see [14, Chapter 1,
Theorem 1.10 p.43])
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CHAPTER 6

SENSITIVITY ANALYSIS OF BOUNDARY
VALUE PROBLEMS IN THE LINEAR
ELASTIC MODEL

In this chapter we consider d = 2 or d = 3, and we assume that {2 is an elastic solid satisfying the
linear elastic model (see Chapter 1 for details) and that I is decomposed as I'n UT's, where I'p and T's
are two measurable pairwise disjoint subsets of I', such that I'p and I's have a positive measure.
Consider also, for all t > 0, f; € L2(Q,R%), g; € L2(I'), z; € L>=(Q), B; € L*(Q,R¥>?), M; €
C1°(Q, GL4(R)) such that M; ' € C“>(Q, GL4(R)), where M, ! is defined as the map = € Q
M, () ' GL4(R)). In the same way as Section 4.2, we assume that, for all ¢ > 0,

/ 2 A [(Vo1)By] B/ : Vy > C/ Ae(v1) : e(va), Yoy, ve € HY(Q,RY),
Q Q

where C' > 0 is a constant. We recall that, from the assumptions on the stiffness tensor A (see (1.1)),
one has Ae(v) = AV, for all v € H5(Q,RY), and that if for some v € H(Q,RY), Ae(v)n € L2(I's,RY),
then we denote o, (v) := Ae(v)n-n € L2(Ts) and o, (v) := Ae(v)n—oy,(v)n € L2(T's, R?). We also recall
that, for a matrix M € R?*¢ we denote by (when it is necessary to avoid any confusion) A[M] the
stiffness tensor A applied to M, and that we denote vy, := v—(v- Hli\fﬁ)Mn, for any v € L2(I's, R%).

Moreover we assume that:

(H4) the map t € Ry — f; € L%(Q,R?) is differentiable at ¢ = 0, with its derivative denoted
by fj € L*(Q,RY);

(H5) the map ¢t € Ry — z € L>(9) is differentiable at ¢t = 0, with its derivative denoted by z{ €
L (Q);

(H6) the map t € Ry ~— M; € C1°°(Q, R4*?) is differentiable at ¢ = 0, with its derivative denoted
by Mj € CLoo(Q, R4x4);

(H7) the map t € Ry — B, € L>®(Q,R¥*4) is differentiable at ¢t = 0, with its derivative denoted
by Bj) € Lo°(Q, R4*d).

In the sequel, the classical Signorini (resp. Tresca friction) problem is called the Signorini (resp.

Tresca friction) problem (see Remark 4.2.1).
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6.1. A general Signorini problem

In this chapter, we perform directly the sensitivity analysis of a general Signorini problem in
Section 6.1 using the notion of twice epi-differentiability (see Definition 3.2.5). In Section 6.2, we
perform the sensitivity analysis of two general Tresca friction problems, both with perturbation of the
Tresca friction law, thus the extended notion of twice epi-differentiability depending on a parameter
is required (see Definition 3.2.11). More precisely, in Section 6.2.1 the unit normal vector to the
boundary is not perturbed (i.e. we assume that M; = I on €, for all ¢ > 0), while in Section 6.2.2
we perturb it but only in the two-dimensional case. Note that if the shape 2 is perturbed, then so
is the unit normal vector n. Therefore, the perturbation of the normal n is important if we want to
take into account a shape perturbation case in the Signorini (resp. Tresca friction) problem, since the
normal n can appear in the corresponding variational formulation.

In the sequel, to simplify the following computations, we assume that My = I on Q, By = I

and zg = 1 a.e. on .

6.1 A general Signorini problem
Consider the parameterized general Signorini problem given by

—div (ZtA [VutBt] B;r) == ft in Q,
ug = 0 onI'p,

2A [VuB¢| B/ )n), _,+ =0 onlIyg,
(e [V t}_t) ) Ty i (GSP,)
ut~Mt_1Tn§0, (ztA [Vu:By] BtT)nojliTn‘2 < ¢ and

1T T M '
u My n (ztA [Vu:B¢] B, )n' ‘711 —g:] =0 onlyg,

for all ¢ > 0. From Subsection 4.2.2, for all ¢ > 0, there exists a unique weak solution u; € Kp (92, RY)
to (GSP;) which satisfies

/ztA [Vu,B| B : V(v — ) Z/ft~(v—ut)+/ gtMt_le(vfut), Yo € KHQ,RY), (6.1)
Q Q Is

where K} (Q,R?) := {v € HL (2, R?) | v~M;1Tn < 0 a.e. on I's} and, in order to use our methodology,
we express it using the proximal operator as (see Remark 3.1.11)
U; = Prox

(Ft)v

L;c} (2,Rd)
where F; € HL (2, R?) is the unique solution to the parameterized general Dirichlet-Neumann problem

—div (A [(VF)B B! ) = fi in Q,
F, =0 on I'p, (6.2)
(ztA [((VFy)By] BtT) n = gtMngn on I's,

and where prox, ) stands for the proximal operator associated with the Signorini indicator func-

1 d
LR

tion ¢x1(q gray considered on the perturbed Hilbert space (H5(Q,RY), (-, )2,.A.B,) (see the notations in
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Part II, Chapter 6 — Sensitivity analysis of boundary value problems in the linear elastic model

Section 4.2). Here, the main difficulty is that the indicator function LKL (Q,R4) depends on the parame-
ter ¢, thus it would required the extended notion of twice epi-differentiability depending on a parameter
in order to apply the Proposition 3.2.15, like we did in Subsection 5.2.2 and 5.2.3. Nevertheless, it is
not necessary since M; € C1>°(Q, GL4(R)) and, for all v € K} (2, R?), one has

M; o € K(2,RY),
and conversely, for all v € K§(Q, R?),
M € KL, RY),

where K3(Q,R?) = {ve HL(Q,R?) | v, <0 a.e. onTs}. Thus, from Inequality (6.1), one proves
that @, := M, ', € KJ(Q, R?) satisfies

/ ZtA [V(Mtﬂt)Bt] B;r . V(Mt (7} - ﬂt)) Z / Mjft . (’U - Ut) + / gt (’Un - ﬂtn) y (63)
Q Q I's

for all v € K} (€2, R9). Thus, using the characterization of the proximal operator (see Definition 3.1.10),
we can expressed Uy as

(Go),

Uy = prOXL)Cé(sz,Rd)

where G; € HL (9, R?) is the unique solution to the parameterized variational equality
/ 2 A [V(M;G¢)By] B, : V(M) = / M/ fi - v +/ givn, Yo € H(Q,RY),
Q Q I's

and prox, ) is the proximal operator associated with the Signorini indicator function LKL (9, R4)

é(Q,u@d
considered on the perturbed Hilbert space (H (Q, R?), (-, )i AB,.M, ) Where () 4 g is the scalar
product defined by

(v1,v2) € (H})(Q,Rd))2 > / 2 A [V(Myv1)B] B : V(Myws) € R.
Q

The previous difficulty is solved since the Signorini indicator function LKL (Q,RY) does not depend
on the parameter ¢ > 0. Nevertheless, we face here to a perturbed Hilbert space due to the scalar
product (-, '>zt,A,Bf,,Mt that is t-dependent, thus we could not apply Proposition 3.2.10. To overcome
this difficulty let us rewrite Inequality (6.3) by adding to both members (4;,v — @), to deduce that

@t’v—ﬂt)AZ/QMtTft'(U—ﬂt)‘i'/r gt (Un — Tty

- / ZtA [V(Mtﬂt)Bt] B;r . V(Mt (U - ﬂt)) +/ AVﬂt : V(U - ﬂt),
Q Q
for all v € K} (92, R?). Thus %, is also expressed as

Uy = prox (E4),

LKé(Q,Rd)
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6.1. A general Signorini problem

where E; € H(Q,RY) stands for the unique solution to the parameterized variational equality

<Et,’l)>A = /M;rft v +/ gtn — / ZtA [V(Mtﬂt)Bt] B;r : V(Mt’U> + / AVU,; : V’U7 (64)
Q T's Q Q

for all v € HL(Q,RY) and for all t > 0, where Prox, is the proximal operator associated

3@ k)
with the Signorini indicator function tx1q re) considered on the Hilbert space (HL(2,RY), (-, ) 1),
which is t-independent. Now, using Hypothesis (H4), (H5), (H6), (H7), let us prove that, under some

assumption, the map t € Ry — E; € HE (Q,R?) is differentiable at t = 0.

Lemma 6.1.1. Let E; € H]:B(Q,Rd) be the unique solution to the parameterized variational equal-
ity (6.4), for allt > 0. Assume that the map t € Ry + gy € L2(T's) is differentiable at t = 0, with its
derivative denoted by gi € L>(T's). Then the map t € Ry — E; € HY(Q,R?) is differentiable at t =0

and its derivative, denoted by Ejj € H}D(Q, Rd), is the unique solution to the variational equality given

by

Eoon= [ (Mot ) 0+ [

_ / (A Vuol By + A [VuoBy] + AV(Myuo) + (AVuo ) : Vv, (6.5)
Q

9oUn — / AVug : V(Myv)
Q

s

for all v € HE(Q,RY).

Proof. From Hypothesis (H4), (H6), the map ¢t € Ry — M/ f, € L*(Q,R%) is differentiable at ¢ = 0,
with its derivative given by MBT fo+ fh € L2(Q,R?). Using the Riesz representation theorem, we
denote by Z € HL (2, R?) the unique solution to the above variational inequality (6.5). From linearity
and using differentiability results (H4), (H5), (H6), (H7) and that the map t € Ry — g; € L3('g) is
differentiable at ¢ = 0, one gets

gt — 9o _g/
t

HEt—Eo _

t

M:ft_fo T /
ASC(Ht— (Mo f0+fo)

"

0
L2(Q,RY) L2(Ts)

o oft) .

+ 1 = Tl + 22 il ),
for all ¢ > 0 sufficiently small, where C' > 0 is a constant which depends only on the data and not
on t, and where o stands for the standard Bachmann—Landau notation, with @ — 0 when t —
0T. Therefore, to conclude the proof, we only need to prove the continuity of the map t € Ry
u € HL(Q,R?Y) at t = 0. To this aim, let us take v = %y in the variational formulation of u;

and v = U, in the variational formulation of @y to get that

I~ ol < C (IMT fe = Foll oy + 19— dollacey) + ITella (¢ 4 0(2)))

for all t > 0 sufficiently small. Then, to conclude the proof, we need to prove that the map t € R, —

Izl , € R is bounded for ¢t > 0 sufficiently small. Let us take v = 0 in the variational formulation
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Part II, Chapter 6 — Sensitivity analysis of boundary value problems in the linear elastic model

of u; to get that

[Tl < C (HMtTftHL2(Q’]Rd) + H9t||L2(FS)) + C[ae| o (t+0(t)),

for all ¢ > 0 sufficiently small. Thus one deduces

C (IIMT All sy + 9y )
1-C(t+o(t)) ’

[l <

for all ¢ > 0 sufficiently small, and using the continuity of the map ¢t € Ry + M, f; € L2(€2,R9) and
of the map t € R, + g; € L2(T's), the proof is complete. O

Note that @y (resp. Ep) coincides with the solution ug (resp. Fp) to the parameterized general
Signorini problem (GSP;) (resp. to the parameterized general Dirichlet-Neumann problem (6.2)) for

the parameter ¢ = 0. Since we have expressed u; = prox (E}) and characterized in Lemma 6.1.1

tl(q,rd)
the derivative of the map t € Ry — E; € H5(Q,RY) at ¢ _ 0, we now need to prove that the Signorini
indicator function Ll (o,Rrd) IS twice epi-differentiable at ug € K§(Q2, R?) for Fy — ug € N’C(l)(Q,]Rd)(UO).
Thus from Proposition 3.2.9, we need the polyhedricity of the subset K}(Q,R?) at uy € (2, R9)
for Fo — uo € Ni1(qre)(uo) on the Hilbert space (HL(2,R9), (-,-)»)). This result has already been
proved in [57, Lemma 5.2.9 p.116].

Lemma 6.1.2. The nonempty closed convex subset K(Q,R?) of HE(Q,R?) is polyhedric at ug €
K§(Q,RY) for Fy — ug € Nii(a,re)(uo) and one has

TN (uo) N (R (Fy — ug)) " = {v € HH(Q,RY) | vy <0 ge. on Te"=" and (Fy — ug,v), = 0} )

)Ccl](SZ,Rd)
where Fgo"zo = {s €T's|ugn(s) =0}.

We can now prove that the map t € R, +— u; € HE (€, R?) is differentiable at ¢t = 0 under some

assumptions.

Theorem 6.1.3. Let u; € H, (Q,R?) be the unique solution to the parameterized variational inequal-
ity (6.3), for all t > 0. Assume that the map t € Ry — g, € L?(Ts) is differentiable at t = 0, with
its derivative denoted by gy € L?(I's). Then the map t € Ry — @, € HE(Q,RY) is differentiable

at t =0, and its derivative denoted by uy € Tx (up) N (R (Fp — uo))l is the unique solution to

IC(I) (,rd)
the variational inequality

o =To)n > [ S (0= )+ [ (on = T) = (Acluto)n, My (0= ) i
S
_ / (A [Vuol By + A [VuoBy] + AV(Miuo) + (AVuo ) : V(v =), (6.6)
Q

for allv e Ty (uo) N (R (Fy — UO))L

1 d
KE(9,rd)
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6.1. A general Signorini problem

Proof. Using Lemma 6.1.2, one deduces from Proposition 3.2.9 that the Signorini indicator func-

tion tx1 (g ra) is twice epi-differentiable at uo € K, RY) for Fy — ug € N,Cé(Q_Rd)(uo) and

2 — =
deLIC})(Q,Rd)<u0|F0 u) LTNKé(Q,Rd)(uo)ﬁ(R(Fo—uo))J"

Thus, from Lemma 6.1.1 one can use Proposition 3.2.10 to deduce that the map t € Ry — u; €
HL (2, R?) is differentiable at ¢ = 0, and its derivative g, € Hy (€2, RY) satisfies

ﬂé) = prOXdzL,d(Q Rd)(uo\Fo—uo) (E{))’
FGE
where Ej € H5(Q,R?) is solution to the variational equality (6.5). Thus, one gets

(W, v —1g) o > (Eg,v =), Vv e Ty (u0) N (R (Fy —up))™

Ké(Q,IRd)
The proof is complete since div (Ae(ug)) = —fo € L#(Q,R9). O

Since u; = My, € HE (9, R?) it is now possible to characterize the derivative of the weak solution

to the parameterized general Signorini problem (GSP;).

Theorem 6.1.4. Consider the framework of Theorem 6.1.3. Then the map t € Ry + u; € HL (2, R9)

is differentiable at t = 0 and its derivative, denoted by uj € Tn (uo) N (R (Fy — ug))™ + Mhug,

)C(l](Q,Rd)
s the unique solution to the variational inequality

[ Avi: Ve -z [ fiw-u)+ [ g -up,)
Q Q T's
— (Ae(uo)n, My (v = 1)) gr-1/2(p gayxmi/2(r g

_ / (AVuol By + A [VuoBg] + (AVuo ) : V(v —up), (6.7)
Q

for allv e Ty (uo) N (R (Fy — ug))™ + Mug, where

1 d
KE(2,rd)

TN ) (00) O (R (Fo — uo))™ + Mpyug =

{v € Hp(Q,RY) | (v — Mjug), <0 g.e. on Fgo“:o and (Fy — ug,v — Myug) , = O}.

Proof. Since u; = My, € H (2, R?), then uf) = u, + Mjuo € HL(Q,R?). Thus, using the variational
inequality satisfied by @y (see (6.6)), one gets

(= Mo, = g+ Miua) o > [ £+ (0= + Myuo) + | g (0 =y + (Mp)s)
S

— (Ae(uo)n, Mj (v — ug + M6u0)>H*1/2(I‘,Rd)><H1/2(F,]Rd)

_ / (A [Vuo) By + A [VuoB)] + AV(Mjug) + z(’)AVuo) LV (v — ufy + Mug),
Q
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for all v € T (uo) N (R (Fy — up))™. This is also

1 d
Kg(@,rd)

(1 — Mg, v — ) 5 > / S (0 —ul) + / gb (vn — )

S

— (Ae(uo)n, My (v = ug))g-1/2(p gay /2 (r )

_ / (A [Vuo) By + A [VuoB)] + AV(Mjug) + z{)AVuO) : V(v —ug)
Q

for all v € Ty (uo) N (R (Fy — ug)) ™ + Mjug, where

1 d
Kg(2,rd)

TNe1 ) (0) N (R (Fo — up)) + Myug =
{U € Hh(Q,RY) | (v — Mjug), <0 g.e. on D¢~ and (Fy — ug,v — Mbug) , = O} :
This concludes the proof. O

In the same way as for the Theorem 5.1.4, is it possible to improve Theorem 6.1.4 under additional

(uo) N
(R (Fp — o))" by a.e. under some hypotheses, like, for instance, if FLS“’“:O = inbpq (Fgo“zo). Moreover,

assumptions. Indeed, as mentioned in [19, 47], it is possible to replace ¢.e. in the set TNK[I)(QM)

if we assume that the decomposition I'nUI's of I' is consistent (see Definition 4.2.8 with I's_ :=I's, w =
0 and M = I) and some regularity assumptions, then we can characterize v as weak solution to a
Signorini problem.

Corollary 6.1.5. Consider the framework of Theorem 6.1.4 with the additional assumptions:

1. div(A [Vue] By | + A [VueB)] + 2yAVug) € L2(Q,RY) with also (A [Vue]Bj)' + A [VuoBj] +
20AVug)n € L2(I,RY) and Ae(ug)n € L2(I',R9);

2. the decomposition I'p UT's of I is consistent;
3. Te»=% = intp, (T5=°).

Then uf, € H, (Q,R?) is the unique weak solution to the Signorini problem

—div (Ae(u})) = f in §,
uy = 0 on I'p,
or(ug) = h, on I's,
on(up) = g +ha on Lg%,
(ug —Mjug), = 0 on Fg;’go,
(up — Mouo), <0, on(ug) < go + hn and (ug — Mauo), (oa(ug) — g6 — ha) = 0 on I'g%,
where
f = fb+div (A [Vuo] By + A [VuoB)] + Z(’)AVUO) € L2(Q,RY),
and

hi=— (A [Vuol By + A [VuB)] + ngwo) n—M," (Ae(uo)n) € L2(T', RY),
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6.2. A general Tresca friction problem

Uo,90

and where I's is decomposed, up to a null set, as Fg;,go U Fgggo ul'y with

Fgg’g" = {s € T's | ugn(s) # 0},
Lgp? == {s € I's | uoy(s) = 0 and on(u)(s) <
L2 = {s € I's | uoa(s) = 0 and on(u)(s) =

Proof. From Hypothesis 1 one can apply divergence formula (see Proposition 2.1.1) in Inequality (6.7),
with (A [Vug] B{JT + A [VueBp] + 2 AVug) € L%(T, R?). Moreover, since Ae(ug)n € L%(T', R%) and the
decomposition I'p UTs of T' is consistent, then ug is a (strong) solution to the parameterized general
Signorini problem (GSP;) for the parameter ¢t = 0 (see Proposition 4.2.9). Thus the rest of the proof is
similar to Corollary 5.1.5 since [g*" =" = intpg (T4 ~") and H := {v, € H/?(T's,R) | v € HL(Q,R%)}
is a Dirichlet space (see Example 2.2.7 and [19, Remark 3.12 p.13] for more details). O

Remark 6.1.6. Note that Hypothesis 1 is, for instance, satisfied if ug € H2(2, R9), By € W1 (Q, R9)
and z{, € Wh>(Q).

6.2 A general Tresca friction problem

In this section we assume that I is of class C*. In that case n € CY(T") which will be used to compute
the convex subdifferential of the Tresca friction functional (see Lemma 6.2.1). We also assume that
almost every point of I's is in intp(I's) (see Remark 4.2.23) and, for all t > 0, g > 0 a.e. on I's
and we consider h; € L?(T's). This section is separated in two subsections. In Subsection 6.2.1 the
unit normal vector n to the boundary is not perturbed, i.e. My = I on Q, while in Subsection 6.2.2,
the normal n is perturbed but only in the two-dimensional case, since we are not able to perform the
sensitivity analysis in the three-dimensional case (see Remark 6.2.13). As mentioned at the beginning
of Chapter 6, the perturbation of the unit normal vector is important in order to take into account
a shape perturbation case in the Tresca friction problem. Let us emphasize that, in the following

subsections, the Tresca friction law is perturbed.

6.2.1 Without perturbation of the unit normal vector to the boundary

In this subsection, we assume that, for all t > 0, M; = I on Q. Consider the parameterized general

Tresca friction problem given by

—div (ztA [Vu:Bi] BtT) = f; in Q,
ug = 0 on I'p,
((ztA [VuyBy] B:) n)n = h; onTyg,
H ((ztA [Vu,By] BtT) n)TH < g; and uy, - ((ztA [Vu,By] BfT) n)T + gt |luer] =0 on T,

(GTP,)

for all t > 0. From Subsection 4.2.4, for all ¢ > 0, there exists a unique weak solution u; € H} (02, R?)
to (GTP;) which satisfies

/ A VB BY - V(o — ) + / gellvell - / gt lues || > / Jo- o)+ [ e (on— ).
Q I's I's Q

I's
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for all v € H}, (€2, R?). In the same way as Subsections 5.2.2 and 5.2.3, since the Tresca friction law is

perturbed, we define the parameterized Tresca friction functional given by

®: R, xHL(Q,RY) — R (6.8)
(t,v) — ®(t,v) ::/ gt |lv-| -
T's

Thus u; € HY(Q,R?) can be characterized as

up = proxXe .y (F1),

where F; € H (9, R?) is the unique solution to the parameterized general Dirichlet-Neumann problem

—div (2A[(VF)B,B/) = fi inQ,
F; =0 onlIp, (6.9)
(zA[(VF)B]B/)n = hyn onTs,

where proxg .) stands for the proximal operator associated with the parameterized Tresca friction
functional ®(t,-) considered on the perturbed Hilbert space (H'(2), (-,-),, 5.p,) (see the notations in
Section 4.2). Since the scalar product (-, -)Zt’A’Bt depends on t, we follow the same strategy already

described in Section 6.1, to deduce that u; is also characterized as

uy = proXg; .y (Et),

where E; € H'(2) is the unique solution to the parameterized variational equality
(Ep,v)\ = / fe-v+ / hivy — / 2 A [Vu; By B : Vo + / AVu; : Vv, Yo € H5(Q,RY),
Q T's Q Q

where proxg(, ., is now considered on the Hilbert space (HL(92,R9), (-,-),) whose scalar product
is t-independent. Note that Ey € HL(Q,R?) coincides with the solution F, € HL (9, R?) to the
parameterized general Dirichlet-Neumann problem (6.9) for the parameter ¢ = 0. Since ® is a t-
dependent functional, we have to use the notion of twice epi-differentiability depending on a parameter
(see Definition 3.2.11) in order to apply Proposition 3.2.15. Thus let us start with the characterization

of the convex subdifferential of ®(0,-). For s € I's, we define the tangential norm map as

[+l R* — R
x|z

and let us introduce an auxiliary problem defined, for all u € H} (Q, R?), by

—div(Ae(w)) =0 in Q,
= r
w=0 onlIp, (AP3,)
on(w) =0 onTg,

or(w)(s) € go(s)0 ||'T(s)|| (u(s)) on I,
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where, for almost all s € T's, 9 ||-+(5)|| (u(s)) stands for the convex subdifferential of the tangential
norm map H-T(S)H at u(s) € R% For a given u € Hi (0, R?), a solution to this problem (AP3,) is
a function w € H'(Q,R?) such that —div(Ae(w)) = 0 in D'(Q,R?), w = 0 a.e. on I'p, Ae(w)n €
L?(T's,R?) with oy, (w) = 0 a.e. on I's and o (w)(s) € go(s)0||-r(s)||(u(s)) for almost all s € Ts.

Lemma 6.2.1. Let u € HL(Q,R?). Then
09(0,-)(u) = the set of solutions to Problem (AP3,).

Proof. Let u € HL (Q,R?) and let us prove the two inclusions. Let w € H*(Q,R?) be a solution to
Problem (AP3,). Then w € HJ,(€, RY), Ae(w)n € L*(I's, RY) with o (w)(s) € go(s)9||-+(s)|[(u(s)) for

almost all s € I's. Hence one gets

or(w)(s) - (vr(s) = ur(s)) < go(s)(llvr(s)[| = [lur(s)I]),

for all v € H5(Q,RY) and for almost all s € I's. It follows that

/aT<w>-<vT—uT>s/ 90||UTH—/ go llur ],
I's Ts I's

for all v € HE(Q,RY). Moreover —div(Ae(w)) = 0 in D'(2,R?), thus it holds —div(Ae(w)) = 0

in L2(Q, RY). Hence, from divergence formula (see Proposition 2.1.1), one gets

(w,v—u), = (Ae(w)n,v — U>H—1/2(F7]Rd)><H1/2(r7Rd) )

for all v € HL(Q,R%). Moreover, for all v € HL(Q,R?) one has v € Hy,?(I's,RY) which can be

identified to a linear subspace of H'/2 (T, R9), hence
(w,v —u), = (Ae(w)n,v —

U)o/ (D Rt X HY? (D R

for all v € H5(Q,R?). Since Ae(w)n € L2(I's,R?) and o, (w) = 0 a.e. on I's, one deduces that
(w, v —uy :/ Ae(w)n - (v —u) :/ or(w)- (v —ur),
FS 1—‘S

for all v € H5(Q,RY). Therefore it follows that

o=y < [ gollerll= [ goluel
T's T's

for all v € HL(Q,R?). Thus w € 99(0,-)(u) and the first inclusion is proved. Conversely let w €
0P(0,-)(u). One has

(w,v— )y < / go llo-] - / go lus], (6.10)
s T's

for all v € H5(Q,R%). Considering the function v := u £ ¢ € H(Q,R?) with any function 1 €
D(Q,RY), one deduces from Inequality (6.10) that —div(Ae(w)) = 0 in D'(Q,R?), thus it also
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holds —div(Ae(w)) = 0 in L2(2,RY). Hence, from divergence formula and Inequality (6.10), it follows
that

<A€(U))n7’l) — u) I/Z(F ]Rd)XHl/Q(FS,]Rd) < /F go ||UT|| - / 90 HU’TH ’
S

I's

for all v € HL (92, R?), and thus for all v € H /2(Fs, R?). Now let us consider the function v = u+ ¢ €
H(l)(/)Q(FS7Rd) for any ¢ € HO(/) (T's,R%). One gets

(A, Dy moy o vyeny < [ 90107l < Naollagey) Bellage, s
S

for all ¢ € Hl/Q(I‘S,Rd). From Proposition 2.1.7 and 2.1.8, one deduces that Ae(w)n € L2(I's,RY)
and that

RMWM@—Wij@WW—WH/

r

<Mw@rWMS/9NMF/9N%W@ﬂ)
S FS FS

for all v € H1/2(F5,Rd), and, by density, for all v € L2(I's,R%). By considering the function v =
u =+ ¢n € L(Tg,RY), for any ¢ € L?(Ts) one gets in Inequality (6.11),

AfMM¢=0

Therefore o, (w) = 0 a.e. on I', and Inequality (6.11) becomes

/FS or(w) - (Ur —uy) < /Fs go [[vr]| = /Fs g0 el (6.12)

for all v € L2(I's,R%). Now let s9 € I's be a Lebesgue point of o,(w) - u, € LY(T's), go €
L2(Ts), gollur|| € LY(Ts) and of o,(w); € L*(T's), for all i € [[1,d]], such that sy € intr(I's).

K2

Let us consider the function v € L?(I's, R?) defined by

x  on Br(sg,¢),
vi=
u on I's\Br(sg,¢),

with z € R? and ¢ > 0 such that Br(sg,¢) C I's. Then, from Inequality (6.12), it follows that

1 1 :
or(w) - (zr —ur) < go ||$T||—m Br(s0,¢)
) T(50,€

S go llur]| -
1Br(s0,€)| /By (s0.0) |Br (50, )| JBr(s0.¢)

Since n € C°(T'g), the map s € I's HxT(S)H € R, is continuous, thus sy is a Lebesgue point
of go llz-|| € L2(Ts), and then o, (w)(s0) - (Zr(sy) — Ur(50)) < g0(50) ||Tr(s0)|| — g0(50) [lur(s0)]| by
letting € — 07. This inequality is true for any = € R?, therefore o (w)(s0) € go(50)0||-r(so)l| (u(s0))-
Moreover, almost every point of I's is in intr(I's) and is a Lesbegue point of o, (w) - u, € L!(Tg),
go € L2(T's), go ||us|| € L' (I's) and of o, (w), € L*(Ts), for all i € [[1,d]], hence one deduces that

or(w)(s) € go(5)0 ||+ s) || (u(s))
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for almost all s € I'y. The second inclusion is proved. O
Now let us compute the second-order difference quotient functions of ®

Proposition 6.2.2. For allt > 0, u € H5(Q,RY) and w € 09(0,-)(u), it holds that

AfP(ulw)(v) = . ATH(s)(u(s)lor-(w)(s)) (v(s))ds,

for all v € HY(Q,RY), where, for almost all s € T's, A2H(s)(u(s)|o,(w)(s)) stands for the second-
order difference quotient function of H(s) at u(s) € R? for o (w)(s) € go(s)9||-+(s)||(u(s)), with H(s)
defined by
H(s): Ry xR — R
(t,x) — H(s)(t,2) = gi(s) ||zr(s)]| -

Remark 6.2.3. Note that, for almost all s € I's and all ¢ > 0, H(s)(t,-) := gi(s) ||:+(s)|| is a proper

lower semi-continuous convex function on R?. Moreover, since go > 0 a.e. on I'g, it follows that

0 [H(S)(Ov )] (.23) = 90(5)8H'T(8)H(x)’
for all z € R? and for almost all s € T's.

Proof of Proposition 6.2.2. Let t > 0, u € H5(Q,R%) and w € 8®(0,)(u). From Lemma 6.2.1 and

divergence formula (see Proposition 2.1.1), one deduces that

o= | o)

for all v € H5(Q,RY). Thus it follows that

Mfous) = [ SO+ ] = ) )] = o)) ),

for all v € HL(Q,R?). Moreover since o(w)(s) € go(s)9||-(s)||(u(s)) for almost all s € I's, one
deduces that

A?‘I’(ultv)(v)Z/ ATH (s)(u(s)|or(w)(s)) (v(s))ds,

I's

for all v € H5(Q,R?), which concludes the proof. O

The twice epi-differentiability of the parameterized Tresca friction functional is related to the twice
epi-differentiability of the parameterized function H(s) for almost all s € I's. Let us start with the

computation of the twice epi-differentiability of the tangential norm map.

Lemma 6.2.4. For all s € I'g, the map H~T(S)H is twice epi-differentiable at any v € R? for any y €
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6||~T(s)||(x), and its second-order epi-derivative is given by

2
S - 7 _ LT ;
& |- @ly)(z) == 2ol (HZT(S)H ) Tarco ) oo 7

( )(Z) Zf Lr(s) = 0,

NB(O,l)ﬁ(Rn(s))L Y

. Y/ TR 1
for all z € R, where N&Gm 1)m(Rn(s))L( y) is the normal cone to B(0,1) N (Rn(s))™ at y.

Proof. Let s € I's. Let us notice that

. if x5 #0,
0|+ s)||(z) = {llfm } X ()
B(0,1) N (Rn(s)) if (5 = 0,

and that ||, || = BO.DN(Rn(s) B0 D)N(Rn(s)) - 1S the support function of B(0,1) N (Rn(s))™
which is a nonempty convex closed subset of R?. Moreover since

)L where h——

(B(0,1) N (Rn(s))")* = Ru(s),

one can apply Proposition 3.2.8 to get, for all 2 € Rn(s) and for all y € B(0,1) N (Rn(s))L,

deH'rs)H Q?ly = IN——

B(0,1)N(Rn(s ))J-( y):

In the case where 2 ¢ Rn(s) (i.e. 2,(,) # 0) then H-T(S)H is twice Fréchet differentiable at x with its

twice Fréchet differential given by

D? || (o) || (2) (21, 22) =
1

Tr(s
m < Loy " #2700) (%7(s) 'Z2r(s)) Flrgsy ()2> ) V(z1,22) € R x RY.

=)

Thus one gets (see Remark 3.2.6),

2
1 1 2 x
d2 ‘(s (1:| xT(S) )(Z) = 7D2 ‘(s (I)(Z,Z) T Zr(s — |%7(s 7(e) )
e || ( )H HxT(S)H 2 H ( )H QHxT(S)H H ( )H (s) HxT(S)H
for all z € R%, which concludes the proof. O

Proposition 6.2.5. Assume that, for almost all s € I's, the map t € Ry — g+(s) € Ry is differen-
tiable at t = 0, with its derivative denoted by g\(s). Then, for almost all s € T's, the map H(s) is
twice epi-differentiable at any x € R? for all y € go(s)0||-(s)||(x) with

2
go(s) B PO + g Tr(s) if s 0
DZH (s)(x|y)(z) := 2|z o] (H Z7(s) || ) el ) 90(s )||r7< T if Tr(s) # 0,

(2) + 90(8) 555 - = i 2r(s) =0,

IN— P
NB(O,I)ﬁ(]Rn(s))J- ( 90 (s) )

90



6.2. A general Tresca friction problem

for all z € RY.

Proof. We use the same notations as in Definitions 3.2.5 and 3.2.11. Let € R?. Then, for almost
all s € I'g, for all y € go(s)9||'+(5)||(x) and all z € R?, one has

gt(s) Tr(s) T 120 (s —gt(S) Lr(s —ty'Z
AfH(s)(x|y)(z) — H (s) ( )th H ( )H
l#2() + tzro) | = [l | = t5at 2 | (91(s) — g0())
—ol) E tools) 7
that is (6(s) ()
AZH(s)(ly)(2) = g1(5)02] (e (x y >Z+9t5908 .
EHE) () = (9 oll (a2 ) )+ L=,
with #(s) € 0||'r(s)l|(x), and where 6t2||~f(s)||(x|g%(s)) is the second-order difference quotient function

of [|-+(sll at x for golés) (see Definition 3.2.5 since [|-;(4)|| is t-independent function). Using the

characterization of Mosco epi-convergence (see Proposition 3.2.4) and Lemma 6.2.4, one gets

DZH(s)(x]y)(2) = go(s)dZ [|r(s) <wlg%(s)> + 96(5)90?@)

which concludes the proof. O

Before to characterize the derivative of the map t € Ry — u; € H5(Q,RY) at t = 0, let us

detail NWO(RH(S))L(y) the normal cone to B(0, 1) N (Rn(s))™ at y, for almost all s € I's.

Proposition 6.2.6. Let s € I's. Then for all y € B(0,1) N (Rn(s))™,

N o) = Rn(s) if y € B(0,1) N (Rn(s))",
BODNE Y T Ru(s) + Ry ify € OB(0,1) N (Ru(s))” .

Proof. Let s € T's and y € B(0,1) N (Rn(s)) ™.
(i) First, let y be in B(0,1) N (Rn(s))". If v € Rn(s), then

v-(y—2)=0, VzeB(0,1)N (Rn(s))",

thus v € Nmﬁ(Rn(s))L (y). Since this is true for any v € Rn(s) one deduces that

Ru(s) C N

B(0,1)N(Rn(s))* (¥)-
Let us consider v € NWQ(RH(S))L (y), then

v-(z—y) <0, vz € B(0,1) N (Rn(s))™" .

Moreover it exists ¢ > 0 such that B(y,e) N (Rn(s))" c B(0,1) N (Rn(s))". Therefore by
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considering z = y + ey, for all w € (Rn(s))" one deduces that
v-w =0, Yuw € (Rn(s))™

Thus v € ((Rn(s))*)* = Rn(s). This is true for any v € Ngg 1 (y), therefore

B(0,1)N(Rn(s))*
NEGTn(@n(s) - () € Ro(s).

(i) Let y € 0B(0,1) N (Rn(s))". If v € Rn(s) + R,y then

v (2 =) =vr(s) (2 = y) < |oro |12l = vree) -y < Jorgol| = [Jor || = 0,
for all z € B(0,1) N (Rn(s))". Thus it follows that

Rn(s) + Ry C Nggoynmn(s) - ()-

. . 1 Vr(s) /N 1)
Let us consider v € Ngg5 gy (o)) - 1 (y), then by considering z = 3 <||v7<s) llyll + y> € B(0,1)N

(Rn(s))™ one deduces that

1 Uy 1
0>v-(z—y)= Vr(s) 5 < (s) llyll — y> — 3 (HUT(S)H llyll — Vr(s) y) >0,

[[or(s)

thus Hv )|| lyll = vr(s) -y, hence vy () € Ryy. Since this is true for any v € Ny B0 )N (Rn(s)) (y),

one deduces

NG DN ®a(s))* (y) C Ru(s) + Ryy.
The proof is complete. O
We can now prove the main result of this subsection.
Theorem 6.2.7. Let u; € H]B(Q,Rd) be the unique solution to the parameterized general Tresca

problem (GTP;), for allt > 0. Assume that:

1. the map t € Ry w— hy € L2(T's) is differentiable at t = 0, with its derivative denoted by hj €
LQ(FS);

2. for almost all s € T's, the map t € Ry — gi(s) € Ry is differentiable at t = 0, with its derivative
denoted by gj(s), and also g} € L?(T's);

3. the map s € Tguo.oo — go(s) P ERY ds in L4(Fsgo,go) (see below for the set Iguowno );

TTuo, (T
4. the parameterized Tresca friction functional ® defined in (6.8) is twice epi-differentiable at ug

for Fy —ug € 09(0,-)(ug), with

DZ® (uo| Fo — uo)(v) = /F DZH (s)(uo(s)|o7(Fo — uo)(s)) (v(s))ds,

92



6.2. A general Tresca friction problem

for allv € HE(Q,RY), where Fy € H(Q,RY) is the unique solution to the parameterized general
Dirichlet-Neumann problem (6.9) for the parameter t = 0.

Then the map t € Ry — u, € HY(Q,R?) is differentiable at t = 0, and its derivative denoted

by ug, € ICUO or(Fo—upy C HE (2, R?) is the unique solution to the variational inequality
’ 90

o-(u
o on =)+ [ T o )

Dug,90 90
S

<ue,v—us>Az/Qfa-<v—ue>+/F

S

_ / (A [Vuo) By + A [VuoB)] + z{)AVuo) : V(v —ug)
Q

Uo g0 ’ / Ug.. Uo, /
oty g (o= (oo ) g ) ) ) 039
Fogoo N o [ fluo, |\ o uo, 1) Iluo, | ( o)
R

for all v € lCuO or(Fg—ug) , Where ICUO or(Fo—ug) 18 the nonempty closed convexr subset of HL (0, R?)
defined by 0 B

or(u
K ortre—ug = 30 € HH(Q,RY) | v, =0 a.e. on Tguos0 and v, € R_ r(to) a.e. on Iguoso ¢,
anT D go S

and where U's is decomposed, up to a null set, as Iguo.o0 U guo.00 U Fsgo-,go with

Fsﬁovgo = {S €Ty ‘ Ug., (8) 7’5 0}7
Lguo00 := 95 € I's [ ug, (s) =0 and %("s))(s) €B(0,1)n (Rn(s))L},

T == {5 € Is | ug, () = 0 and 2= € 9B(0,1) N (Rn(s))J‘}.

Proof. From Hypothesis (H4), (H5), (H7) and that the map t € Ry — h; € L?(T's) is differentiable
at t = 0, one can prove similarly to Lemma 6.1.1, that the map ¢t € Ry — E; € H]ID(QJRd) is
differentiable at ¢ = 0 and its derivative, denoted by Ej € H}(Q,R?), is the unique solution to the

variational equality
(Ej,v) 5 = /Qf(’) v +/F hivn — /Q (A [Vuo) By + A [VuoBj) + zéAVu()) : Vo,
S

for all v € H5(Q,RY). Moreover from Hypothesis 2, 4 and Proposition 6.2.5, it follows that

2
9o 2 Uo Uo
D28 (ua| o ~ us)(v) = | ol = or - 20| ) 4 g0 ) 4
e g \ 2o T\ T T 1] ) o,
R
or(Fy —u
[ e et ot [ g TR,
Ps\Lguo.g0  BODN@a(s): 90 (s) I's\Iguo.90 go

R R
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for all v € H5(Q,RY). This is also

Uo., o-(Fy — ug
ng)(U0|F0—U/O)(’U) = \II(/U)—’_/ 96 H || Vet or(Fo—uq) (U)+/ gég'vTa
Fsruz0790 Uo, YT g FS\FS;o,go 9o

for all v € H5(Q,RY), where VU is defined by
v HL(Q,RY) — R

2
9o 2
v s W) :=/ ol G ,
FS;oﬂo o,

which is well defined from Hypothesis 3 and from the continuous embedding H' (2, R%)—L4(I",R9)
(see Proposition 2.1.7), and where ICu0 or(Fy—ug) 18 the nonempty closed convex subset of Hi (2, R?)
defined by "

Uo

-

[[uo. |l

vy

— 1 d o (Fo — uo)(s)
R {v € Hp (2 RY) | v(s) € Nggincen(e)* <go(8)

for almost all s € FS\FS;O,QO }

Moreover, since Fy € H%)(Q,Rd) is the solution to the parameterized general Dirichlet-Neumann

problem (6.9) for the parameter ¢ = 0, then o,(Fy) = 0 a.e. on I'g, thus it follows that

or(u
K, ertro=ug) = {v e HL(Q,RY) | v, =0 a.e. on [guo.90 and vy € R r(to) a.e. on Fsgovgo} .
’ 90 9o

Since Hugﬁ >0 a.e. on FS§0,90 and Hypothesis 3, then from Lemma 4.2.17 one deduces that ¥ is con-
vex and Fréchet differentiable on H) (2, R?) endowed with the scalar product (-, -) ,, thus D2®(ug|Fy —
up) is a proper lower semi-continuous convex function on Hi (€2, R%). Therefore the assumptions of
Proposition 3.2.15 are satisfied and we deduce that the map t € Ry +— u; € HE (0, R?) is differentiable
at t = 0, and its derivative uj € HL (Q, R?) satisfies

Up = PLOXD26(ug| Fo—uo) (E0)s
which, from the definition of the proximal operator leads to
Ep — ugy € ODZ® (ug| Fy — uo) (up),
which means that

(Eg — ug,v —ug) o < DZ®(uo|Fo — uo)(v) — DZ®(uo|Fo — uo)(up),
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6.2. A general Tresca friction problem

for all v € HE (2, RY). Hence we get

<E(I) - u671) - u6>A < qj(“) - ‘Ij(uf)) + LICuO'o—T(Foqu) (7)) - L/Cuo or (Fg—uq) (u6)

90 ’ 90
() g (FO - uO)
/ T i / T !
+/ gOH || ~(v7—u07)+/ g————=(vr —uyp ),
Fyuo.90 Uo, I's\T'quo.90 9o
R R
for all v € H}D(Q,Rd). Thus v € ICuO or(Fo—ug) and since, for all v € /Cuo or(Fo—ug), U = 0 a.e.
T g0 ’ 90

on I'guo.90, one deduces that
D

h (vn — ug,) +/ g{)M (vr —ug)

. ug,g 90
SSO 0

(v — ) + T (v) — W(u)) > /Q S (o —ub) + /

S

- / <A [Vuo] By + A [VuoBj] + zéAVu()) : V(v —ug) — / gh—20r_ (vr —ug. ),
Q Tguo,90

*luo, |

for all v € K orrg-ug . Moreover VU (uh) € H5(Q,R?) is the unique solution to the Dirichlet-
Neumann problem 0

—div (Ae(V¥(ug))) = 0 in Q,
V¥ (up) =0 on I'p,
Ae(V\I/(ué))n =0 on Fsgoygo U Fsgosgo,
an(V\II(ué)) =0 on FS;OYQO,
or(V¥(up)) = iy (ub, = (w6, - iczy) pisy) on o

Thus one gets from Proposition 3.1.7,

(VT (uh), v — )y > — (v — ) 5 + / for =)+ [ by (=)
S

N / o Z20) oy - / (A[Vuol By + A [VuoBj] + (AVuo ) : V(v — up)
quo.90 Q

go
;Yo /
— Jo—— * (vr —u
/ .~ (07~ v0-)
R

for all v € K~ .(ry—ug) . Finally using the variational formulation satisfied by VU (uh) € Hy (2, R?),
it follows that ’
, 0 (uo)

whoo—ugha > [ S+ [ o)+ [ T (o)
Q s FS’(SI/O‘QO gO

_ / (A [Vuo) B + A [VuoB)] + zéAVuo) : V(v —ug)
Q

%} 9o / ’ Uo . Uo, /
s N g T ™ Toao, 1\ ™\ T, ) Taoc) ) - (7 =)
R
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Part II, Chapter 6 — Sensitivity analysis of boundary value problems in the linear elastic model

for all v € lCuO or(Fy—ug) - The proof is complete. O

90

With some additional assumptions one can characterize uf, € HE(Q,RY) as weak solution to a

tangential Signorini problem.

Corollary 6.2.8. Consider the framework of Theorem 6.2.7, and assume that div(A [Vug) B()T +
A [VuoB)+2)AVug) € L2(Q,R%) and (A [Vug) By ' +A [VuoB]+ 2, AVue)n € L2(T,RY). Then ul) €

HIID(Q,Rd) is the unique weak solution to the tangential Signorini problem

—div(Ae(u)) = f in Q,
up =0 on I'p,
on(ug) = ho+ & on T,
0 (u) + iy (w6 = (w6, pizey) ity = —sbmy + & on Tgom,
’LL6T =0 on Fsgmgo,
ué)r eR_ UT;;LO)v (JT(U/O) - gl UT;;LO) - g'r) : 077530) S 0 and
up, - o+ (uh) — gh =) —&;) = 0 on o0,
where
Fi=f +div (A [Vauo] By + A [VuoB)] + ngWO) € L3(Q,RY),
and

¢:= — (A[Vuo] By + A[VuoBj] + (AVuo ) n € L¥(I, R).

Proof. From the assumption div(A [Vue] B} + A [VuoBj] + 2)AVug) € L2(Q, RY), one can apply the
divergence formula in Inequality (6.13), and since (A [Vuo] By ' +A [VuoB)] + 25 AVug)n € L2(I, RY),
this concludes the proof from Subsection 4.2.3. O

Remark 6.2.9. Note that the assumptions in Corollary 6.2.8 are, for instance, satisfied if ug €
H2(Q,RY), B € WH°(Q,R?) and 2, € Wh°(Q), or if B) = 0 and 2§ = 0 a.e. on (.

6.2.2 With perturbation of the unit normal vector to the boundary in the
two-dimensional case
In this subsection, the framework is considered in the two-dimensional case d = 2. Thus if 7 is

T
the orthonormal vector to n, i.e. 7-n =0 on I', then M;' 7-M;n = 0 on I. Let us consider the

parameterized general Tresca friction problem given by

—div (ZtA [VutBt} B:) = ft in Q,
ug =0 on I'p,
2A [V By B )n - =i — b, on T,
( t ;/[itl_r ¢ ) M t (GTP2d,)
(ZtA [VutBt] BtT) n- m S gt and
-1T. T 1T
((ztA[VutBt] B/ )n- ||1\/IMt1TT2) My T+ g |u - MG T’ =0 onlg,
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6.2. A general Tresca friction problem

for all ¢ > 0. From Subsection 4.2.4, for all ¢ > 0, there exists a unique weak solution u; € HL (0, R?)
to (GTP2d;) which satisfies

/ ZtA [VUtBt] B;r : V(U - Ut) + / gt
Q

s

4T 4T
”U'Mtl’]"—/ gt ut-MtlT‘Z/ft-(v—ut)
I's Q

+ / htMtl’l . (U — Ut) y Yv € H]%(Q, Rd), (614)
I's

and it can be expressed as

Uy = Prox,, (F}),

where F; € H], (9, R?) is the unique solution to the parameterized general Dirichlet-Neumann problem
—le (ZtA [(th)Bt] B:) = ft in Q,
Ft = 0 on FD, (615)
(zA[(VF)B/] B/ )n = hyMin onTs,
where prox,,, stands for the proximal operator associated with the Tresca friction functional ¢; defined
by
¢ HH(Q,RY) — R
v o— P(v) = /

I's

)

4T
gt‘v-Mtl T

considered on the perturbed Hilbert space (H'(Q),(-,-),, o p,)- Nevertheless, in order to avoid the
computation of the twice epi-differentiability of the t-dependent tangential norm (¢,z) € Ry x R
| - Mt_lTT| € R, (see Remark 6.2.13), we follow the same strategy as Section 6.1. Since M; €
Cho0(Q, GL4(R)) then T := M, 'uy € HE(Q, R?) satisfies

/ ZtA [V(Mtﬂt)Bt] B;r : V(Mt (’U - ﬂt)) + /
Q I

9t|U'T|*/ gt|ﬂt'T|Z/MtTft'(U*ﬂt)
S I's Q

+ [ M, Mpn-(v—1), VYoeHL(QRY), (6.16)
Is
and is characterized as

Uy = proxq)(t’,) (Et),

where E; € H}(Q, R?) stands for the unique solution to the parameterized variational equality

htMtTMtn U — / ZtA [V(Mtﬂt)Bt] B: : V(Mt’l])

<Et,v>A=/Mth-v+
Q Q

T's

+/ AVu, : Vo,
Q

for all v € HL (9, R?), and where ProXg;,.) stands for the proximal operator associated with O(t,-)
(already defined in (6.8) with, in our case, v, = (v-7)7 for all v € H} (2, R?)) considered on the Hilbert
space (HE(Q,R9), (-,-),) whose scalar product is t-independent. Note that %y (resp. Ep) coincides
with the solution wug (resp. Fp) to the parameterized general Tresca friction problem (GTP2d;) (resp.

to the parameterized general Dirichlet-Neumann problem (6.15)) for the parameter ¢ = 0. Since we
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Part II, Chapter 6 — Sensitivity analysis of boundary value problems in the linear elastic model

have already investigated the twice epi-differentiability of ® on the Hilbert space (HE(Q,R9), {-,-),)
in Subsection 6.2.1, we can directly prove that the map t € Ry — w;, € H5(Q,R9) is differentiable
at t =0.

Theorem 6.2.10. Let u; € HE(Q,Rd) be the unique solution to the parameterized variational in-
equality (6.16), for allt > 0. Assume that:
1. the map t € Ry w hy € L2(Ts) is differentiable at t = 0, with its derivative denoted by h{, €
L2(Ts);
2. for almost all s € T's, the map t € Ry — gi(s) € Ry is differentiable at t = 0, with its derivative
denoted by gj(s), and also g}, € L?(T's);

3. the parameterized Tresca friction functional ® is twice epi-differentiable at ug for Fo — ug €
0P(0, ) (ug), with

%ﬂw%—wMWZADQWWMﬂmGMWMm@@M&

for allv € HY(Q,RY), where Fy € H5(Q,RY) is the unique solution to the parameterized general
Dirichlet-Neumann problem (6.15) for the parameter t = 0, and D?H(s) is defined in Proposi-
tion 6.2.5 for almost all s € T's.

Then the map t € Ry — w, € HL(Q,R?) is differentiable at t = 0, and its derivative denoted

g, € K., eztro—un C HE(Q,RY) ds the unique solution to the variational inequality
,

(W, v — ) = / (Ml TfO + fo) (v —1) "‘/F (hf]l"‘ ho (MGT + Mf))) n - (v —1p)

— / AVug : V(Mg (v — 1)) — / (A [Vuo) By + A [VuoB)) + AV(Mjuo) + zéAVuO) : V(v —1gp)
Q Q

o (u _ U, _
+ [ b7 o) - [ e ()
T'yug,90 UTgu0,90 g0 T'ug,90 ||U0T ||
S— S+ R

forallv € IC RESGETISE where
90

ICu or (Fo— uo)—{veHD(Q Rd)|v 7=0 a.e. onI‘Suogo v-7<0 a.e. onFSuogo

’ 90

and v -1 >0 a.e. on I'guo.90 },
s+

is a nonempty closed convex subset of HL(Q,R?), and where I's is decomposed (up to a null set)
as FS;(LQ(J U Fsgowgo U FS;S’QU U FS;‘&“’" with

Lguos0 1= {s €Tg | uo(s
(
(
(

FS;$,90 = {S €Ty I Up(Ss

s O and o (uo)(s) - 7(s) € (—go(s),90(s))},
=0 and o-(ug)(s) - 7(s) = go(s)},

=0 and o (up)(s) - 7(s) = —go(s)} .

Fsgovgo = {S eIy | U

Fsgro_‘go = {s eTlg | up(s

)
)
)
)
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6.2. A general Tresca friction problem

Proof. From Hypothesis (H4), (H5), (H6), (H7) and that the map t € Ry + h; € L?(I's) is differen-
tiable at t = 0, one can prove similarly to Lemma 6.1.1, that the map ¢t € Ry — E;, € H5(Q,R?) is
differentiable at ¢ = 0 and its derivative, denoted by Ej € HL (92, R?), is the unique solution to the

variational equality

o= [ (Mot ) 0+ [

_ / (A [Vuo) BBT + A [VuoBj] + AV (Mjug) + ZéAVUo) : Vo,
Q
for all v € H5(Q,RY). Moreover since d = 2, one deduces that

2
.90 2 0
ISL(),.LZO 0-

for all v € H5 (€, R?), thus from Hypothesis 2 and 3, it follows that

(Pt +ho (M +Mp) ) v /QAVUO L V(M)

S

Uo

-

[[uo. |

v,

g, g FO — Up
ng)(u(]‘FO - ’LL())(’U) = / 96 || H “Ur + / g(/) T( ) “Ur UK or (Fo—ug) (U)7
FS;o‘go Uo, FS\FS;owgo 9 YT e

0 ' 90

for all v € H5(Q,RY), where K.,

)

or(Fo—ug) defined in Theorem 6.2.7 is also given, for d = 2, by
90

0> 90

lCu or(Fg—ug) = {v c HB(Q,Rd) |v-7=0a.ce on Fs'lu)o,go,v -7 <0 a.e on Fs’s‘fjgo
and v -7 >0 a.e. on I'gro.90 }
+

The rest of the proof is similar to Theorem 6.2.7. O

Since u; = Myw; € HE(Q,R?), one can prove in the same way as Theorem 6.1.4 the following
result. Note that we have assumed at the beginning of Section 6.2, that almost every point of I'y is
in intr(T's), thus ug € HL (2, R?) is a (strong) solution to the parameterized general Tresca friction
problem (GTP2d;) for the parameter ¢t = 0 (see Subsection 4.2.4), and therefore Ae(ug)n € L2(T,R%).

Theorem 6.2.11. Consider the framework of Theorem 6.2.10. Let u; € HE(Q,Rd), be the unique
solution to the parameterized general Tresca friction problem (GTP2d;). Then the map t € Ry —
up € HIID(Q,Rd) is differentiable at t = 0, and its derivative denoted by uj € /CUO or(Fo—ug) + Mpug is

90
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Part II, Chapter 6 — Sensitivity analysis of boundary value problems in the linear elastic model

the unique solution to the variational inequality

(ué,v—ué)AZ/ﬂfé-(v—ug)—F/F (héI—FhO(MBT—FM{)))n-(v—ug)
S

- / AVuon - M (v — ug) — / (A [Vuo) B, + A [VuoB)] + zéAVuo) : V(v —ug)
I's Q

or(u Ug
+/ 9677( ). (vr —up,) _/ goi—7 - (vr —ug,),
Fqug.90 Ul'guo.90 90 Iyuo.90 ||u07' ||
S— S+ R

forallv €K, orro—uo) + Mgug, where
(O

90

!
K ormy—ug) + Myup =

o, 90

{v c HL(Q,RY) | v-7 = Mjug - T a.e. on Tguoa0, (v — Mjup) - 7 <0 a.e. on Tguo.90

and (v —Mjpug) -7 >0 a.e. on Fsggfgo }

As we did in Corollary 6.2.8, one can characterize u, € H} (02, R?) as weak solution to a tangential

Signorini problem.

Corollary 6.2.12. Consider the framework of Theorem 6.2.11. Assume that div(A [Vug] B{)T +
A [VuoB)]+24AVug) € L2(Q,RY) and (A [Vuo] B} ' +A [VuBj|+2,AVug)n € LA(T,RY). Then u}) €

HL (Q,RY) s the unique weak solution to the tangential Signorini problem

—div(Ae(up)) = f in Q,
ug =0 on I'p,
on(uy) = &n on Tg,
or(up) T = —gp e+ &7 onTguo,
up - T = Mjug - 7 on I'guo.ao,
(ug = Moug) - 7 <0, or(up) - 7 < go+& -7 and
(ug — Mguo) - 7 (o7 (u ) 90—&7)=0 on Dguo,
(up = Mouo) - 720, 07(up) - 72 =gy + &£ - 7 and
(ug — Mpuo) - 7 (07 (ug) -7+ 95 —&-7) = 0 on Fs;ggo.

where f = f} 4+ divA [Vuo] By + A [VuoB)] + 2,AVug) € L2(Q,R%), and
¢ := hin+ho (MgT + Mg) n—M, " (AVugn)— (A [Vuol By + A [VuoB)] + ngvuo) n € L?(Dg, RY).

Remark 6.2.13. Note that, in the three-dimensional case, the parameterized Tresca friction func-
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6.2. A general Tresca friction problem

tional is given by

o: R, xHL(QRY) — R
(t,v) — P(t,v) ::/ gtH’U(Mtn)L
T's

)

where v, )1 = v — (v M%W)Mtn Unlike the two-dimensional case, to the best of our knowledge,
we cannot make disappear the t-dependance of the norm. Therefore, for almost all s € T's, we have to
deal with the twice epi-differentiability of the t-dependent map (¢,z) € Ry x R |z - || € Ry,

which is an a highly nontrivial work and an interesting topic for future research.
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CHAPTER 7

NUMERICAL SIMULATIONS FOR THE
SENSITIVITY ANALYSIS OF THE SCALAR
TRESCA FRICTION PROBLEM

In the two previous chapters of this part, we have investigated the sensitivity analysis of a general
(scalar) Signorini/Tresca friction problem. Roughly speaking, the main theorems obtained claim that,
the first-order approximation of the solution u; to the problem are given by wug + tug for small values
of t > 0, where uy, is the solution to a boundary value problem involving (scalar) Signorini unilateral
conditions or tangential Signorini unilateral conditions.

In this chapter, we focus on the scalar Tresca friction problem studied in Subsection 5.2.2, and
we illustrate Theorem 5.2.12 with some numerical simulations. Thus, the same notations are pre-
served and, for an explicit two-dimensional example described in Section 7.1, we compare in H!-norm
the solution wu; to the parameterized Tresca friction problem (STP2;) with its first-order approxima-
tion wg + tug for small values of ¢ > 0, where wy, is the solution to the Signorini problem (5.18).

Numerical simulations are performed using Freefem++ software (see [44]) and iterative switch-
ing algorithms (see [4] or Appendix B for details). The results are presented in Section 7.2. In a
nutshell, let us recall that those iterative switching algorithms operate by checking at each iteration
if the boundary conditions are satisfied, and if they are not, by imposing them and restarting the
computation. The convergence proof of these algorithms is not established yet but their performance
are experimentally validated. Let us emphasize that our aim in this section is not to study these
algorithms rigorously but only to illustrate the main result of Section 5.2.2 with a simple and easily
implementable method to solve the Signorini problem and the Tresca friction problem. Let us mention
that there exist other algorithms, like for instance Nitsche methods (see, e.g., [21, 22, 23, 64]) which
will be used in Chapter 9, hybrid methods (see, e.g., [12]), mixed methods (see, e.g., [41]) and more,

that are not used here, but could be more efficient for future investigations.

7.1 Mathematical framework

In this section we describe the example used for numerical simulations. This example is inspired
from the one introduced in the paper [3]. Let d = 2 and Q be the unit disk of R?, and let f € L%(Q)
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7.1. Mathematical framework

be the function defined by

f:

Q —
(x,y) +—

o= =

(2 + 97~ 5) &) — 20€'(2) — (o + 7~ DE"(w),
where ¢ is given by

& -1,1] — R

-1 if -1<z<-3,
z — &(x):=1 sin(nz) if —i<az<i
1 if <<l

Let us introduce, for all ¢t > 0, the function f; € L2(Q2) defined by

1 QO — R
(z,y) >  filz,y) = exp(t) f(z,y),

the function g, € L%(T") defined by

gt - r — R
(may) — gt(xay) =1+t

This choice of functions is justified by the fact that we are able to determinate explicitly the

solution ug to the parameterized Tresca friction problem (STP2;) for ¢ = 0, which is given by

(2® +y* — 1) (=),

N =

uo(x,y) =

for all (z,y) € Q. The knowledge of the solution ug reduces errors due to the approximations for the
numerical computations of uj and ug + tuf,. Indeed, since dyu = £ and ug = 0 a.e. on I', we can

directly express the decomposition
T = Fﬁoygo U 1“]730790 U Fgoggo U nggo’

which is given by

)

Iy ={(z,y) €T, —3 <z <3},
rg"® = {(z,y) €T,z > 1},
rge® ={(z,y) €T |z < -3},

(see Figure 7.1). Moreover, since f} = f in L*(2) and gj = 1 in L*(T), we are now in a position to
compute numerically u(, and wu;, and then to compare u; with its first-order approximation ug + tuy

in H'-norm for several small values of ¢t > 0.
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0,90
I‘D

U090
FSJr Q

Figure 7.1 — Unit disk Q and its boundary I' = T\"° UT"% UT¢>% U T},

7.2 Numerical results

Here we present the numerical results obtained for the two-dimensional example described in Sec-
tion 7.1. Numerical simulations have been made using P2 finite element method and with a discretiza-
tion of the boundary of 190 points. We concatenate in Table 7.1 some values of [[u; — uo — tug|ly: q)
for several small values of t > 0. Figure 7.2 gives the representation in logarithmic scale of the
maps ¢t € Ry = [lug — uo — tugllgiq) € Ry and t € Ry = t? € Ry. Finally, Figure 7.3 is the
illustration of u; and its first-order approximation wug + tug for ¢ = 0.1.

Roughly speaking, we observe from Figure 7.2 that

Ut — Up /
— uyg

=0(t),
H(Q)

where O stands for the standard Bachmann-Landau notation, which is in accordance with Theo-
rem 5.2.12.

Parametre t 0.60 0.40 0.20 0.1 0.075 0.05 0.025 0.01
||ut—u0—tu6||H1(Q) 0.5254 | 0.2135 | 0.0484 | 0.0114 | 0.0065 | 0.0033 | 0.0021 | 0.0021

Table 7.1 — H!-norm of the difference between u; and its first-order approximation ug + tuf, for several
small values of .

Remark 7.2.1. Note that the representation of |us — ug — tug |1 () With respect to ¢ in logarithmic
scale got a threshold for ¢ &~ 0.03. This is a classical phenomenon due to the numerical approximations

we made and the numerical algorithms we used.
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-2
4
64
84
-4.0 =35 -3.0 =25 -2.0 =15 -1.0 -0.5

log(t)

log]|ut-u0-tuo'||_{H1})

Figure 7.2 — The representation in logarithmic scale of the map t € Ry +— [lus — uo — tug |l o) € Ry
(red) and of the map t € Ry — t? € Ry (blue).

IsoValue
W-0.467639

W0 368976
WO 418188
W0 467401

IsoValue
- 0.463787
-0.21965
)
W0 0244712
00732971
0.122123
0.170940
0219774
02686
WO 317426
0366252
W0 415078
0463903

Figure 7.3 — The first figure is the representation of u; and the second its first-order approxima-
tion ug + tuy for t = 0.1.
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PArT II1

Applications
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In this last part, we present several applications of the sensitivity analysis investigated in Part II.
More precisely, in Chapter 8, we investigate a shape optimization problem involving the scalar Tresca
friction law. Thus, the results obtained in Subsection 5.2.3 are used in order to characterize the
material and shape directional derivatives as solutions to a scalar Signorini problem. Then, using the
material/shape directional derivative, we explicitly characterize the shape gradient of the correspond-
ing energy functional and we exhibit a descent direction in order to perform numerical simulations.
In Chapter 9, we investigate a shape optimization problem involving a Signorini problem in the linear
elastic model. Thus, the results from Section 6.1 are used in order to prove that the material and shape
directional derivatives are solutions to Signorini problems, and we characterize the shape gradient of
the corresponding energy functional. Then some numerical simulations are performed to illustrate
our result. We mention that the shape optimization problems in Chapter 8 and Chapter 9 are investi-
gated using the Hadamard’s boundary variation method (see, e.g., [6, 39]). Finally in Chapter 10, an
optimal control problem is studied, which involves the Tresca friction law in the linear elastic model,
and we search for a control that minimizes the cost functional defined in (10.2).

The characterizations of the material and shape directional derivative as the solutions to a (scalar)
Signorini problems, with also a suitable characterization of the shape gradient of the corresponding
energy functional are the main novelties in shape optimization, while the suitable characterization of
the gradient of the cost functional defined in (10.2) is the main novelty in optimal control. To the

best of my knowledge, those results are new and have never been obtained in the literature.
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CHAPTER 8

SHAPE OPTIMIZATION FOR
VARIATIONAL INEQUALITIES: THE
TRESCA FRICTION PROBLEM IN THE
SCALAR MODEL

Let d € N* be a positive integer and let f € H!(R?) and g € H?(R?) be such that g > 0 a.e.
on R, In this chapter we consider the shape optimization problem given by

mlgler{lllze J(Q), (8.1)
Q=2

where
U:={Qc R? | 2 nonempty connected bounded open subset of R? with Lipschitz boundary},

with the volume constraint [Q] = A > 0, where J : U — R is the Tresca energy functional defined by

7@ =5 [ (I9ual? + fual) + [ glual = [ fun,

where T' := 9 is the boundary of Q and where ug € H'(Q) stands for the unique solution to the

scalar Tresca friction problem given by

{ —Au+wu = f in €,

STP
|Onu| < g and uOqu+ glu| = 0 on T, ( @)

for all © € U, where n is the outward-pointing unit normal vector to I'. Note that we focus here on
minimizing the energy functional (as in [36, 45, 81]) which corresponds to maximize the compliance

(see [8]). From Subsection 4.1.3, note that J can also be expressed as

1
T =3 /Q (19wl + ual?)

forall Q e 4.
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In the whole section let us fix Qy € Y. We denote by id : R? — R the identity operator. Our aim
here is to prove that, under appropriate assumptions, the functional 7 is shape differentiable at g,
in the sense that the map

Ch*(R%RY) — R
0 — J@ld+6)(Q)),

where C1>°(R4, R?) := C}(R? R?) N WH°(R? R?), is Gateaux differentiable at 0, and to give an
expression of the Gateaux differential, denoted by J’'(€p), which is called the shape gradient of J
at . To this aim we have to perform the sensitivity analysis of the scalar Tresca friction prob-
lem (STPg) with respect to the shape, and then we characterize the material and shape directional
derivatives. For better organization, this chapter will be done in the following three separate sections
below. In Section 8.1 we perturb the scalar Tresca friction problem (TPgq,) with respect to the shape,
and under appropriate assumptions, we characterize the material directional derivative as solution to
a variational inequality (see Theorem 8.1.1). Moreover, with additional assumptions we characterize
the material and shape directional derivatives as being weak solutions to scalar Signorini problems
(see Corollaries 8.1.3 and 8.1.5). In Section 8.2 we prove that, under appropriate assumptions, the
functional 7 is shape differentiable at 2y and we provide an expression of the shape gradient J'(€)
(see Theorem 8.2.1 and Corollary 8.2.2). Finally in Section 8.3 numerical simulations are performed

to solve the shape optimization problem (8.1) on a two-dimensional example.

8.1 Setting of the shape perturbation and derivatives

Consider 6 € 1> (R?, R%) and, for all t > 0 sufficiently small such that id+tf is a C'-diffeomorphism

of R?, consider the shape perturbed scalar Tresca friction problem given by

{ —A’U/t + up = f in Qt, (PSTP )
t

0 on Iy,

|Onug| < g and uOzuy + gl

where Q; := (id +t0)(Q0) € U and Ty := 0Q; = (id 4 t0)(Ty). From Subsection 4.1.3, there exists a
unique solution u, € H'(€;) to (PSTP;) which satisfies

Vut-V(v—ut)—F/

Q

ut(v—ut)—i—/ g\v|—/ glug 2/ flo—uy), Yo € HY(Qy).

Q t Ty Ty Q¢

Following the usual strategy in shape optimization literature (see, e.g., [8, 46]) and using the change
of variables id + tf, we prove that %; := u; o (id + t0) € H! () satisfies

MtVEt . V(U - ﬂt) + /

T — )T, + / I, o] — / gIr |
Qo o Lo

Qo

> fede(v =), Vo € H' (),
Qo

where f; := fo (id + t0) € H'(R?), g; := go (id + t0) € H2(RY), J; := det(I + tV0) € L>(R?)
is the Jacobian determinant, M, := det(I + tV0)(I +tVO) "1+ tVHT)~1 € LR, R*9), Jp, =
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det(I+tV0)||(I+tVOT)~In|| € C°(Ty) is the tangential Jacobian, and where V6 stands for the standard
Jacobian matrix of §. Therefore, we deduce from Subsection 4.1.3 that u; € H!(€p) is the unique

solution to the perturbed general scalar Tresca friction problem

{ —div (M, Vi) +uJ; = fiJi in Qo, (PGSTP,)
t

|MtVEt . n| S gtJTt and ﬂtMtVEt -n +gtJTt |ﬂt‘ =0 on F07

and thus can be characterized as

Uy = proxq)(t’,) (Ft),

where F; € H'(Qg) stands for the unique solution to the perturbed general scalar Neumann problem
given by
—divIM;VF;) + FyJ; = f:J; in Q,
{ M;VF,-n =0 onI',

and where proxg .y : H(99) — H* () is the proximal operator associated with the parameterized

Tresca friction functional defined by

. R, xH'(Q) — R
(t,v) — P(t,v) ::/ g:JT, v,
o

considered on the perturbed Hilbert space (H(€2), (-, ‘)m,.3,) (see the notations in Section 4.1). Let
us recall that (see [46]):

(i) the map t € Ry + J; € L>°(RY) is differentiable at t = 0 with derivative given by div(6);
(i) the map t € Ry ~ fiJ; € L2(R9) is differentiable at t = 0 with derivative given by fdiv(6) +
Vf-6;
(iii) the map t € Ry + M; € L>°(R4, R4*?) is differentiable at ¢t = 0 with derivative given by Mj :=
—V0 — V0T +div(0)];
(iv) the map t € Ry — g, J1, € L?(I'p) is differentiable at ¢t = 0 with derivative given by Vg -6 +
gdiv-(6);

where div, is the tangential divergence (see Proposition 2.1.4). In particular, if we assume that for
almost all s € I'yg, g has a directional derivative at s in any direction, then the map ¢t € Ry —
g:JT,(s) € R, is differentiable at t = 0. Therefore one can apply Theorem 5.2.14 to characterize the

material derivative.

Theorem 8.1.1 (Material directional derivative). Let u; € H'(Qq) be the unique solution to the
perturbed general scalar Tresca friction problem (PGSTP;). Assume that

(i) for almost all s € Ty, g has a directional derivative at s in any direction;

(ii) @ is twice epi-differentiable at uy for Fy — ug € 0P(0,-)(ug) with

D20 (u| Fo — uo)(w) = /F D2G () (uo(s)|0n(Fo — uo)(s))(v(s)) ds,
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for all v € HY(Q).
Then the map t € Ry — w, € HY(Qo) is differentiable at t = 0, and its derivative (that is the

material directional derivative), denoted by ug € ICuO onFo—ug) C HY (), is the unique solution to the
’ g

variational inequality

(@, v — W) 1 () = ; 0 - Vuo (v —1) — . div (Auef) (v — 1)
0 0

- / (=Y — V6T +div(0)]) Vuo) - V(v — )
Qo

\Y
+ / (gg -0+ diVT(9)> Onug (v — ﬂi)) , Yv € ICUO on(Fo—ug), (8.2)
To ! 9

where lCuO ou(Fo—ug) 18 the nonempty closed conver subset of H'(Qq) defined by
’ g

K, oatro-ug) = {ve H'(Q) |v <0 ae onTg? v>0ae on gS?, v=0 a.e on Ly,
07#
where Ty is decomposed, up to a null set, as T UTHY UT¢ UTY?, where

I'\? = {s €To | uo(s) # O},

'Y = {seTly|up(s) =0 and dyuo(s) € (—g(s),9(s))},
g™ :={seTo|ug(s) =0 and dhuo(s) = g(s)},

Fgﬂr’g :={s €Ty |up(s) =0 and dhup(s) = —g(s)}.

Proof. From Theorem 5.2.14 it follows that ug, € /Cuo o (Fy—ug) 18 the unique solution to the variational
’ g

inequality

(T, v — EE)>H1(SZO) = /Q div(f0) (v — ) — /Q div(8)uo (v — up)

0 0
On
- / (=V0 — Vo' +div(0)I) Vug - V(v — 1)) + / (Vg -0+ gdiv,(6)) 1o (v —1y),
Qo To g
for all v € lCuO on(Fo—ug) - Using the equality —Aug + ug = f in HY (), we obtain the result. O

Remark 8.1.2. Consider the framework of Theorem 8.1.1 which is dependent on 6 € C1:>°(R4 R9)

and let us denote by %y () := (. One can easily see that
66(05191 —+ (1292) = Oélﬂé(gl) + agﬂg(%).

for any 6, f; € C1*°(R%,R?) and for any nonnegative real numbers a; > 0, ap > 0. However, this is
not true for negative real numbers and justify why, in the present work, we call T}, as material direc-
tional derivative (instead of simply material derivative as usually in the literature). This nonlinearity

is standard in shape optimization for variational inequalities (see, e.g., [47] or [78, Section 4]).

The presentation of Theorem 8.1.1 can be improved under additional regularity assumptions.
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Corollary 8.1.3. Consider the framework of Theorem 8.1.1 with the additional assumptions that ug €
H3(Q0) and 6 € C>°(R%, RY) := C2(RY,RY) N W2(RY RY). Then the material derivative i, €

H () is the unique weak solution to the scalar Signorini problem given by

ATy +uy = —A(0-Vug) +6-Vug in Qo,

ay =0 on I,

Oty = h™(0) on Y,

Tl <0, Ouliy < h™(0) and T (OnTlh — K™(0)) = 0 on Tg™?,
Uy > 0, Oy > h™(0) and uy (Oauy — h™(0)) = 0 on I'g%?,

where h™(0) := (%2 - — Von - n)dug + (VO + VOT)Vug - n € L(T).

Proof. Since ug € H2()) and 0 € C%°°(R4,RY), we deduce that div((—V8 — VO + div(0)])Vug) €
L2(9) and that (—V8 — V0T +div(0)[)Vug -n € L2(Ty). Thus, in the same way as Corollary 5.2.15,

using the divergence formula in Inequality (8.2), we get that

(T, v = o) g1 () = /Q 6 - Vug (v —1up) — A div (Augf) (v — )
0 0

N /Qo div ((=V8 — VT + div(9)1) Vuo) (v — @)
+ /FO ((va +VO0") Vug -0+ (Vgg -0 —Von- n) anuo> (v—1p), (83)

for all v € K oyt-ug) - Furthermore, one has A6 - Vug) € L2(Qp) from uy € H3(£y), thus, using
Proposition 2.1.3, it follows that

(T, v — o)1 () = /
Qo

—A (0 - Vug) (v —1g) —I—/

QOH.VUO (v —1p) +/ "™ (0) (v — ) ,

T'o

for all v € /Cuo on (Fo—up) Which concludes the proof from Subsection 4.1.2. O
’ g

Remark 8.1.4. As mentioned in Remark 5.2.16, if I'y is sufficiently regular, then ug € H?(Q), and
this is the best regularity result that can be obtained. We refer to [14, Chapter 1, Theorem 1.10 p.43]
and [14, Chapter 1, Remark 1.26 p.47] for details. It does not mean that uy ¢ H3(Q) in general. It
just means that, in this reference, there is a counterexample in which ug ¢ H?(Qq) even if Ty is very
smooth. Note that, from Corollary 5.2.15, one can get, under the weaker assumption ug € H?(Qyp),
that the material directional derivative % is the weak solution to a scalar Signorini problem, and more
precisely, the solution to the variational inequality (8.3) which is, from Subsection 4.1.2, the weak
formulation of a scalar Signorini problem with the source term given by —div((Aug) 8 — div(0)Vug +
(VO + VOT)Vug) + 0 - Vug € L2(p).

Thanks to Corollary 8.1.3, we are now in a position to characterize the shape directional derivative.

Corollary 8.1.5 (Shape directional derivative). Consider the framework of Corollary 8.1.3 with the

additional assumption that T is of class C3. Then the shape directional derivative, defined by uf =
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Uy — Vug - 0 € HY(Qy), is the unique weak solution to the scalar Signorini problem given by

—Aug+uy =0 in Qo,
uy = —0-Vug on T,
Onugy = h5(0) on T,
uh < —0 - Vug, Oghuy < h5(0) and (uf + 0 - Vug) (Ouup — h*(0)) = 0 on T'g”9,
uy > —0 - Vug, Oqgugy > h*(0) and (uf + 0 - Vug) (Onuy — h°(0)) = 0 on T'g}?,

where h*(0) := 0 - n(0y (Onug) — %2]'1%0) +V,ug-Vo(0-n)— gV(%) -0 € L2(Ty).

Proof. From the weak variational formulation of % given in Corollary 8.1.3 and using the divergence

formula, one can easily obtain that

(ug, v =0 - Vug — up) g1 (qn) = /F (h™(0) — V(0 - Vug) -n) (v — 0 - Vug — uf)

forall v € /Cu on(Fo—ug) , Which can be rewritten as
07f

(0 — Wy)igs o) > / (h™(8) — V(8- Vug) 1) (1 — )

for all w € ICUO ou(Fo—ug) — 0 - Vug. Since Ty is of class C? and ug € H3(p), the normal derivative
of uy can be extended into a function defined in 2y such that d,up € H?(€p). Thus, it holds
that vO,ug € W1(Qp) for all v € C°°(€)), and one can use Propositions 2.1.3 and 2.1.4 to obtain

that

/F (h™(0) — V(0 -Vug) -n)v

= 0-n(—Vug - Vo —ugv + fv+ Hvdqug + Oy (vOhug)) — / g’l}v(anuo) -0,
Ty g

To

for all v € C*°(Q). Then, by using Proposition 2.1.6, one deduces that

/F (h™(0) = V(0 -Vug) -n)v

82U0 anuO
= /1‘0 (9 ‘n (8n (Onuo) — 8r12> +V,ug- V(0 -n)— gV(g) . 9) v,

for all v € C*°(£), and also for all v € H'(€q) by density. Thus it follows that

(ug, w — U6>H1(Qo)

0%ug Ontig
Z/FO <9~n<3n(8nu0)8112) +V7u0~V7(9~n)gV( p >9> (w—uyg),

for all w € lCuO on(Fo—ug) — 0+ Vug, which concludes the proof from Subsection 4.1.2. O
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8.2 Shape gradient of the Tresca energy functional

Thanks to the characterization of the material directional derivative obtained in Theorem 8.1.1,

we can now prove the shape differentiability of the Tresca energy functional.

Theorem 8.2.1. Consider the framework of Theorem 8.1.1. Then the Tresca energy functional J
admits a shape gradient at Qq in any direction 6 € C1>° (R, RY) given by

1
T'()(6) = 5 /Q div(9) | Vuol|* — /Q Vg - (VOVug + Augh)

+/FO <9.n <|u3|2 B qu> - (Vgg : 9+divf(9)> uoanu0> . (8.4)

Proof. By following the usual strategy developed in the shape optimization literature (see, e.g., [8, 46])

to compute the shape gradient of J at Q in a direction § € C1°°(R? R%), one gets

1
T (Q0)(0) = —5/ <||Vu0||2 + \%\2) div(6) + | Vug - VOVug — (g, u0) 1 (qp) -
Qo Qo
On the other hand, since Up + ug € ICu0 on(Fo—ug) , We deduce from the weak variational formulation

9
of ug, that

<667u0>H1(QO) = A ugl - Vug — /Q div (AUOG) Uo

_/Q ((=VO - V6" +div(0)I) Vuo) - Vg +/

To

(Vgg -0+ div7(9)> UgOnUg.-

The proof is complete thanks to the divergence formula. O

As we did in Corollary 8.1.3 for the material directional derivative, the presentation of Theo-

rem 8.2.1 can be improved under additional assumptions.

Corollary 8.2.2. Consider the framework of Theorem 8.2.1 with the additional assumptions that d €
{1,2,3,4,5}, Ty is of class C* and ug € H3(). Then the shape gradient of the Tresca energy
functional J at Qq in any direction § € C> (R RY) is given by

T2 2 o
J'(€0)(0) :/ f-n <||uo+|uo| — fuo + Hg|uo| — On (uoOnuo) +gro( guo) -n) ,
o

2

where H is the mean curvature of I'y.

Proof. Let 0 € CH>°(R% RY). Since uy € H?() C H3(Qp), it holds that
/ div(6) | Vol = / 0-v (Vo) / 60 Vuo|?,
Qo

Augb - Vug = — Vug - V(Q : VUO) + Onuof - Vug.
Qo Qo To

and
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One deduces from (8.4) that

Vuol|? + |uo|?
700 = [ 0-n (' olf ol _ g,
T 2
Vg .
— Onugl - Vug + | — -0+ div-(0) ) uwoOnug | - (8.5)
To g
Moreover, since I'g is of class C* and ug € H3(Qg), the normal derivative of ug can be extended into a

function defined in € such that d,ug € H2(2). Therefore, using Proposition 2.1.4 with v = ugdyug €
W21(€y), one gets

2 2
T (90)(0) = / 0-n (HVUO—HUM — fup — HupOnhug — Oy (annu())) -l-/ gu()V(anguo) . 0.
o -

2
From the scalar Tresca friction law, one has Hugdyug = —Hglug| a.e. on I'g. Now let us focus on the
last term. Since up = 0 on Ty UT "9 UTSS?, we have

/ QUOV(anu()) -0 :/ gu0v<a’“”°> - 0.
o 9 rpod 9

Let us introduce two disjoint subsets of I'y given by
I = {s €Ty |ug(s) >0} and I :={sely|uo(s) <0}.

Hence it follows that TY = T\ UT{Y?, with dyup = —g a.e. on 'Y, and dyup = g a.e.
on I'y”Y. Moreover, since ug € H*(Q) and d € {1,2,3,4,5}, we get from Sobolev embeddings (see,
e.g., [1, Chapter 4, p.79]) that ug is continuous over Ty, thus T'y? and T'y”? are open subsets of T'.

Hence VT(%) =0 a.e. on T? UTY, and one deduces that

Jomw (52 0= [ 0o (v (%52) ),
Lo g ryo:9 g

which concludes the proof. O

Remark 8.2.3. Under the weaker condition ug € H2(£)g) (satisfied if g is sufficiently regular, see
Remark 8.1.4), one can follow the proof of Corollary 8.2.2 and obtain that the shape gradient of J is
given by Equality (8.5).

Remark 8.2.4. Consider the framework of Theorem 8.2.1. We have seen in Remark 8.1.2 that the
expression of the material directional derivative % is not linear with respect to 6. However one
can observe that the scalar product (ug, uo)y () that appears in the proof of Theorem 8.2.1, is
linear. This leads to an expression of the shape gradient J'(€)(#) in Theorem 8.2.1 that is linear
with respect to §. Hence we deduce that the Tresca energy functional J is shape differentiable

at Qp. Furthermore note that the shape gradient J'(€)(0) depends only on ug (and not on wug)
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and therefore does not require the introduction of an appropriate adjoint problem to be computed
explicitly. The linear explicit expression of J'(€)(0) with respect to the direction 6 will allow us
in the next Section 8.3 to exhibit a descent direction for numerical simulations in order to solve the
shape optimization problem (8.1) on a two-dimensional example. It is worth noting that all previous

comments are specific to the Tresca energy functional J.

Remark 8.2.5. Let us recall that the standard Neumann energy functional is

1
In(Q) = 5/9 (HVMN,Q||2 + |wN,Q|2) +/Fng,Q —/waN,m

for all Q € U, where wy o € HY () is the unique solution to the standard Neumann problem

—-A = in Q
{ wWN,Q + WN,Q [ inQ, (SNPg)

8an,Q = —g on I.

One can prove (see, e.g., [8, 46]) that the shape gradient of the Neumann energy functional Jn
at Qg € U in any direction § € C1°°(R? R?) is given by

Fi(20)(®) = | )

2 2
0.-n ”va,QUH + |wN7Qo|
To

— fwn,0, + Hgwn o + On (ng,QO)> .

Thus the shape gradient of the Tresca energy functional 7 obtained in Corollary 8.2.2 is close to the

/ guOV(anu()) - 0.
o g

Note that, if d,ug = —g a.e. on 'y, then they coincide.

one of Jn with the additional term

Remark 8.2.6. Let us recall that the standard Dirichlet energy functional is

1
B2 =3 [ (IPunall +lwnal) = [ funa.

for all Q € U, where wp o € H' () is the unique solution to the Dirichlet problem

—A = in Q
{ wpa +wp,n = f inQ, (SDPgq)

wpn =0 onT.

One can prove (see, e.g., [8, 46]) that the shape gradient of Jp at g € U in any direction 0 €
CLo° (R4, RY) is given by

\Y% 2 2
@)=~ [ e.n<|| ol + lup )
To

Note that, if ug = 0 a.e. on I'g, then V,ug = 0 a.e. on Iy, thus (Oyug)? = ||Vuo||? a.e. on 'y and

thus the shape gradient of J obtained in Corollary 8.2.2 coincides with the one of Jp.
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8.3 Numerical simulations

In this section we numerically solve an example of the shape optimization problem (8.1) in the
two-dimensional case d = 2, by making use of our theoretical results obtained in Section 8.2. The
numerical simulations have been performed using Freefem++ software [44] with P1l-finite elements
and standard affine mesh. We could use the expression of the shape gradient of J obtained in
Theorem 8.2.1 but, for the purpose of simplifying the computations, we chose to use the expression
provided in Corollary 8.2.2 under additional assumptions (such as uy € H3(£)g) that we assumed to
be true at each iteration). The C? regularity of the shapes required in Corollary 8.2.2 is not satisfied
since we use a classical affine mesh and thus the discretized domains have boundaries that are only
Lipschitz. Nevertheless it could be possible to impose more regularity by using curved mesh for
example. However the use of such numerical techniques falls outside the scope of this work in which

the numerical simulations are intended to illustrate our theoretical results.

8.3.1 Numerical methodology

Consider an initial shape Q¢ € U (see the beginning of Section 8 for the definition of /). Note
that Corollary 8.2.2 allows to exhibit a descent direction 6y of the Tresca energy functional J at €

as the unique solution to the Neumann problem

—Afy+6y =0 in Qq,
Voon = — (el ol® — pug - Hglug| — 0, (uodyuo) + guo¥ (220) -n)n on T,
since it satisfies J'(Q0)(0g) = — HOOH?P(QO,W) <0.

In order to numerically solve the shape optimization problem (8.1) on a given example, we also
have to deal with the volume constraint |[2] = A > 0. To this aim, the Uzawa algorithm (see, e.g., [8,
Chapter 3 p.64] or [20]) is used. In a nutshell it consists in augmenting the Tresca energy functional J
by adding an initial Lagrange multiplier py € R multiplied by the standard volume functional minus .
From [8, Chapter 6, Section 6.5], we know that the shape gradient of the volume functional at Qg is
given by

6 cCh®RELRY) — [ 6-neR,
o

and thus one can easily obtain a descent direction 6y(pg) of the augmented Tresca energy functional
at ¢ by adding pon in the Neumann boundary condition of fy. This descent direction leads to a new
shape Q1 := (id 4+ 769(po))(Q0), where 7 > 0 is a fixed parameter. Finally the Lagrange multiplier is
updated as follows

p1:=po +n (|l —N),

where n > 0 is a fixed parameter, and the algorithm restarts with £2; and p;, and so on.

Let us mention that the scalar Tresca friction problem is numerically solved using an adaptation
of iterative switching algorithm (see Appendix B for detailed explanations). We also precise that,
for all + € N*, the difference between the Tresca energy functional J at the iteration 20 x i and

at the iteration 20 x (i — 1) is computed. The smallness of this difference is used as a stopping
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criterion for the algorithm. Finally the curvature term H is numerically computed by extending the

normal n into a function i which is defined on the whole domain 2. Then the curvature is given

by H = div(l) — V(@)n - n (see, e.g., [46, Proposition 5.4.8 p.194]).

8.3.2 Example and numerical results
In this subsection, take d = 2 and f € H!(R?) given by

f: R — R

5—x2 -y 4+ ay
(x,y) +— flz,y) = ) n(z,y),

and, for a given parameter 3 > 0, let g5 € H?(R?) be given by

gp : R2 — R

@) ala) =5 (14 25 ) ate),

where 1 € C5°(R?) is a cut-off function chosen appropriately so that f and g satisfy the assumptions

of the present chapter. The volume constraint considered is A = 7 and the initial shape Qg C R? is

an ellipse centered at (0,0) € R?, with semi-major axis ¢ = 1.3 and semi-minor axis b = 1/a.

In what follows, we present the numerical results obtained for this two-dimensional example using

the methodology described in Subsection 8.3.1, and for different values of 3:

— Figure 8.1 shows on the left the shape which solves Problem (8.1) for 8 = 0.49, and on the right

the one when the Tresca problem and its energy functional are replaced by Dirichlet ones (see
Remark 8.2.6). We observe that both shapes are very close. Indeed, with § > 0.49, one can
check numerically that the solution wp ¢ to the Dirichlet problem (SDPg) satisfies |Ohwp a| < g3
on I', and thus is also the solution to the scalar Tresca friction problem (STPgq). One deduces
from Remark 8.2.6 that the shape gradient of J and the one of Jp coincide. Therefore, since
the shape minimizing the Dirichlet energy functional Jp under the volume constraint A = 7 is
a critical shape of the augmented Dirichlet energy functional, it is also a critical shape of the

augmented Tresca energy functional.

Figure 8.2 shows the shapes which solve Problem (8.1) for 5 = 0.46,0.43,0.37,0.31. The shapes
are different from the one obtained on the left of Figure 8.1. In that context, note that the
normal derivative of the solution u to the scalar Tresca friction problem (STPg) reaches the

friction threshold gg on some parts of the boundary.

Figure 8.3 shows on the left the shapes which solve Problem (8.1) for 5 = 0.28,0.1,0.01. Here
the normal derivative of the solution u to the scalar Tresca friction problem (STPgq) reaches
the friction threshold gg on the entire boundary. Moreover we can notice that these shapes are
very close to the ones (presented on the right of Figure 8.3) that minimize Jnx with g = gg
(see Remark 8.2.5) under the same volume constraint A = 7. Indeed, for these values of 3, one

can check numerically that the solution wn o to the Neumann problem (SNPgq) with g = g3
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e e

Figure 8.1 — Shapes minimizing J (left) and Jp (right), under the volume constraint A = 7, and
with 3 = 0.49.

Figure 8.2 — Shapes minimizing J under the volume constraint A = 7. From top-left to bottom-

right, 8 = 0.46,0.43,0.37,0.31. The red boundary shows where u = 0 and the black/blue boundary
shows where |Oyu| = g3.

satisfies wn,o > 0 onT', and thus is also the solution to the scalar Tresca friction problem (STPgq).
One deduces from Remark 8.2.5 that the shape gradient of J and the one of Jy coincide.
Therefore, since the shape minimizing the Neumann energy functional Jx under the volume
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constraint A = m is a critical shape of the augmented Neumann energy functional, it is also a

critical shape of the augmented Tresca energy functional.

Figure 8.3 — Shapes minimizing J (left) and Jx (right), under the volume constraint A = 7. From
top to bottom, 5 = 0.28,0.1,0.01.

For more details and an animated illustration, we would like to suggest to the reader to watch
the video https://youtu.be/_MufZx3zsew presenting all numerical results we obtained for different
values of 8 from 0.7 to 0.01.

To conclude this chapter, we would like to bring to the attention of the reader that, in the above
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numerical simulations, it seems that there is a kind of transition from optimal shapes associated with
the Neumann energy functional to optimal shapes associated with the Dirichlet energy functional. This
transition is carried out by optimal shapes associated with the Tresca energy functional, continuously
with respect to the friction threshold (precisely with respect to the parameter ). However, we do
not have a proof of such a highly nontrivial result. This may constitute an interesting topic for future

investigations.
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CHAPTER 9

SHAPE OPTIMIZATION FOR
VARIATIONAL INEQUALITIES: THE
SIGNORINI PROBLEM IN THE LINEAR
ELASTIC MODEL

Let d € {2, 3}, f be a function in H*(R%,R?), Q.. be a nonempty connected bounded open subset

of R¢ with Lipschitz boundary Iyef := 0yef, such that I'yef = I'p UT's,,, where I'p and I's ; are two
measurable pairwise disjoint subsets of I'y¢f, and I'p has a positive measure.
In this chapter we consider the shape optimization problem given by
minimize Q 9.1
inimize 7(0), (9.1)
|Q‘:|Qrcf|

where

Upes := { QcR? | 2 nonempty connected bounded open subset of R?

with Lipschitz boundary T' := 9Q such that I'p C T'},

with the volume constraint |Q| = |Qee| > 0, Q is an elastic solid satisfying the linear elastic model

(see Chapter 1), and where J : Uor — R is the Signorini energy functional defined by
1
J(Q) = 5/ Ae (ug) : e (ugq) —/ I ug, (9.2)
Q Q

where ug € H (2, RY) stands for the unique solution to the Signorini problem given by

—div(Ae(u)) = f in Q,
=0 r
u onlp, (SPQ)
o-(u) =0 onTsg,
Up < 0,04(u) <0 and uyou(u) =0 on I,

where, for all Q € Uper, T := 9N, I's := T'\I'p, n is the outward-pointing unit normal vector to T'.
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Recall that A is the stiffness tensor, e is the infinitesimal strain tensor, oy, is the normal stress, o
is the shear stress, and f models volume forces (see Chapterl for details). From Subsection 4.2.2,

note that the Signorini energy functional 7, given by (9.2), can also be expressed as

JQ) = —%/QAe(uQ) ce(uq),

for all © € U,et.

In the whole section let us fix ¢ € Uyer. Similarly to Chapter 8, our aim here is to prove that,
under appropriate assumptions, the functional J is shape differentiable at €y, in the sense that the
map

CZRLRY — R
0 — J((d+0)()),

is Gateaux differentiable at 0, and to give an expression of the Gateaux differential, denoted by J' (),
where
CH(RYRY) = {0 € CP(RE, RN N W2 (RYRY) [ =00onTp}.

This chapter is separated as follows. In Section 9.1 we perturb the Signorini problem with respect
to the shape and we characterize the material derivative as solution to a variational inequality (see
Theorem 9.1.2). Then, with additional regularity assumptions, we characterize the material and
shape derivatives as being weak solutions to Signorini problems (see Corollaries 9.1.3 and 9.1.5).
In Section 9.2 we prove under appropriate assumptions, that the Signorini functional J is shape
differentiable at g, and we provide an expression of its shape gradient (see Theorem 9.2.1 and Corol-
lary 9.2.2). Finally in Section 9.3 numerical simulations are performed to solve the shape optimization
problem (9.1) on a two-dimensional example.

In the sequel we denote, for all (z,y) € R x R%, by 2y " the matrix whose the i-th line is given
by the vector z;y, for all i € [[1,d]], and by (-,-) o, the scalar product given in (4.1) and defined
on HL (90, R?). We also recall that we denote (when it is necessary to avoid any confusion) A[S] the

stiffness tensor A applied to a matrix S € R4¥9,

9.1 Setting of the shape perturbation and derivatives

Consider § € C5°°(R?, R%) and, for all ¢ > 0 sufficiently small such that id+t6 is a C?-diffeomorphism
of R?, consider the shape perturbed Signorini problem given by

—div(Ae(us)) = f in Q,
us = 0 on I'p, (PSP,)
or(u) =0 onTyg,,
Utn, <0, on, (uy) <0 and wgn,0n,(u) =0 onTyg,,

where € := (id + t0)(Qo) € Urer and T'y := (id + t0)(T'y) and n is the outward-pointing unit normal
vector to I';. From Subsection 4.2.2, there exists a unique weak solution u; € H*(Q;, RY) to (PSP;)

124



9.1. Setting of the shape perturbation and derivatives

which satisfies

Ae(ug) s e(v —ug) > f(v—u), Yv € /Cl(Qt,]Rd),
Q4 Qy

where
Ky, RY) = {U € HE(Qt,Rd) | vn, <0 a.e. on Fst}.

Using the change of variables id + t0 and the equality

(I+tVoT)~In

ne o (id +16) = T =TT Tl

where n := ng (see, e.g., [78, Chapter 2, Proposition 2.48 p.79]), we prove that @; := u; o (id + t0) €
KHQo,RY) C HE (90, RY) satisfies

/ JtA [Vﬂt (I + tVG)fl : V(’U - ﬂt) (I + tV@)fl Z ftJt . (’U - ﬂt) s Yv € K%(QO,Rd),

Qo Qo

where K} (Q0,R?) := {v € HL(Q0,R?) | v- 14+ tVO")"In < 0 a.e. on T}, f; := fo(id+th) €
HY(R4, RY) and J; := det(I + tVH) € L>°(R% R) is the Jacobian determinant. Therefore, we deduce
from Subsection 4.2.2 that w; € K} (o, R?) is the unique weak solution to the perturbed general

Signorini problem

—div (JtA [VﬂtBt] B;r) == ftJt in Qo,
u =0 on I'p,
((JtA [VﬂtBt] B:) Il) (MflTn)L =0 on FSO, (PGSPt)
- M; 0 <0, (JA[VEBB ) n-M; ' 'n<0and

4 Mo ((JtA [V, B, B) n~Mt_1Tn) =0 onlg,

where M, := (I+ tV#) and B, := (I+tV6) ", and thus can be characterized as

(Ft)a

Uy = pI‘OXLIC%(QO,le)

where F; € H)(Qo, R?) is the unique solution to the perturbed general Dirichlet-Neumann problem

—div (J,A[(VF)B]B{) = fiJi in Qo,
Ft =0 on FD7
(JAA[(VF)BB/)n =0  onTs,.

and where prox, ) stands for the proximal operator associated with the Signorini indicator func-

1 g .nd
tion txc1 (o Rra) coil(siilered on the perturbed Hilbert space (HL (€2, R%), (-, )1,.A.B,) (see the notations
in Section 4.2).
Let us recall that (see, e.g., [46]):
(i) the map t € Ry — f,J, € L2(R? R?) is differentiable at ¢t = 0 with derivative given by fdiv()+
Vo =div(fo");

(i) the map t € Ry + J; € L°(RY) is differentiable at ¢ = 0 with derivative given by div(6);
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(iii) the map t € Ry — [+ tVH € CH° (R R?¥9) is differentiable at t = 0 with derivative given
by V6,
(iv) the map t € Ry — (I4+tV6H) " € L (R, R¥*?) is differentiable at ¢ = 0 with derivative given
by —V6.
From those differentiability results we can apply Theorem 6.1.3 to obtain the differentiability of the
map t € Ry — @y := M; '%; € HE(Q,RY) at t = 0, and then to deduce, from Theorem 6.1.4, the

material directional derivative.

Theorem 9.1.1. Let u; € H})(Q(),Rd) be the unique weak solution to the perturbed general Signorini
problem (PGSP;). Then the map t € Ry w @ := M; 'u, € HL(Qo,R?) ds differentiable at t = 0

and its derivative, denoted by T, € Tn uo) N (R (Fy — ug)) ™, ds the unique solution to the

fc(l)mo JRd) (
variational inequality

<i{), v — 56>A7QO > —/Q div (div (Ae(ug))07) - (v — ﬁg)
— <Ae(u0)n, \Y} (v - ﬁg)>

+ / ((Ae(u0)) V8T + A (VugV6) — Ae (Voug) — div(®)Ac(uo)) : V(v —Tp), (93)
Qo

H-1/2(Tg,R4) xH/2(Tg,R9)

for allve Ty (ug) N (R (Fy — uo))L, where

K (Q0,R%)

TNK(l)(Q(J,Rd)(UO) N (R (Fy —uo))” =

{v € HL(Q0,RY) | v, <0 g.e. on Fgg“zo and (Fo —uo,v) o, = O} ’
and I‘gg“:O = {s €Ts, | uopn(s) = 0}.

Proof. From Theorem 6.1.3 it follows that G, € Ty

to the variational inequality

(uo) N (R (Fy — up))™ is the unique solution

’C(lj (920 ,R%)

=/ = > . T . =\ =
<u0, v u0>A7QO = div (f6") (v uo) <Ae(uo)n, \Y’, (v uo)>H—1/2(P0,Rd)xH1/2(F0,Rd)
+ / ((Ae(uo)) VO + A (VugV6) — Ae (VOug) — div()Ae(ug)) : v(v - ﬁg),
Qo
orallve Ty , ug) N 0 —ug))” . Using the equality div (Ae(ug)) = —f in 0, , we
for all v € T, o ) R (F, *. Using th lity div (A f in H'(Qo, R
obtain the resu(it. O

Theorem 9.1.2 (Material directional derivative). Let u; € Hy(Q0,RY) be the unique weak solution
to the perturbed general Signorini problem (PGSP,). Then the map t € Ry — w, € HE(Qo,RY)

is differentiable at t = 0 and its derivative (that is, the material directional derivative), denoted
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by uy € T (uo) N (R (Fy — ug)) ™ 4 VOuy, is the unique solution to the variational inequality

K} (20,89

<H/07'U - H/O>A’Q0 > —/ div (diV (Ae(ug)) QT) (v — ﬂé)

Qo

— (Ae(up)n, VO (v — H()»H*l/?(FO,]Rd)XHl/?(FO,]Rd)

+ /Q ((Ae(uo)) VOT + A (VugV8) — div(6)Ae(ug)) : V(v —ah), (9.4)

for allv e Ty (ug) N (R (Fp — uo))L + VOug, where

K (©Qo,rd)

Tx (uo) N (R (Fy — ug)) ™ + VOug =

K (20,RD)

{’U € HL(Q0,R?) | (v — VOup), <0 ge. on Fgg“zo and (Fy —ug,v — VOug) , o, = 0} .

In [19, 57, 78], the authors get the same result using the conical differentiability of the projection
operator since the projection operator on K} (€, R?) is conically differentiable at uy for Fy — ug, and
its conical derivative is given by projr. (u0)(R(Fo—uo))~ (E0). Nevertheless, to the best of our

Kl (20 Bd) 0 o—to

knowledge, no one notices that it was possible to improve this result under additional assumptions,

in order to characterize the material derivative as weak solution to a Signorini problem.

Corollary 9.1.3. Consider the framework of Theorem 9.1.2 with the additional assumptions that the
decomposition T'p U Tg, of Tg is consistent, ug € H?(Qy,R?) and F‘SIE“ZO = intrg, (Fgg"zo). Then
the material directional derivative Ty € TNKé(QO’W)(uo) N (R (Fy —u))™ + VOug is the unique weak
solution to the Signorini problem

—div(Ae(wp)) = —div(Ae(Vuoh)) in Qo,
uy =0 on I'p,
o-(uy) = h™(0)- on Dg,,
on(Us) = K™ (0)n on ng;,
(@p — VOug), = 0 on g™,
(@p — VOug), < 0,0n(uy) < h™(0)n and (up — VOuo), (on(Tp) — K™ (0)n)) = 0 on Tg™,

where h™(0) := ((Ae(ug))VOT + A(VugV8) — oy (ug)(div(d)I + VO ))n € L2(Ts,,R?), and T's, is

decomposed, up to a null set, as Tg?» UTg™ UTG™" | where

Fuon = {S S FSO ‘ uOn(S) 7& O}’

Son

g’ :={s eTls, | upy(s) =0 and oy (uo)(s) < 0},
=0}.

Sop

Lgn i={s € T's, | uon(s) = 0 and on(uo)(s)
Proof. Since uy € H2(€,R?) and 6 € C5>(R%, RY), one deduces that
div ((Ae(u)) VOT + A (VuoVO) — div(0)Ae(ug)) € L9, R?),

and that
((Ae(uo)) VO + A (VugV8) — div(6)Ae(ug)) n € L?(To, RY).
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Moreover, since the decomposition I'p U T's, of Iy is consistent and Ae(ug)n € L2(Tg, R?), then ug is
a (strong) solution to the Signorini problem (PSP;) for the parameter ¢ = 0 (see Proposition 4.2.9).
Thus o, (ug) =0 a.e. on I's,, and using the divergence in Inequality (9.4), we get that

(s = Ty 0y > / B (o — )
So

- / div (div(Ae(ug))8" + (Ae(ug)) VO + A (VugVe) — div(f)Ae(uo)) - (v — ), (9.5)
Qo
forallv € Ty () (u)N(R (Fy — )" +VOug. Furthermore, one has div (Ae (Vugf)) € L2(Qo, RY)
(90,
from ug € H3(,R?). Thus, using the equality

div (Ae (Vug#)) = div (div(Ae(ug))0 " + (Ae(ug)) VO™ + A (VugVO) — div(6)Ae(uo))

in L2(929, R?), we can conclude similarly to the proof of Corollary 6.1.5, and also from Subsection 4.2.2.
O

Remark 9.1.4. Note that, from Corollary 6.1.5, one can get under the weaker assumption uy €
H2(Q,R?), that the material directional derivative % is the weak solution to a Signorini problem,
and more precisely, the solution to the variational inequality (9.5) which is, from Subsection 4.2.2,

the weak formulation of a Signorini problem with the source term given by
—div (div(Ae(u))0" + (Ae(ug)) VO + A (VuoVO) — div(0)Ae(ug)) € L?(Q, RY).

It is important to note that, to the best of our knowledge, there is no regularity result for the solution
to the Signorini problem in the linear elastic model, with respect to the data. To obtain this regularity
result in our case is a highly nontrivial work. However, we can mention the works [71, 72] which deal

with regularity results for variational inequalities concerning the Stokes equations.
Thanks to Corollary 9.1.3, we are now in a position to characterize the shape directional derivative.

Corollary 9.1.5 (Shape directional derivative). Consider the framework of Corollary 9.1.3 with the
additional assumption that Tg is of class C3. Then the shape directional derivative, defined by uf, :=
uy — Vugh € Tx (ug) N (R (Fp — uo))L + VOug — Vugph is the unique weak solution to the

Signorini problem

K3 (20.84)

—div(Ae(up)) = 0 in Qo,
up = 0 on I'p,
or(ug) = h*(0), onTs,,
on(ug) = h*(0)n on Fggl‘\‘l,
(uo —W(9)), =0 on I'gr,
(uo = W(9)), < 0,0n(up) < h*(0)n and (uo — W(0)), (on(up) — h*(0)n) = 0 on I'ge™,
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where W (0) := (VOug) — (Vueh) € HY/?(Ty,RY),

h?(0) := 0 -n (9, (Ae(ug)n) — Iy (Ae(ug))n) + Ae(ug)V, (6 - 1)
— V(Ae(ug)n)f — a4 (uo) (div,(0)I+ VO ") n € L*(Ts,, RY),

and where div,(0) := div(f) — (Vén - n) € L>°(T) is the tangential divergence of 0, 0, (Ae(ug)n) :=
V(Ae(ug)n)n stands for the normal derivative of Ae(ug)n, and Oy (Ae(ug)) is the matriz whose the i-th
line is given by the vector Oy (Ae(ug);) := V(Ae(ug);)n, for alli € [[1,d]].

Proof. Since u{, := 1, — Vugb, one deduces from the weak formulation of uj, and using the divergence

formula that,

(ug, v = up)p g, 2

/Q (div (Ae(ug)) 07 + (Ae(ug)) VO + A (VugVe) — Ae (Vb)) : V(v — ug)

— [ div(0)Ae(uop) : e (v —ug) — Ae(ugp)n - VO (v — ug) + / 0-n)f-(v—ug),

Qo Ts, Ts,

for all v € T uo) N (R (Fy — uo))l + VOug — Vugh. Moreover, one has

K§(20,R) (

A div (Ae(ug)) 0" : Vo = A div (Ae(ug)) (V) 0 = — ., Ae(ug) : V((Vo) 0)+ g Ae(ug)n- (V) 6,

and also

- /QO div(6)Ae(up) : e(p) = /QO 0 - V(Ae(ug) : e(p)) — / 0 -n(Ae(up) : e(p)),

To
for all ¢ € C*>°(Qp, R?). Therefore, using the equality
((Ae(u)) VOT + A (VugVO) — Ae (Vugh)) : Vo + 60 - V(Ae(ug) : e(p)) — Ae(ug) : V((Ve) 8) =0,

a.e. on {1y, one deduces using the divergence formula that

/Q (div (Ac(uo)) 07 + (Ac(uo)) VO + A (VuoV6) — Ac (Vuoh)) : Vep

- div(0)Ae(ug) s e (@) — [ VO (Ae(ug)n) - ¢ + / @-n)f-p
o o I'o
= g 0-n(—Ae(ug) : e(p) + f- @) + Vo Ae(ug)n -0 — VO Ae(ug)n - ¢,

for all ¢ € C*(Qp,RY). Furthermore, since Ty is of class C* and ug € H?(Qp, R?), Ae(ug)n can be
extended into a function defined in €y such that Ae(ug)n € H2(€, R%). Thus it holds that Ae(ug)n -
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o € W21(Qy,R?), and one can use Proposition 2.1.4 to get that

0-n(—Ae(ug) :e(@) + f-¢) + Vo Ae(ug)n -0 — VO Ae(ug)n - ¢
o

= g 0-n(—Ae(ug) :e(p) + f - o+ 0y (Ae(ug)n - ) + HAe(ug)n - )

- /F (V(Ae(uo)n)d + VO Ae(ug)n + div, (0)Ae(ug)n) - ¢,

for all p € C*(Qp, RY). Moreover, since —div(Ae(ug)) = f € H*(Qo,R?), one deduces from Proposi-
tion 2.1.5 that

/ 0-n(f+ HAe(ug)n) - = / Ae(up) : Vi (@ (0-1n)) — (6 -1n) 0, (Ae(ug))n - i,
FO 1—‘0
for all ¢ € C*(Q,RY). Therefore, using the following equalities

Ae(ug) : Vo, (@ (0-1n)) =60 -n(Ae(ug) : Vo) + (Ae(ug))V, (6 -1n) - ¢, a.e. on Ty,

and
Ae(ug) : Voo = Ae(ug) : e(p) — V! (Ae(ug)n) - n a.e on T,

one gets
/F 0-n(—Ae(up) : e(p) + f - o+ 0y (Ae(up)n - @) + HAe(up)n - )
- /F (V(Ae(ug)n)f + VO Ae(ug)n + div,(8)Ae(ug)n) - ¢
= /F (0 -1 (0 (Ae(ug)n) — Oy (Ae(ug)) n) + Ae(ug)V, (6 -1)) - ¢
— /F (V(Ae(ug)n)d + (div, ()1 + VHT) Ae(uo)n) - ¢,

for all ¢ € C*°(Qp,RY). Thus it follows that

/Q (div (Ac(uo)) 07 + (Ac(uo)) VO + A (VuoV8) — Ac (Vugh)) : Vo

— [ av@aetuo) (o)~ [ V0T (ctuo) o+ [ @om) s
Qo

Iy To

= /1“ (0 -1 (0, (Ae(up)n) — Oy (Ae(up)) n) + Ae(ug)V, (0 -1)) - ¢

- /F (V(Ae(up)n)é + (div-(6)I + V@T) Ae(ug)n) - ¢,
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for all ¢ € C°°(Qp,RY), and one deduces by density of C>(Qg, R?) in H! (2, R?) that

(v =), = [ (0-1(0 (AcCuo)n) = B, (Ac(ua)) ) + Ac(u) Vo (0 1) - (0 = )

— /F (V(Ae(uo)n)f + a4 (uo) (div,(O)I+ VO )n) - (v —1up),

for all v € TN)cl(szO ad) (uo) N (R (Fy —ug))™ + VOug — Vugh, which concludes the proof from Subsec-
tion 4.2.2. O

9.2 Shape gradient of the Signorini energy functional

Thanks to the characterization of the material and shape directional derivatives we can now prove

the shape differentiability of the Signorini energy functional (9.2).

Theorem 9.2.1. Consider the framework of Theorem 9.1.2. Then the Signorini energy functional J
admits a shape gradient at Qg in the direction 0 € C%’M(Rd,Rd) given by

T (Q0)(0) = 5 div (9) w -/, div (Ae (up)) - Vugb — A Ae (ug) : VuoVeo

_ 0-n(f-uo)+ (Ae(uo)n, VOuo)y-1/2r, rayxim/zry ) -
FSU
Proof. By following the usual strategy developed in the shape optimization literature (see, e.g., [8, 46])
to compute the shape gradient of J at 2y in the direction 6 € CIQD’OO(]Rd,Rd), one gets

A,Qq "

T (90)(0) = —%/Q div(0)Ae(ug) : e(ug) + A Ae(ug) : VugVO — (ug, ug)

Moreover, one has

A,Qq

(@ o), o, = (Toruo) 4+ (VBuo, uo)

A,Qq

and, since Ty & ug € Tx (uo) N (R (Fy — up)) ™, one deduces from the variational formulation

SYGIED

of Ty (see Inequality (9.3)) and the divergence formula that

(Wo, uo) 5 0y = / (div (Ae(ug)) 0" + (Ae(ug)) VO + A (Vug V) — div(6)Ae(ug)) : Vg

Qo

+ . 0 -n(f - uo) — (Ae(uo)n, Veuo)Hflﬂ(Fo,Rd)le/Q(FO,Rd) :
So

Then, using the equality div (Ae(uo)) 0" : Vug = div (Ae(ug)) - Vugh a.e. on Qp, one concludes the
proof. L

This result can be improved with additional regularity assumption.
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Corollary 9.2.2. Consider the framework of Theorem 9.2.1 and assume that ug € H?(Qq,RY). Then
the Signorini energy functional J admits a shape gradient at g in the direction 0 € C]QD’OO(]Rd,Rd)
given by

7'@0)(0) = |

r

o <9 o (Ae(UO)Z:G(UO) - “0> + Ae(uo)n - (VOug — Vu00)> .

Proof. Let 6 € C5™(R%,R%). Since ug € H2(€, R%), it follows from Theorem 9.2.1 that

T (Q0)(0) = —% 0-V(Ae(ug) s e(ug))+ [ 0- nw + Ae (ug) : e (Vuph)
Qo To Qo
= Ae (ug)n - Vugh — Ae (ug) : VuoVeo — O-n(f-ug)+ Ae(ug)n - Vluyg.
To Qo FSO FSO

Moreover, since
1
Ae(up) : e (Vugh) = Ae(up) : VuoVo + 59 - V(Ae(ug) : e(ug)) a.e. on Qp,

one deduces

7'(@0)(6) = |

To

f-n (Ae(u‘)):e(“(’))_/r Ae(ug)n-Vgh— 9~n(f~u0)—|—/F Ae(uu)n-Vouo,

which completes the proof since § = 0 on I'p. O

Remark 9.2.3. Consider the framework of Theorem 9.2.1. In the same way as Remark 8.2.4, note
that the scalar product (U, uo), g, is linear with respect to the direction ¢, while % is not. This
leads to an expression of the shape gradient J/(€)(6) in Theorem 9.2.1 that is linear with respect to
the direction 6, thus to the shape differentiability of the Signorini energy functional J at €.

9.3 Numerical simulations

In this section we numerically solve an example of the shape optimization problem (9.1) in the
two-dimensional case d = 2, by making use of our theoretical results obtained in Section 9.2. The
numerical simulations have been performed using Freefem++ software [44] with P1-finite elements and

standard affine mesh, and we use the expression of the shape gradient of 7 obtained in Corollary 9.2.2.

9.3.1 Numerical methodology

Consider an initial shape Q¢ € U,er. Note that Corollary 9.2.2 allows to exhibit a descent di-
rection 0y of the Signorini energy functional J at {2y by finding the solution 6y to the variational
equality

(00,0) 5 0, = —T"(Q0)(0), V0 € Hp(Q0,RY),

since it satisfies J'(20)(6) = — H90||i7QO <0.
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In order to numerically solve the shape optimization problem (9.1) on a given example, we have
to deal with the volume constraint || = |Q.c¢| > 0. To this aim, as Chapter 8, the Uzawa algorithm
is used and one refers to Subsection 8.3.1 for methodological details.

Let us mention that the Signorini problem is numerically solved using the Nitsche method (see,
e.g., [21, 23, 64]). In a nutshell, the solution ug € Hy (€9, R?) is approximated by uff € V" which is

the solution to the Nitsche formulation

/ Ae(uf) - e(u") — [ ontubonteh + 2 / [0l — you(ul)], [0l — 7o (0™)]

T's, Y
= f-oh Vol e Vi,
Qo
where V" is the classical P1-finite elements space whose elements are null on I'p (see [23] for numerical
analysis details). We also precise that, for all ¢ € N*, the difference between the Signorini energy
functional 7 at the iteration 20 x ¢ and at the iteration 20 x (i — 1) is computed. The smallness of this
difference is used as a stopping criterion for the algorithm. Note that we have also used the iterative
switching algorithm (as we did in Section 8.3) instead of the Nitsche method to solve numerically
the solution to the Signorini problem. Both show similar results, however a comparative study of
these methods to determine their advantages and drawbacks would be interesting, but has not been

performed in this thesis.

9.3.2 Example and numerical results

In this subsection, let d = 2 and f € H!(R?,R?) given by

f: R? — R2
(@9) — fy) = (Fe@)nny) 0).

where n € C§°(R?,R) is a cut-off function chosen appropriately so that f satisfies the assumptions of

the present chapter. The reference shape ¢ is the unit disk of R2, and the fixed part I'p is given by

11
I'p = {(cosa,sina) Elf|a € {27567(} U {76?’671 }7

(see Figure 9.1). The volume constraint is |Q.e¢| = 7 and the initial shape is Qg := Qrer. We assume
that all shapes in U,¢ are isotropic, which means that their mechanical properties are identical in all
directions (see Remark 1.0.1). In that case, for all Q € U,ef, the Cauchy stress tensor is given, for
all v € H5(Q,R9), by

o(v) = 2ue(v) + Atr (e(v)) 1,

where tr (e(v)) is the trace of the matrix e(v), and g > 0, A > 0 are Lamé parameters (see, e.g., [73]).
In what follows, we consider y = 0.3846 and A = 0.5769 that correspond to a Young’s modulus equal
to 1 and of Poisson’s ratio equal to 0.3 which is a typical value for a large variety of materials, and

one presents the numerical results obtained for this two-dimensional example using the methodology
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described in Subsection 9.3.1.

I'p

ref

Figure 9.1 — Unit disk Q. and its boundary I'tef = I'p U T'g,,.

In Figure 9.2 is represented the initial shape (left) and the shape which solves Problem (9.1) (right).
On top are the vector values of the solution u to the Signorini problem (SPg). Note that the black
boundary shows where oy, (u) = 0, while the yellow boundary shows where u, = 0. At the bottom is
shown the values of the integrand of J. It seems that the area where the integrand of 7 is the lowest
(in orange) has been shifted to the left by "pushing" the left boundary (which corresponds to the part
where there is no compressive stress), while in return, the right boundary (which corresponds to the
contact part) has been pulled.

Figure 9.3 shows the values of J (left) and the volume of the shape (right) with respect to the
iteration. We observe that 7 is lower at the final shape than at the initial shape, with some oscillations

due to the Lagrange multiplier in order to satisfy the volume constraint.
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ec Value

=

116902

162425

Figure 9.2 — Initial shape (left) and the shape minimizing J (right), under the volume con-
straint |Quef| = 7. On top is shown the vector values of the Signorini solution, while at bottom
is shown the values of the integrand of J.
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Figure 9.3 — Values of the energy functional (left) and the volume (right) with respect to the iterations.
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CHAPTER 10

OPTIMAL CONTROL FOR VARIATIONAL
INEQUALITIES: THE TRESCA PROBLEM
IN THE LINEAR ELASTIC MODEL

Let d € {2, 3} and assume that  has a C!-boundary. We consider the decomposition I' =: I'p UTs,
where I'p and I's are two measurable (with positive measure) pairwise disjoint subsets of I' such
that almost every point of I's belongs to intr(I's) (see Remark 4.2.23 for comments on this last
assumption). We assume that ) is an elastic solid satisfying the linear elastic model (see Chapter 1),
and we consider f € L%(Q,R%), h € L2(I'g), g1 € L>(I's) such that g; > m a.e. on I's for some
positive constant m > 0 and g € L>°(I's) such that ||ga|[r,(rg) > 0. In this chapter we consider the
optimal control problem given by

minimize J(z), (10.1)

zeU

where J is the cost functional defined by

J:V — R (10.2)
2 = J(2) =5 [ul@)IA + 5 162 rg) »

where || - ||a is the norm associated with the scalar product (-,-), (see (4.1)), V is the open subset
of L*°(T'g) defined by

V= {2 L>®Ts) | 3C(z) >0, £(z) > C(2) a.e. on T's},

where ¢ is the map defined by z € L>®(Ts) — £(2) := g1 + 292 € L>(T's), and where u({(z)) €

HE (2, R?) stands for the unique solution to the Tresca friction problem

—div(Ae(u)) = f in Q,
u =0 on I'p,
° (CTPy.))
on(u) = h onTg,

llo-(u)|| < 4(z) and ur - o (u) + £(2) ||ur]| = 0 on T,

where 8 > 0 is a positive constant and where i is a given nonempty convex subset of V such that

is a bounded closed subset of L?(T's). Note that the first term in the cost functional J corresponds to
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the compliance, while the second term is the energy consumption which is standard in optimal control
problems (see, e.g., [55]).

This chapter is organized as follows. In Section 10.1 we prove the existence of a solution to
Problem (10.1). In Section 10.2 we prove, under some assumptions, that J is Gateaux differentiable
on V and we characterize its gradient. Finally, in Section 10.3, numerical simulations are performed

to solve Problem (10.1) on a two-dimensional example.

10.1 Existence

This section is dedicated to the following existence result.
Proposition 10.1.1. There exists z* € U such that J(z*) < J(z) for all z € U.

Proof. In this proof the strong (resp. weak) convergence in Hilbert spaces is denoted by — (resp. —)
and all limits with respect to the index ¢ will be considered for i — +o00. Since 0 < J(z) < 400
for all z € U, we get that inf,cy J(2) € Ry. Considering a minimizing sequence (z;);en, there
exists N € N such that J(z) <1+ 2125\7(,2) for all ¢ > N, that is

1 B .
5 IeCCEIE + 5 16 sy < 1+ inf 7 (2),

for all i > N. Thus the sequence (£(z;));en is bounded in L?(I's) and thus, up to a subsequence that
we do not relabel, weakly converges to some g* € L?(T's). Moreover, since U is a bounded closed
convex subset of L?(I's) (and thus weakly closed in L?(I's)), we know that, up to a subsequence that

we do not relabel, the sequence (z;);eny weakly converges to some z* € U. Moreover one has

:/ (2i — 2%) gav,
I's

for all v € L2(T's), and, since go € L>°(T's), it holds that gov € L?(I's) and one deduces that £(z;) —
g1+2%go in L2(T's) and thus g* = g;+2*go. In a similar way, up to a subsequence that we do not relabel,
the sequence (u(£(2;)))ien weakly converges in HE (Q,RY) to some u* € Hy (€2, RY) and thus u(f(z;)) —
u* in L2(I',R?) from the compact embedding H (2, R?) —» LT, R?) (see Proposition 2.1.7). Let
us prove that u(f(z;)) — u* in H5(Q, R?). It holds that

/ ) -0 ')

l = a(b(=z0)) 5 = (", 0" = u(lzi)))a = (w(l(z0), 0" = ull(z:))) 5
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for all ¢ € N. Using the weak formulation satisfies by u(¢(z;)), we get that

" = (eI < (" (e / £ = (@)
- psh(“ —u(l o)+ ) (il = et

< (', — u(l / £ —u(e) - [ b = u(e(z0))

+ Cllu* = ull(2:))l 2 ray — 0,

where C' > 0 is a constant (depending only on € and on max;en |[£(2;)||L2(rg)). Now let us prove
that u* = u(g1 + 2%g2). For v € HL(Q,R?) fixed, it holds that

(w(E()), v — u(t(z)) 5 + / 0z) lor ) - / €z €z |

> /Q £ (= ue(z))) + / (=), (103)

for all i € N. Note that:
(1) Kull(z:)), v —u(l(z:))) o — (v —u*) 5| < Dju” = u(l(z;))]|, — 0;

() | [ £-w=utez) = [ 7 @=0)] < Dfllgpn I = ult()l, — 0
i) | [ o= uez)a) = [ hion )

(iv) / €z) (losl] — () 1) / g (lor |l - 1)
/Fs(azi) g x| + / (U(z) — g%) lu?|

where D > 0 is a constant (depending only on €, A and v). Therefore it follows in (10.3) when i — 400

that,
N N T e A T [ RCE S B AR IO
I's I's Q I's

Since this inequality is true for all v € HL(Q,R?) and ¢g* = g1 + 2*g2, one deduces that u* =

< D [hllea(rg) llu® = w((z) L2 (0 ray — 0;

<

+ D |[u” — w(l(z))|lr2r gay — 03

u(g1 + 2*g2), and then

* 1 * 2 ﬂ * 2
T(=") = 5 lulgr +2g2)l[s + 5 llgr + 27 g2z <

L 1 2 B 2 L
i inf (G Bl + 5 1 ) <t inf 70 = nf 7).
which concludes the proof. O

Remark 10.1.2. Since the solution to the Tresca friction problem is not linear with respect to the
friction term, note that J is not a strictly convex functional (and thus the uniqueness of the solution

to Problem (10.1) is not guaranteed).
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10.2. Gateaux differentiability of the cost functional

10.2 Gateaux differentiability of the cost functional

Consider the auxiliary functional

J: HH(Q,RY) xLe(s) — R
(v.9) — J(v,9) =3 vI3+ 2 lgllt>re).

One can easily prove that J is Fréchet differentiable on H, (€2, R?) x L>*(I's) and its Fréchet differential
at some (v, g) € H5(Q,R%) x L>(I's), denoted by dJ(v, g), is given by

dJ(’U,g)(ﬁ,g) = <U76>A + /8 <g7g>L2(FS) )
for all (,§) € HL (2, R?) x L>°(I's). Now let us introduce the map

HE(Q,RY) x L>(Ts)

F: V. —
z — F(2):= (u((2)),£(2)),

where u({(z)) € Hf,(€,R?) is the unique solution to the Tresca friction problem (CTPy(,)). Hence
the cost functional J is given by the composition J = J o F.

Theorem 10.2.1. Let zy € V be fized and let us denote by ug := u(€(2p)). Assume that:

(i) the map s € FS;O,E(zO) s LEOE) R*% belongs to L4(Fsﬁo,z(zo)) (see below for the set Fsﬁo,é(zo));

llwor ()l

(ii) the parameterized Tresca friction functional ® defined in (6.8) is twice epi-differentiable at ug
for F —ug € 09(0,)(ug), with

D2® (uo) |F — uo) (v) :/ DZH (s)(uo(s)|or (F = ug)(s))(v(s))ds, Vv e Hp(2,R?),
I's
where, for almost all s € T's, the map H(s) is defined in Proposition 6.2.2, and F € HE(Q,Rd)

is the unique solution to the Dirichlet-Neumann problem

—div(Ae(F)) = f inQ,
F=0 onTp, (10.4)
Ae(F)n = hn onTs.

Then the cost functional J is Gateaux differentiable at zo and its differential daJ (20) is given by

202 (B (g1 + 2095) — o, ) + / B2gs (g1 + 702) ,

10,0(20) L ug.t(z0) YT qug £(z0)
Sk Sp Sg

dadz0)(:) = [

r
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for all z € L*>°(T's), where T's is decomposed (up to a null set) as L quo.ezo) UL gug o) U T quo e(z0) with
R D S

Fs;{)’z(z[)) = {S eTlyg | Ug,, (8) 75 0},
or(ug)(s 1
Pgug o) = {s €Ts | o, (s) = 0 and %) € B(0,1) N (Rn(s)) } :
o 1
Fsgo,e(zm = {s €Ts | ug, (s) =0 and 74((;‘;2&;) € 9B(0,1) N (Rn(s)) }
Proof. Let z € L>*(I's) and ¢t > 0 be sufficiently small such that z; := z9 +tz € V. We denote
by uy = u(f(z)) € HL(2,R?). From Subsection 4.2.4, u, € Hp, (2, R?) is given by u; = proxg; .\ (F),
where ® is the parameterized Tresca friction functional defined in (6.8) and F is the unique solution
to the Dirichlet-Neumann problem (10.4). From Hypotheses (i), (ii) and since the map t € Ry —
0(z;) € L (Tg) is differentiable at ¢ = 0, with its derivative given by ¢'(zp) := zg2, one can apply
Theorem 6.2.7 to deduce that the map t € Ry ~— u, € H5(Q,RY) is differentiable at ¢t = 0 and
its derivative, denoted by u( € ICuO or(Fo—ug) C H]B(Q,Rd), is the unique solution to the variational
e

inequality (which is the weak formulation of a tangential Signorini problem) given by

who—uha = [ )T - )
L uo.e(20) (20)
S

Ug 5(2’0) ’ ’ () () ’
e (o - 0 (= (e ) ) ) o - )
P gt o I [luo. [ \7°7 " o, 1) lluo, | T
R

forall v € K orm—ug) , Where
o, 2o =u0)

e
K orryoug =30 € HH(Q,RY) | v, =0 a.e. on T ugeczo) and v, € R_ o+ (o) a.e. on I ugeczg) ¢ -
umW ’ Sp”’ 6(20) S
Since J = J o F, with J Fréchet differentiable on HL (€2, R?) x V, and
IF (20 + t2) = F(20) =t (ug, £ (20)) |1y (o metyxroere)  Jlue — uo — tuf
; = . — 0,

when t — 0%, we deduce that J has a right derivative at 2z in the direction z given by

T (20)(2) = (uh, uo)p + B <€(20)a€/(’zo)>L2(FS) .

Furthermore, since uf, & ug € ICu or (F—ug) , ONe deduces that
RANIET))

Uug ((Zo) ’ / (N (N
<u/ U0> :/ <_€/(ZO) T (U . . T i - U, -
SR Juo, T~ Tuo, 1\ = X7 " Tuo, 1) Tuo, |
R

6(20) < / < ’ Uq ) ) )
0 w2 ) Y% ) e =0
/r Juo. || \° " Nuo, 1) Tuo, 1)

Since
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we get that

(o) = — /F #(20) luo, Il

L10,£(20)
Sr

and we can rewrite the right derivative of J at zp in the direction z as

J'(20)(2) = */F U (z0) lluo, I + | B (20)£(0)

st0-4(0) Is
— [ ) (Bt = o D+ [ B (20)(z0),
Fguo.e(20) T uo.e(20) Ul quo  e(20)
R D S
and thus
J'(20)(2) = / 292 (B (91 + 2092) — [luo, ||) +/ Bzg2 (g1 + 20g2) -
FS;M(ZO) Fsgowl(zo)ursgol(zm

Note that J’(z9) is linear and continuous on L>°(I's). Thus J is Gateaux differentiable at zy with its

Gateaux differential given by daJ (20) := J'(20). The proof is complete. O

Remark 10.2.2. In the proof of Theorem 10.2.1, note that the derivative wu{, depends on the
pair (£(20),¢(z0)) = (g1 + 2092, 292) and thus on the term z € L*°(I'g). Therefore let us denote
by ug := ug(z). Note that uj(z) is not linear with respect to z. However one can observe that the
scalar product (ug(z),uo),, that appears in the proof of Theorem 10.2.1, is linear with respect to z.
Therefore it leads to an expression of J'(zo) that is linear with respect to z, and thus to the Gateaux
differentiability of J at zg.

10.3 Numerical simulations

In this section we assume that ||ga||rrg) < m, where m > 0 is the constant introduced at the
beginning of Chapter 10 and we take the admissible set U given by

U= {zeLQ(I‘S) | -1<z<1a.e on Fs}7

which is a nonempty convex subset of V and is a bounded closed subset of L?(I's). In this section
our aim is to numerically solve an example of Problem (10.1) in the two-dimensional case d = 2, by

making use of our theoretical result obtained in Theorem 10.2.1.

10.3.1 Numerical methodology

Starting with an initial control zg € U, we compute z4 € L>°(T's) given by

—92 (B (g1 + 2092) — [[uo-|]) on Lguoecz0,
—Bg2 (91 + 2092) on I'qug.ecz) UL gug.ecz0)
D S
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which is, from Theorem 10.2.1, a descent direction of the functional J at z; since it satisfies

daJ (20)(24) = —|lg2 (B (91 + 2092) — |[uo-I]) ||i2(rsu0,e<zo>)
R

<0.

sto: £(z0) Ul w0, 0(z0)) —

— 1892 (91 + 2092) |72 (r

Then the control is updated as z; = projy, (20 + nz4), where n > 0 is a fixed parameter and proj;, is
the classical projection operator onto U considered in L?(I's). Then the algorithm restarts with 2y,
and so on.

Let us mention that the numerical simulations have been performed using Freefem++ software [44]
with P1-finite elements and standard affine mesh. The Tresca friction problem is numerically solved
using an adaptation of iterative switching algorithms (this adaptation is close to the one described in |3,
Appendix C| which concerns a scalar Tresca friction problem). We also precise that, for all i € N*
the difference between the cost functional J at the iteration 20 x 7 and at the iteration 20 x (i — 1)

is computed. The smallness of this difference is used as a stopping criterion for the algorithm.

10.3.2 Example and numerical results

In this subsection take d = 2 and let € be the unit disk of R? with its boundary I' := 9
decomposed as I' = I'p U ' (see Figure 10.1), where

I'p := {(cosf,sinf) e |0< < T},
I's := {(cosf,sinf) €T | F <6 <2r}.

Figure 10.1 — Unit disk 2 and its boundary I' = I'p U T's.

We assume that Q is isotropic, in the sense that the Cauchy stress tensor is given by

o(v) = 2ue(v) + Atr (e(v)) I,

for all v € HE(Q,RY), where tr (e(v)) is the trace of the matrix e(v) and where u > 0 and A > 0
are Lamé parameters (see, e.g., [73]). In what follows we take p = 0.3846 and A = 0.5769. This
corresponds to a Young’s modulus equal to 1 and to a Poisson’s ratio equal to 0.3, which is a typical

value for a large variety of materials. Let us consider the arbitrary functions h := 0 a.e. on I'g, g1 := 2
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a.e. on I's, go € L?(I's) be the function defined by
gs: 's — R
(z,y) +— ga(z,y) =2 —y?,
and f € L?(2,R?) be the function defined by

— R?
R 5—3:2—y2+xy 5—$2—y2+xy
—  f(z,y) = 5 o .

f: Q
(2,9)

With m := 2, one has g1 > m a.e. on I's and 0 < ||g2|[r,<(rg) < m, thus the assumptions from the
beginning of Chapter 10 and from Section 10.3 are satisfied. We consider the initial control zg € U
given by
20 : I's — R
(z,y) +—— 2o(z,y) = cos (z? — y?).

We present now the numerical results obtained for the above two-dimensional example using the
numerical methodology described in Subsection 10.3.1. Figure 10.2 depicts the control which solves
Problem (10.1). It is a bang—bang optimal control, that takes exclusively the two values —1 and 1 on
the boundary I's. Figure 10.3 shows the evolution of the value of J with respect to the iteration. We

observe an usual decreasing of the cost functional 7 with respect to the iterations.

1001 ———

0.75 1

0.50 4

0.25

0.00 -

—0.25 A

Optimal control value

—0.50 A1

—0.75 A

—1.00 A

157 234 392 553 628
Angle (radian)

Figure 10.2 — Values of the optimal control on the boundary I's := {(cosf,sinf) € T'| T < 6 < 27 }.
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0 50 100 150 200 250 300
iteration

Figure 10.3 — Values of the cost functional J with respect to the iterations.
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CONCLUSIONS AND PERSPECTIVES

This PhD thesis investigated the sensitivity analysis of two mechanical contact problems: the
Signorini problem and the Tresca friction problem, both in the scalar model and in the linear elastic
model. Using a new methodology based on the theory of variational inequalities and on tools from
convex and variational analyses such as the notion of proximal operator and the notion of twice epi-
differentiability, we proved that, under appropriate assumptions, the derivative of a Signorini/Tresca
friction problem with respect to the data can be characterized as solution to a boundary value prob-
lem involving (tangential) Signorini unilateral conditions. Then we apply those results to study shape
optimization problems and optimal control problems in which we were able to characterize the (shape)
gradient of an appropriate cost functional. An important point and novelty of this manuscript is that

we did not use any penalization or regularization procedure to deal with such optimization problems.

In Part III we presented some applications but our method is applicable to other shape optimization
problems and optimal control problems. In particular, note that the work in Subsection 6.2.2 could
allow us to consider also a shape optimization problem involving the Tresca friction law in the linear
elastic model and in the two-dimensional case. Nevertheless, in the three-dimensional case, since the
norm in the parameterized Tresca friction functional is a ¢-dependent map (see Remark 6.2.13), we
have not been able to study further a shape optimization problem in this framework. Nevertheless,
maybe it would be possible to continue the investigation by computing the twice epi-differentiability
of the t-dependent norm, which is a highly nontrivial work. We summarize in the following tables
the shape otimization problems (resp. the optimal control problems) that can be solved with our

methodology for the corresponding energy functional (resp. the cost functional defined by (10.2)).

Scalar model

Shape optimization problems

Elasticity model d = 2

Elasticity model d = 3

Signorini unilateral conditions

Tresca friction law

v
v

v
v

v
?

Optimal control problems

Scalar model

Elasticity model d = 2

Elasticity model d = 3

Signorini unilateral conditions

Tresca friction law

v
v

v
v

v
v

In this manuscript we have minimized a self-adjoint functional. Other cost functionals, such as
the least-square functional, can pose challenges to correctly define an adjoint problem due to nonlin-
earities in shape gradients. Note that these difficulties do not appear in the literature when using
penalization or regularization procedures (see, e.g., [47]). We do not address this challenge yet, and

we believe that it is an interesting area for future research.
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Conclusions and perspectives

In this work we did not have considered the Coulomb friction law. Indeed, the main difficulty
of this model comes from the friction threshold which depends on the normal stress, thus leads to a
nonvariational problem. Nevertheless, the Tresca model can be seen as a simplified Coulomb friction
law with a given friction threshold (see Section 1.2), thus can be considered as a first step towards the
treatment of the more complicated mathematical formulation of the Coulomb friction law (for details,
see, e.g., [32, 74]).

The inversion of the symbols ME-lim and [ on the H'(Q)-space (see Remark 5.2.5) remains an
open question in the literature and a challenge for a future research project. We refer to the work [65] in
which the author studied the inversion of the ME-lim symbol and the [, symbol over the L?(Q2)-space.

Concerning the numerical point, we have used different algorithms to perform our numerical sim-
ulations: the iterative switching algorithms and Nitsche methods. The iterative switching algorithms
are easily implementable and seem efficient, but the convergence proof of these algorithms is not es-
tablished yet, while Nitsche methods have been studied rigorously in [21, 22, 23]. These two methods
were used to compare them, at least briefly. However, this comparison has not been pursued in depth
and some investigations need to be carried out in order to study their advantages and drawbacks,

which is an interesting prospect for further work.

To conclude note that, in the shape optimization problems considered all along this manuscript,
we do not prove theoretically the existence of an optimal shape. It would be an interesting subject
for future investigations. Let us mention some related results that can be found in the literature,
e.g, [42, 43, 62, 63, 66].
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APPENDIX A

SUFFICIENT CONDITIONS FOR THE
TWICE EPI-DIFFERENTIABILITY OF THE
PARAMETERIZED TRESCA FRICTION
FUNCTIONAL

In this first appendix our aim is to prove, in some particular cases which correspond to practical
situations, that the parameterized Tresca friction functional is twice epi-differentiable. More precisely,
we focus here on the parameterized Tresca friction functional ® defined in (5.15), thus we preserve
the notations introduced in Subsection 5.2.2 and we assume that, for almost all s € I", the map ¢ €
Ry — g(s) € Ry is differentiable at ¢ = 0, with its derivative denoted by g{(s) and also g, € L(T).
We now want to prove that ® is twice epi-differentiable at ug for Fy — ug € 9®(0,-)(up), with its

second-order epi-derivative given by
DZ® (uo| Fo — up)(w) = / DZG(s)(uo(5)|0n(Fo — uo)(s))(w(s))ds,
r

for all w € H'(Q2). From the characterization of Mosco epi-convergence (see Proposition 3.2.4), it is

sufficient to prove that, for all w € H'(Q2), the two conditions:
(i) for all (wy)i=0 C HY(Q) such that (w;);>0 — w in HY(Q), then

O (Fo — ug)(s)

.. 2 /
i inf A0 Fo = ) (1) > 05, g5y (0) + [ ()2

90

w(s)ds;

(i) there exists (w;)i>o C HY(Q) such that (wg)i~o — w in H(Q) and

On(Fo — uo)(s)

005) w(s)ds;

i sup AFD(uol o~ 10) (1) < 11,15, () + [ 6405)

90

are satisfied.

The condition (i) is always satisfied. Indeed, from Proposition 5.2.8, this condition can be rewritten
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Appendix A - Sufficient conditions for the twice epi-differentiability of the parameterized Tresca
friction functional

lim inf/ AFG(s)(u(s)[0n(Fo — o) (s)) (we(s))ds > / DZG(s)(uo(s)|0n(Fo — o) (s)) (w(s))ds,
r T

which is true thanks to the dense and compact embedding H*(Q2) <% L2(T'), to the twice epi-
differentiability of the function G(s) for almost all s € T (see Proposition 5.2.10) and to the classical
Fatou’s lemma (see, e.g., [16, Lemma 4.1 p.90]).

The condition (ii) is obviously satisfied if w ¢ ’Cu078n(F0—u0). Thus one has only to prove the

. . 90
following assertion:

(ii") for all w € K., omto-u , there exists (wt)s>0 C HL(Q) such that (w)i=o — w in HY(Q) and
? 90
8H(F0 - UO)(S)

lim sup AZ®(ug| Fo — uo) (w;) < /96(5)
r go(s)

w(s)ds.

Unfortunately we are not able to prove this assertion in a general setting yet, that is without any
additional assumptions on ug and on I', and in any dimension d > 1. Nevertheless, in this appendix,
we prove this assertion in some particular cases which correspond to practical situations, providing

sufficient conditions. In particular, in the next sections, we consider the additional assumption

(A) the map t € R, ~— g, € L(T) is differentiable at ¢t = 0.

A.1 First example of sufficient condition: © = 0 almost every-

where on I’

In this first example, we assume that up = 0 almost everywhere on T', therefore I'y>?° has a null

measure. Let w € ICu on(Fo—ug) - Lhen, taking the sequence w; = w for all ¢ > 0, one gets
’ 90

ge(8)luo(s) + tw(s)| = gi(s)[uo(s)] + t0n (Fo — uo)(s)w(s)

stsulR —w)w) = [ i s
_ 9e(s) = 90(s) 34 — 9¢(s) = 90(s) 34
= [, - [ o T o)

] 3n(Fo—Uo)($)w S\ds

— [ a2 usjas,

when ¢ — 0" from Assumption (A). Therefore Condition (ii’) is satisfied.

A.2 Second example of sufficient condition: truncature

In this second example, we introduce two disjoint subsets of I' given by

L% = {s €T |ug(s) > 0} and L% = {s eI |up(s) <0}.

148



A.3. Third example of sufficient condition: truncature and dilatation

Hence it follows that T'\"?" = T\ UTY?, dhuo = —go a.e. on T and that dyup = go a.e.
on I'y”%. Now let us assume that there exists C' > 0 such that |ug| > C on Fﬁ‘ﬂ;g” U Let us

consider w € ICuO o (Fo—ug) and the truncature w; € H'(Q) of w defined by
’ 90

1 1
7 if w(z) > v

we(z) = ¢ w(x) if |w(z)| < %7
—% if w(z) < —%,

for almost all z € Q and for all ¢ > 0. One deduces from Marcus-Mizel theorem (see [56]) that w; — w
in H'(Q2) when ¢t — 0F. Moreover, for all ¢ < C?, one gets

A?‘:I)(’LLQ|F0 — ’LLO)(U)t) =

/ gt(s) — go(S) ’LUt(S)dS o / gt(s) — 90(8) ’LUt(S)dS
r20:90 [20:90yp20:90

uQ,90 t
A

when ¢ — 0 from Assumption (A), therefore Condition (ii’) is satisfied.

A.3 Third example of sufficient condition: truncature and di-

latation

In this third example, we take d = 2 and we assume that ug and dyug are continuous on I', and
that T is diffeomorphic to the circle S! := {(J;,y) ER? |22+ 92 = 1}. From this last assumption,
for simplicity, we assume in the sequel that I' = S'. Let us assume that ' = Tg}% UT% (in this
particular case, the hypothesis on the continuity of d,ug is useless, see Remark A.3.1) where I‘;“jrgo
has already been defined in the previous example, and with the following parameterizations

FK&’_QO = {(cosf,sinf) €T'| 0 € |y1,72[},

g3 = {(cos,sinf) € T | 0 € [y2,71 + 27},

such that —m < 71 < 72 < 7 (see Figure A.1). From the continuity of ug, there exists ¢ > 0 such
that ugp > c on the set {(cosf,sinf) € T, 0 € [x1,x2]} C I}, with v1 < x1 < x2 < 72. Let us
consider wy € |—7, 1|, wa € ]2, [, and also ay, B; defined, for ¢ > 0 such that v/¢ < ¢, by

ay := inf {a € [v1,xa] | V0 € [a, x1] , uo(cos@,sinf) > \/7?}7

8, = inf {5 € [x2,72] | V0 € [x2, 8], uo(cos b, sin ) > \/i}.

From the continuity of ug, ones deduces that a; — v; and 8; — v» when t — 0%.
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Appendix A - Sufficient conditions for the twice epi-differentiability of the parameterized Tresca
friction functional

V2 B 0,90
/ FN+

X2
X1

uo0,90
Fs+ o

71
w1
Figure A.1 — Illustration of the boundary I’

Let w € /Cuo o (Fo—ug) » and let y; € HY(Q) be the truncature of w given by

90

% if w(z) > %,
(@) =9 w@)  if @) < 7,
—% if w(z) < _%’

for almost all x € Q and for all ¢ > 0. As in the previous section, one gets y; — w in H'(Q),
and thus y,r — wr in H1/2(I‘) when ¢t — 07. Let us consider, for ¢ > 0 sufficiently small, the
dilatation z; := yyr o d; of yyr, with d; given by

dt : r — T
(x1,22) if (21,22) € Tg7\ {(cosb,sinb), 6 € [wy,ws]},

d“vt (21, 29) if 2arctan ( ;537 ) € [wi, o],

o s doext (zq, 35) if 2arctan ( ;727 ) € [ow, x1]

b (1, T2) if 2arctan ( 727 ) € [x1, x2],

dxX Pt (z1, 1) if 2arctan xfil € [x2, B4,

dﬁt;WZ (xl’ (EQ) if 2arctan mfil S [Bh wQ] P

where
(1 — w1) 2arctan (lfil) + w1 (g — )

AV (xy, xe) = (cos 0¥ sin V1) | with 640 % = ,
Qp — w1

(x1 — 1) 2arctan (JL) +x1 (71— )
d*X1(zy, xe) = (cos 00Xt sin §¥X1) | with X1 = o ,
1—

(72 — x2) 2arctan (zﬁl) + x2 (Bt — 72)
Bt — X2

dxz-Pe (2101, $2) _ (cos 9)(2,/315’ sin 9)(27[%) , with gxz:Pt —

)
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A.3. Third example of sufficient condition: truncature and dilatation

Wy — 2arctan< L2 )—l—w -
dﬂt’w2($1,$2) _ (Coseﬁ,,WQ’Sineﬁ,,wz% with 98w — (w2 —72) z1+1 2 (72 ﬁt).

w2 *ﬂt

Note that, since —7m < w; < wy < m, then d; is a well-defined bijective Lipschitz continuous map,
and its inverse is also a bijective Lipschitz continuous map. Thus it follows that z, € H/2 (T") and
also z; — wyp in HY/2(I') when ¢ — 0F. Then, for ¢ > 0 sufficiently small, we denote by w; € H'(Q2) a
lift of 2, € HY/?(T), such that w; — w in H'(Q) when ¢ — 0. Therefore, by denoting

9e(8)|uo(s) + twi(s)| — ge(s)|uo(s)| = t0n(Fo — uo)(s)wi(s)
12

me(s) =

)

for t > 0 sufficiently small and for almost all s € T', it follows that

A2 (ug| Fy — ug)(wy) = / my(s)ds
{(cos 0,sin 0), Oc[—m,w1]}

m(s)ds + / me(s)ds

“
{(cos 0,sin 0), O€ w1 ,0¢]} {(cos 0,sin 0), O€[as,x1]}

my(s)ds —|—/ my(s)ds

{(cos 0,sin 0), O€[x2,6¢]}

me(s)ds + / mq(s)ds.

{(cos0,sin0), O€[wa,m]}

“
{(cos 0,sin 0), O€[x1,x2]}

“
{(cos 0,sin 0), O€[Bt,w2]}
Then, from the definition of d; and Assumption (A), one deduces that

(Fo —ug)(s)

A2 (ug| Fy — ug) (wy) —>/Fg{)(s)an w06 w(s)ds,

when ¢ — 07, and thus Condition (ii’) is satisfied.

Remark A.3.1. In the case where I' = T'¢%%° UT' (%, the hypothesis d,ug continuous on I' is useless.

Nevertheless, in the general case I' = T\;?° UT# UT 9 UT g% UTGL?, with the hypotheses ug

and dyug continuous on I'; one can get with appropriate assumptions on the angles (as we did for wy

and ws), the twice epi-differentiability of the parameterized Tresca friction functional: a part of I'g>?°
uo,90

(resp. T'g}?°, resp. T%°) is never side to side with a part of T\ (resp. T\”%°, resp. I';), and

thus, using an appropriate dilatation, one can obtain the same result.
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APPENDIX B

ITERATIVE SWITCHING ALGORITHMS

In this second appendix we describe the iterative switching algorithm for the Signorini problem
proposed in [4]. Then, being inspired by this procedure, we propose hereafter an adapted iterative
switching algorithm in order to solve numerically the Tresca friction problem. We focus here on the
scalar Signorini problem given in Subsection 5.1.1 and the scalar Tresca friction problem given in
Section 5.2.2.

B.1 Iterative switching algorithm for the scalar Signorini prob-

lem
Consider the scalar Signorini problem

—Au+u = f in Q,
u<0,0hu<gandu(dyu—g) =0 onl.

The algorithm is based on the following iterations.

Step 1: We start by solving the scalar Dirichlet problem

ug = 0 onT,

{—Au0+uo = f inQ,

then we verify if the Signorini unilateral conditions are satisfied, that is d,ug < g on I'. Otherwise we

go to the second step.

Step 2: Let T'}; C T such that d,ug > g, and T}, := I‘\ﬁ Then we solve the scalar Dirichlet-

Neumann problem given by

—Auy+u; = f inQ,
up = 0 onT},
Ohuy = g onlgk.

If Oqyu; < gon Fll) and u; < 0on Fll\l, then wu; is the solution to the scalar Signorini problem. Otherwise

we go to the third step.

Step 3: Let % C T} such that dyu; > g, and T3 := Fb\ﬁ. Moreover, let fQD C I'} such
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B.2. Iterative switching algorithm for the scalar Tresca friction problem

that u; > 0, and f‘lz\I = Fll\l\f% Then let us defined I'?) := '3 U f‘QD and T} :=T% U f‘lz\I Then solve

—Aust+us = f inQ,
uy = 0 onT3,
Ohug = g onl%.

If Oyus < g on I‘QD, us < 0 on I‘QN, then ug is the solution to the scalar Signorini problem. Otherwise
repeat this step.

B.2 Iterative switching algorithm for the scalar Tresca friction

problem
In this section we adapt the above strategy to the scalar Tresca friction problem given by

—Aut+u = f in Q,
|[Ohu| < g and uOhu = —glu| onT.

Step 1: We start by solving the scalar Dirichlet problem given by

{Aquruo = f inQ,

ug = 0 onlT.

If |Ohuo| < g then wg is the solution to the scalar Tresca friction problem. Otherwise we go to the

second step.

Step 2: Let F%_7N C I such that d,ug < —g, and let F1T+,N C I such that dyug > g. We
define I'y = P\T'%._  UTY, y, and we solve the scalar Dirichlet-Neumann problem given by

—Aul +u; = f in Q7
uy = 0 onl}CT,
dur = —g onTi_y,
ur = g onDh, .
If |Oyu1| < g on T} and w10huy = —glus| on FlT_7N U F1T+)N, then wuq is the solution to the scalar

Tresca friction problem. Otherwise we go to the third step.

Step 3: Let f‘zT_ﬁN C T}, such that d,u; < —g, and f2T+,N C I‘}D such that d,u; > g, and we
define sz = F%)\fQTi’N U f%Jr’N.

Let f‘ZD C F%_,N such that u10,u; # —gluyl, that is u; < 0. We define f“?r_}N = F%_)N\f‘%.

Let fQD C Frll«+’N such that u;Oyu; # —gluq], that is u; > 0. We define I:‘QTJ“N = F’lI‘+,N\f2D'
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Appendix B - Iterative switching algorithms

Then we define T3 := T3 UT3 UT2, F%_)N = f%_,N Usz_yN, F%“+,N = f‘%+7N Uf‘gf_hN, and we solve

_AUQ +ugx = f in Q,
up = 0 onl%,
Owus = —g on FQTf’N,
Ogua = g on F?F+7N.
If [Dyuz| < g on TP and updyug = —glug| on T3 UTH, y, then ug is solution to the scalar Tresca

friction problem. Otherwise repeat this step.
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Analyse de sensibilité et optimisation pour des problemes de contact

Mot clés : Opérateur proximal, épi-différentiabilité du second ordre, inéquations variation-
nelles, optimisation de forme, loi de contact unilatéral de Signorini, loi de friction de Tresca

Résumé : Lanalyse de sensibilité de pro-
bléemes décrits par des inéquations variation-
nelles est un domaine prometteur pour le
traitement de probléemes de contréle optimal
et d'optimisation de forme en mécanique du
contact. Lobjectif de cette these est de me-
ner une telle analyse sans utiliser les mé-
thodes classiques de régularisation et/ou de
pénalisation qui perturbent la nature non lisse
des modeles physiques d’origine. Nous pro-
posons alors une nouvelle méthodologie, ba-
sée sur des outils avancés issus de I'ana-
lyse convexe et non lisse, tels que I'opérateur
proximal et le concept d’épi-différentiabilité du
second ordre. Plus précisément, les modéles
considérés sont ceux issus de la mécanique

du contact, décrivant le contact entre des so-
lides déformables qui se touchent sur des
parties de leurs bords sans s’interpénétrer et
qui peuvent éventuellement glisser I'un contre
l'autre, provoquant ainsi des phénomenes de
frottement. La condition de non-perméabilité
peut étre décrite par la loi de contact unilatéral
de Signorini, tandis que le frottement peut étre
décrit par la loi de friction de Tresca. Ces deux
lois se traduisent par des inégalités et/ou des
termes non lisses dans les formulations varia-
tionnelles correspondantes. A I'aide de notre
approche, nous procédons a une analyse de
sensibilité de ces modeéles et étudions ainsi
des probléemes associés de contréle optimal
et d’optimisation de forme.

Sensitivity analysis and optimization for contact problems

Keywords: Proximal operator, twice epi-differentiability, variational inequalities, shape opti-
mization, Signorini’s unilateral conditions, scalar Tresca friction law

Abstract: Sensitivity analysis of problems de-
scribed by variational inequalities is a promis-
ing field for the treatment of optimal control
and shape optimization problems in contact
mechanics. The objective of this PhD thesis is
to carry out such analysis without using clas-
sical regularization and/or penalization proce-
dures which perturb the non-smooth nature of
the original physical models. Then we pro-
pose a new methodology, based on advanced
tools from convex and non-smooth analyses,
such as the proximal operator and the concept
of second order epi-differentiability. More pre-
cisely, the models considered are those from

contact mechanics, describing the contact be-
tween a deformable body with a rigid foun-
dation without penetrating it, and possibly al-
lows sliding modes which causes friction phe-
nomena. The non-permeability condition can
be described by the Signorini unilateral condi-
tions, while the friction can be described by the
Tresca friction law, both resulting in inequal-
ities and/or non-smooth terms in the corre-
sponding variational formulations. Using our
approach, we perform a sensitivity analysis of
these models and thus study associated opti-
mal control and shape optimization problems.
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