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INTRODUCTION (EN FRANÇAIS)

Cette thèse s’inscrit dans deux domaines mathématiques majeurs : la théorie des inéquations
variationnelles et l’étude de problèmes de mécanique du contact. Plus précisément, l’objectif de
ce travail est l’analyse de sensibilité de deux problèmes principaux issus de la mécanique du contact,
à savoir, le problème de Signorini modélisant le cas de contact unilatéral, et le problème de
Tresca qui prend en compte des phénomènes de frottement. Ces deux problèmes seront étudiés dans
deux modèles différents : le modèle scalaire (la solution devra satisfaire une équation de type Laplace)
et le modèle de l’élasticité linéaire. Deux applications majeures sont alors visées : l’étude de problèmes
d’optimisation de forme et l’étude de problèmes de contrôle optimal. Dans cette introduction
nous décrivons :

(i) dans un premier paragraphe, les motivations et les objectifs de ce manuscrit, ainsi que son
positionnement par rapport à la littérature ;

(ii) dans le second paragraphe, nous présentons brièvement les problèmes considérés et une courte
description de certains résultats ;

(iii) dans les derniers paragraphes, nous donnons un résumé des différents chapitres de ce manuscrit,
et nous détaillons la méthodologie utilisée ainsi que les résultats obtenus.

Motivations et objectifs. Les modèles mathématiques relatifs aux problèmes de mécanique du
contact entre des corps déformables sont étudiés dans la littérature en vue de diverses applications
d’ingénierie, telles que l’analyse du contact roue-sol pour un véhicule automobile, la modélisation de
prothèses médicales, etc. Plus précisément, la mécanique du contact décrit la déformation des solides
qui se touchent sur des parties de leurs frontières. Le plus souvent, le cadre mécanique consiste en
un corps solide élastique qui est en contact avec une fondation rigide, sans la pénétrer et qui peut
éventuellement glisser sur elle, ce qui provoque des frottements. Du point de vue mathématique, ces
phénomènes se traduisent par différentes contraintes : les conditions de non-perméabilité prennent la
forme d’inégalités sur la surface de contact appelées conditions unilatérales de Signorini (voir, par
exemple, [75, 76]) ; le frottement survenant sur la surface de contact est généralement modélisé par
la loi de frottement de Tresca (voir, par exemple, [51]) qui apparaît comme une condition impliquant
des inégalités et des termes non lisses, et qui dépend d’un seuil d’adhérence. Enfin, ces problèmes de
mécanique du contact sont généralement étudiés dans le cadre de la théorie des inéquations variation-
nelles, puisque les conditions unilatérales de Signorini et la loi de frottement de Tresca entraînent des
conditions sur le bord contenant des inégalités.

L’optimisation de forme (resp. le contrôle optimal) est le domaine mathématique visant à trouver
la forme d’un objet (resp. le contrôle d’un système) qui minimise une certaine fonctionnelle coût, tout
en satisfaisant des contraintes données. Pour résoudre numériquement un problème d’optimisation de
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forme (resp. de contrôle optimal), une méthodologie classique est de mettre en place une méthode de
descente de type gradient, nécessitant alors de calculer le gradient de la fonctionnelle coût qui dépend
généralement de la solution d’un problème aux limites donné. Par conséquent, un point crucial est
d’effectuer l’analyse de sensibilité du problème aux limites par rapport à des perturbations, afin de
caractériser la dérivée de la solution du problème aux limites par rapport à ces perturbations (dans
la suite, nous dirons plus simplement la dérivée de la solution).

Afin de traiter des problèmes d’optimisation de forme et de contrôle optimal en mécanique du
contact, il est parfois nécessaire de faire l’analyse de sensibilité de problèmes aux limites décrits par
des inéquations variationnelles. Jusqu’à présent, les approches utilisées dans la littérature peuvent
être divisées en quatre méthodes : la différentiabilité conique, la dualisation, la pénalisation et la
régularisation.

(i) La méthode de différentiabilité conique concerne les inéquations variationnelles dont les solutions
sont caractérisées par des opérateurs de projection (voir, par exemple, [40, 58]). Si l’ensemble sur
lequel est projeté la solution est polyédrique, alors on peut appliquer le théorème de Mignot [58]
afin d’en déduire que l’opérateur de projection admet une différentielle conique, ce qui permet
alors de prouver que la dérivée de la solution satisfait une inéquation variationnelle.

(ii) La méthode de dualisation concerne les inéquations variationnelles non lisses, et a été développée
par J. Sokolowski et J.P. Zolésio (voir, par exemple, [77, 78, 79]). Elle consiste à décrire la paire
primal/dual comme point-selle du Lagrangien associé. Cette approche offre l’avantage que la
caractérisation de la solution duale implique uniquement des opérateurs de projection, et par
conséquent le théorème de Mignot [58] peut être appliqué.

Cependant, ces deux méthodes résultent en des dérivées qui satisfont des inéquations variationnelles
abstraites (en particulier la méthode de dualisation puisqu’elle implique des élèments du dual) et par
conséquent rendent difficile une caractérisation utilisable numériquement du gradient de la fonction-
nelle coût dans des problèmes d’optimisation de forme ou de contrôle optimal. Ces difficultés sont
habituellement résolues dans la littérature en utilisant la méthode de pénalisation ou la méthode de
régularisation.

(iii) La méthode de pénalisation, utilisée par exemple dans [18, 49] concerne, en particulier, les
inéquations variationnelles avec contraintes. Elle consiste à remplacer les contraintes par une
fonction de pénalisation dans le problème d’optimisation associé au modèle de mécanique étudié.
Par conséquent, cela a l’avantage de décrire la condition d’optimalité par une équation varia-
tionnelle à la place d’une inéquation.

(iv) La méthode de régularisation concerne les inéquations variationnelles qui comportent des termes
non différentiables, et est utilisée dans des références telles que [9, 19, 53]. Elle consiste à
remplacer le terme non lisse dans le problème d’optimisation associé au modèle de mécanique
étudié, par son enveloppe de Moreau. Par conséquent, comme pour la méthode de pénalisation,
la condition d’optimalité est décrite par une équation variationnelle à la place d’une inéquation.

Le principal inconvénient de ces deux méthodes est qu’elles ne prennent pas en compte la caractéri-
sation exacte des solutions et perturbent ainsi la physique d’origine des modèles de mécanique étudiés.
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Cependant, elles ont l’avantage de permettre d’obtenir une expression utilisable numériquement du
gradient de la fonctionnelle coût dans des problèmes d’optimisation de forme ou de contrôle optimal.

Le but du travail effectué dans cette thèse est de proposer une nouvelle méthodologie afin de
faire l’analyse de sensibilité d’inéquations variationnelles non linéaires, et éventuellement non lisses,
permettant de :

1. préserver la physique d’origine des problèmes de mécanique du contact, c’est-à-dire sans utiliser
de procédure de pénalisation ou de régularisation ;

2. caractériser la dérivée de la solution du problème aux limites, comme étant elle-même solution
d’un problème aux limites ;

3. traiter des problèmes d’optimisation de forme ou de contrôle optimal en proposant une expression
utilisable numériquement du gradient d’une fonctionnelle coût.

Plus précisèment, notre méthodologie est basée sur la théorie des inéquations variationnelles et sur
des outils et résultats d’analyse convexe et variationnelle, tels que l’opérateur proximal introduit par
J.J. Moreau en 1965 [61], ou bien encore la notion d’épi-différentiabilité du second ordre introduite par
R.T. Rockafellar en 1985 [68]. De plus, à notre connaissance, c’est la première fois que ces concepts
sont appliqués dans le contexte de l’optimisation de forme et du contrôle optimal, ce qui rend ce
travail nouveau et original.

Problèmes considérés et brève description des résultats obtenus. Dans cette thèse, nous
nous focalisons sur deux problèmes aux limites particuliers issus de la mécanique du contact : un
problème impliquant des conditions unilatérales de Signorini et un problème impliquant la loi de
frottement de Tresca.

(i) Le premier problème, dit de Signorini, est un problème de contact sans frottement formulé pour
la première fois par A. Signorini dans [75] en 1933, puis en 1959 dans [76]. En 1963, G. Fichera
a prouvé dans [35] l’existence et l’unicité de la solution du problème de Signorini en minimisant
la fonctionnelle énergie correspondante. La formulation faible du problème de Signorini est une
inéquation variationnelle non linéaire, et la littérature est plutôt abondante sur ce problème
(voir, par exemple, [10, 50]).
L’analyse de sensibilité de ce problème a déjà été étudiée dans la littérature sans utiliser de méth-
ode de pénalisation ou de régularisation, à l’aide de la méthode de la différentiabilité conique
des opérateurs de projection (voir, par exemple, [19], [57, Chapitre 5 Section 5.2 p.111] et [78,
Chapitre 4 Section 4.6 p.205]). En utilisant notre nouvelle méthodologie, nous retrouvons les
résultats déjà obtenus dans la littérature pour ce type de problème. En effet, si un ensem-
ble convexe fermé non vide est polyédrique, alors, d’après le théorème de Mignot, l’opérateur
de projection sur cet ensemble admet une différentielle conique, laquelle coïncide exactement
avec l’opérateur proximal associé à l’épi-dérivée du second ordre de la fonction indicatrice asso-
ciée. De plus, notre approche permet de caractériser la dérivée de la solution du problème de
Signorini, comme étant elle-même la solution d’un problème de Signorini, ce qui est une nou-
veauté par rapport à la littérature. Nous appliquons alors les résultats obtenus à un problème

3



Introduction

d’optimisation de forme, et caractérisons ainsi la dérivée matérielle directionnelle et la dérivée
de forme directionnelle. Enfin, en utilisant ces caractérisations, nous obtenons une expression
facilement utilisable numériquement du gradient de forme de la fonctionnelle énergie correspon-
dante (voir le résumé de la Partie III ci-dessous), ce qui n’a également pas été obtenu dans la
littérature. Par conséquent, sans utiliser de méthode de pénalisation et de régularisation, ce
travail peut-être vu comme un complément et une extension des précédents articles sur ce sujet.

(ii) Le second problème, dit de Tresca, est un problème de contact avec frottement (voir, par exem-
ple, [31, Chapitre 3] ou [37, Section 1.3 Chapter 1]). La formulation faible de ce problème est une
inéquation variationnelle non linéaire impliquant une fonctionnelle propre convexe semi-continue
inférieurement qui est non différentiable : la fonctionnelle de Tresca.
L’analyse de sensibilité de ce problème a déjà été étudiée sans méthode de régularisation et de
pénalisation, en utilisant la méthode de dualisation expliquée plus haut (voir, par exemple, [77,
78]), et qui fournit des résultats assez abstraits.
Pour mener à bien l’étude de ce problème à l’aide de notre méthodologie, nous devons perturber
la loi de frottement de Tresca, et par conséquent la fonctionnelle de Tresca associée. Nous
devons alors utiliser les récents travaux issus de [2], dans lequel la notion d’épi-différentiabilitié
du second ordre a été adaptée à des fonctions convexes dépendant d’un paramètre. Nous sommes
alors capables de faire l’analyse de sensibilité de ce problème et de caractériser la dérivée de la
solution de ce problème, comme étant elle-même la solution d’un problème de Signorini, ce qui
est nouveau dans la littérature. Cela n’avait pas été obtenu avec la méthode de dualisation
puisque des élèments du dual intervenaient, et par conséquent rendaient la caractérisation des
dérivées abstraite. De plus, nous pouvons alors appliquer les résultats obtenus à des problèmes
d’optimisation de forme et de contrôle optimal, ce qui nous permet, en particulier, d’obtenir
une caractérisation de la dérivée matérielle et de la dérivée de forme, lesquelles nous permettent
ensuite d’obtenir une expression facilement utilisable numériquement du gradient de forme de la
fonctionnelle énergie correspondante (voir le résumé de la Partie III ci-dessous), ce qui là aussi,
est nouveau dans la littérature.

Mentionnons également que dans les problèmes d’optimisation de forme (resp. de contrôle optimal)
que nous avons considérés, nous arrivons à calculer la différentielle de la fonctionnelle énergie (resp.
de la fonctionnelle coût définie par (10.2)) correspondante et à caractériser son gradient à l’aide d’une
égalité, alors que les problèmes de mécanique du contact étudiés sont des inéquations variationnelles
non linéaires, voir non lisses.

Résumé Partie I. La partie I de cette thèse se focalise sur tous les outils et résultats dont on
a besoin dans ce manuscrit. Nous commençons avec le Chapitre 1 qui est un rappel sur le modèle
de l’élasticité linéaire. Dans le chapitre 2, nous rappelons des résultats de géométrie différentielle,
d’analyse fonctionnelle et de théorie de la capacité, tels que l’opérateur de Laplace-Beltrami ou bien
encore la formule de la divergence. Le Chapitre 3 concerne l’analyse convexe et variationnelle, et
comporte les outils et théorèmes les plus importants de notre méthodologie. En particulier, on y
trouve la définition de l’opérateur proximal et la notion d’épi-différentiabilité du second ordre. Enfin,
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cette partie se termine avec le Chapitre 4 dans lequel nous présentons les principaux problèmes aux
limites considérés tout au long de ce manuscrit.

Résumé Partie II. Cette partie est le cœur de ce manuscrit dans laquelle nous effectuons l’analyse
de sensibilité de problèmes aux limites impliquant des conditions unilatérales de Signorini et la loi de
frottement de Tresca. Dans toute cette partie, nous considérons Ω un ensemble ouvert non vide borné
connexe lipschitzien de Rd, où d ∈ N∗, avec sa frontière notée Γ := ∂Ω, et nous notons n le vecteur
normal unitaire extérieur à Γ. Nous commençons par le Chapitre 5, dans lequel nous nous plaçons
dans un modèle simplifié dit scalaire, c’est-à-dire que l’on considère une équation de type Laplace et
que les champs de déplacements considérés (voir le Chapitre 1) sont dans H1(Ω). Nous étudions dans
ce modèle, entre autres :

(i) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du problème
de Signorini scalaire {

−∆ut + ut = ft dans Ω,
ut ≤ 0, ∂nut ≤ gt et ut (∂nut − gt) = 0 sur Γ,

où ft ∈ L2(Ω), gt ∈ L2(Γ), pour tout t ≥ 0. L’unique solution faible ut ∈ H1(Ω) de ce problème,
qui appartient au cône convexe fermé non vide K1

0(Ω) := {v ∈ H1(Ω) | v ≤ 0 p.p. sur Γ} (où p.p.
signifie presque partout), satisfait l’inéquation variationnelle∫

Ω
∇ut · ∇(v − ut) +

∫
Ω
ut (v − ut) ≥

∫
Ω
ft (v − ut) +

∫
Γ
gt (v − ut) , ∀v ∈ K1

0(Ω),

et est donnée par ut = projK1
0(Ω)(Ft), où Ft ∈ H1(Ω) est l’unique solution d’un certain problème

de Neumann scalaire (voir Sous-section 5.1.1 pour les détails), et où projK1
0(Ω)(Ft) est l’opérateur

de projection sur K1
0(Ω). Afin d’utiliser notre méthodologie, nous utilisons l’opérateur proximal

pour caractériser ut, c’est-à-dire (voir Remark 3.1.11)

ut = proxιK1
0(Ω)

(Ft),

où proxιK1
0(Ω)

est l’opérateur proximal associé à la fonction indicatrice de Signorini ιK1
0(Ω).

Nous prouvons alors, en utilisant notamment l’épi-différentiabilité du second ordre (voir Défini-
tion 3.2.5) de la fonction indicatrice de Signorini ιK1

0(Ω), que sous certaines hypothèses (voir
Corollaire 5.1.5), l’application t ∈ R+ 7→ ut ∈ H1(Ω) est dérivable en t = 0, et que sa
dérivée u′

0 ∈ H1(Ω) est l’unique solution faible du problème de Signorini scalaire
−∆u′

0 + u′
0 = f ′

0 dans Ω,
∂nu

′
0 = g′

0 sur Γu0,g0
N ,

u′
0 = 0 sur Γu0,g0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ g′

0 et u′
0 (∂nu

′
0 − g′

0) = 0 sur Γu0,g0
S− ,

où f ′
0 ∈ L2(Ω) (resp. g′

0 ∈ L2(Γ)) est la dérivée en t = 0 de l’application t ∈ R+ 7→ ft ∈ L2(Ω)
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(resp. t ∈ R+ 7→ gt ∈ L2(Γ)), et où Γ se décompose, à un ensemble de mesure nulle près,
en Γu0,g0

N ∪ Γu0,g0
D ∪ Γu0,g0

S− , avec

Γu0,g0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0,g0
D := {s ∈ Γ | u0(s) = 0 et ∂nu0(s) < g0(s)} ,

Γu0,g0
S− := {s ∈ Γ | u0(s) = 0 et ∂nu0(s) = g0(s)} .

(ii) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du problème
de Tresca scalaire : {

−∆ut + ut = ft dans Ω,
|∂nut| ≤ gt et ut∂nut + gt|ut| = 0 sur Γ,

(1)

où ft ∈ L2(Ω), gt ∈ L2(Γ), avec gt > 0 p.p. sur Γ, pour tout t ≥ 0. L’unique solution
faible ut ∈ H1(Ω) de ce problème satisfait l’inéquation variationnelle∫

Ω
∇ut · ∇(v − ut) +

∫
Ω
ut (v − ut) +

∫
Γ
gt |v| −

∫
Γ
gt |ut| ≥

∫
Ω
ft (v − ut) , ∀v ∈ H1(Ω),

et est donnée par
ut = proxΦ(t,·)(Ft),

où Ft ∈ H1(Ω) est l’unique solution d’un certain problème de Neumann scalaire (voir Sous-
section 5.2.2 pour plus de détails) et où proxΦ(t,·) est l’opérateur proximal associé à la fonction-
nelle de Tresca dépendant d’un paramètre Φ(t, ·) définie par

Φ(t, ·) : H1(Ω) −→ R

v 7−→ Φ(t, v) :=
∫

Γ
gt|v|.

Puisque la fonctionnelle Φ dépend d’un paramètre, nous utilisons la notion plus générale d’épi-
différentiabilité du second ordre dépendant d’un paramètre (voir Définition 3.2.11) afin de prou-
ver que, sous certaines hypothèses (voir Théorème 5.2.12), l’application t ∈ R+ 7→ ut ∈ H1(Ω)
est dérivable en t = 0, et que sa dérivée u′

0 ∈ H1(Ω) est l’unique solution faible du problème de
Signorini scalaire

−∆u′
0 + u′

0 = f ′
0 dans Ω,

∂nu
′
0 = g′

0
∂nu0
g0

sur Γu0,g0
N

u′
0 = 0 sur Γu0,g0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ g′

0
∂nu0
g0

et u′
0

(
∂nu

′
0 − g′

0
∂nu0
g0

)
= 0 sur Γu0,g0

S− ,

u′
0 ≥ 0, ∂nu

′
0 ≥ g′

0
∂nu0
g0

et u′
0

(
∂nu

′
0 − g′

0
∂nu0
g0

)
= 0 sur Γu0,g0

S+ ,

(2)

où f ′
0 ∈ L2(Ω) est la dérivée en t = 0 de l’application t ∈ R+ 7→ ft ∈ L2(Ω), g′

0 ∈ L2(Γ) est la
fonction définie, pour presque tout s ∈ Γ, par g′

0(s) := limt→0+
gt(s)−g0(s)

t , et où Γ se décompose,
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à un ensemble de mesure nulle près, en Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− ∪ Γu0,g0

S+ , avec

Γu0,g0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0,g0
D := {s ∈ Γ | u0(s) = 0 et ∂nu0(s) ∈ (−g0(s), g0(s))} ,

Γu0,g0
S− := {s ∈ Γ | u0(s) = 0 et ∂nu0(s) = g0(s)} ,

Γu0,g0
S+ := {s ∈ Γ | u0(s) = 0 et ∂nu0(s) = −g0(s)} .

Dans le Chapitre 6, nous nous plaçons dans le modèle de l’élasticité linéaire (voir Chapitre 1 pour
des détails sur ce modèle), avec d ∈ {2, 3}. Nous supposons que Ω est un solide élastique, et que la fron-
tière Γ se décompose en deux parties, notées ΓD et ΓS, telles que Γ = ΓD ∪ΓS et ΓD ∩ΓS = ∅, avec ΓD

de mesure strictement positive, et nous notons H1
D(Ω,Rd) :=

{
v ∈ H1(Ω,Rd) | v = 0 p.p. sur ΓD

}
qui

est un sous-espace vectoriel de H1(Ω,Rd). Nous étudions dans ce modèle, entre autres :

(iii) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du problème
de Signorini 

−div (Ae (ut)) = ft dans Ω,
ut = 0 sur ΓD,

στ (ut) = 0 sur ΓS,

utn ≤ 0, σn(ut) ≤ gt et utn (σn(ut) − gt) = 0 sur ΓS,

où ft ∈ L2(Ω,Rd), gt ∈ L2(ΓS), utn := ut · n, A est le tenseur des rigidités, e est le tenseur
des déformations, σn(ut) est la contrainte normale et στ (ut) la contrainte tangentielle (voir
Chapitre 1 pour plus de détails), pour tout t ≥ 0. L’unique solution faible ut ∈ H1(Ω,Rd) de ce
problème, qui appartient au cône convexe fermé non vide K1

0(Ω,Rd) := {v ∈ H1
D(Ω,Rd) | vn ≤

0 p.p. sur ΓS}, satisfait l’inéquation variationnelle∫
Ω

Ae(ut) : e (v − ut) ≥
∫

Ω
ft · (v − ut) +

∫
ΓS

gt (vn − utn) , ∀v ∈ K1
0(Ω,Rd),

et est donnée par ut = projK1
0(Ω,Rd)(Ft), où Ft ∈ H1

D(Ω,Rd) est l’unique solution d’un cer-
tain problème de Dirichlet-Neumann (voir Section 6.1 pour les détails), et où projK1

0(Ω,Rd) est
l’opérateur de projection sur K1

0(Ω,Rd). Pour utiliser notre méthodologie, nous écrivons

ut = proxιK1
0(Ω,Rd)

(Ft),

où proxιK1
0(Ω,Rd)

est l’opérateur proximal associé à la fonction indicatrice de Signorini ιK1
0(Ω,Rd).

Nous prouvons alors, en utilisant notamment l’épi-différentiabilité du second ordre de la fonc-
tion indicatrice de Signorini ιK1

0(Ω,Rd) que, sous certaines hypothèses (voir Corollaire 6.1.5),
l’application t ∈ R+ 7→ ut ∈ H1

D(Ω,Rd) est dérivable en t = 0, et que sa dérivée u′
0 ∈ H1

D(Ω,Rd)
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est l’unique solution faible du problème de Signorini

−div (Ae(u′
0)) = f ′

0 dans Ω,
u′

0 = 0 sur ΓD,

στ (u′
0) = 0 sur ΓS,

σn(u′
0) = g′

0 sur Γu0,g0
SN

,

u′
0n = 0 sur Γu0,g0

SD
,

u′
0n ≤ 0, σn(u′

0) ≤ g′
0 et u′

0n (σn(u′
0) − g′

0) = 0 sur Γu0,g0
S− ,

où f ′
0 ∈ L2(Ω,Rd) (resp. g′

0 ∈ L2(ΓS)) est la dérivée en t = 0 de l’application t ∈ R+ 7→ ft ∈
L2(Ω,Rd) (resp. t ∈ R+ 7→ gt ∈ L2(ΓS)), et où ΓS se décompose, à un ensemble de mesure nulle
près, en Γu0,g0

SN
∪ Γu0,g0

SD
∪ Γu0,g0

S− , avec

Γu0,g0
SN

:= {s ∈ ΓS | u0n(s) ̸= 0} ,
Γu0,g0

SD
:= {s ∈ ΓS | u0n(s) = 0 et σn(u0)(s) < g0(s)} ,

Γu0,g0
S− := {s ∈ ΓS | u0n(s) = 0 et σn(u0)(s) = g0(s)} .

(iv) L’analyse de sensibilité, par rapport au terme source et aux conditions sur le bord, du problème
de Tresca 

−div (Ae(ut)) = ft dans Ω,
ut = 0 sur ΓD,

σn(ut) = ht sur ΓS,

∥στ (ut)∥ ≤ gt et utτ · στ (ut) + gt ∥utτ∥ = 0 sur ΓS,

où ft ∈ L2(Ω,Rd), gt ∈ L2(ΓS), avec gt > 0 p.p. sur ΓS, pour tout t ≥ 0. L’unique solution
faible ut ∈ H1

D(Ω,Rd) de ce problème satisfait l’inéquation variationnelle∫
Ω

Ae(ut) : e (v − ut) +
∫

ΓS

gt ∥vτ∥ −
∫

ΓS

g ∥utτ∥ ≥
∫

Ω
ft · (v − ut) +

∫
ΓS

ht (vn − utn) ,

pour tout v ∈ H1
D(Ω,Rd), et est donnée par

ut = proxΦ(t,·)(Ft),

où Ft ∈ H1
D(Ω,Rd) est l’unique solution d’un certain problème de Dirichlet-Neumann (voir Sous-

section 6.2.1 pour les détails) et où proxΦ(t,·) est l’opérateur proximal associé à la fonctionnelle
de Tresca dépendant d’un paramètre Φ(t, ·) définie par

Φ(t, ·) : H1
D(Ω,Rd) −→ R

v 7−→ Φ(t, v) :=
∫

ΓS

gt ∥vτ∥ .

Nous prouvons alors, sous certaines hypothèses (voir Corollaire 6.2.8) telles que l’épi-différenti
abilité du second ordre (dépendant d’un paramètre) de Φ, que l’application t ∈ R+ 7→ ut ∈
H1

D(Ω,Rd) est dérivable en t = 0, et que sa dérivée u′
0 ∈ H1

D(Ω,Rd) est l’unique solution faible
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du problème de Signorini tangentiel

−div(Ae(u′
0)) = f ′

0 dans Ω,
u′

0 = 0 sur ΓD,

σn(u′
0) = h′

0 sur ΓS,

στ (u′
0) + g0

∥u0τ ∥

(
u′

0τ
−
(
u′

0τ
· u0τ

∥u0τ ∥

)
u0τ

∥u0τ ∥

)
= −g′

0
u0τ

∥u0τ ∥ sur ΓSu0,g0
R

,

u′
0τ

= 0 sur ΓSu0,g0
D

,

u′
0τ

∈ R−
στ (u0)
g0

,
(
στ (u′

0) − g′
0
στ (u0)
g0

)
· στ (u0)

g0
≤ 0 et

u′
0τ

·
(
στ (u′

0) − g′
0
στ (u0)
g0

)
= 0 sur ΓSu0,g0

S
.

où f ′
0 ∈ L2(Ω) est la dérivée en t = 0 de l’application t ∈ R+ 7→ ft ∈ L2(Ω), g′

0 ∈ L2(ΓS)
est la fonction définie, pour presque tout s ∈ ΓS, par g′

0(s) := limt→0+
gt(s)−g0(s)

t , et où ΓS se
décompose, à un ensemble de mesure nulle près, en ΓSu0,g0

R
∪ ΓSu0,g0

D
∪ ΓSu0,g0

S
, avec

ΓSu0,g0
R

:= {s ∈ ΓS | u0τ (s) ̸= 0} ,
ΓSu0,g0

D
:=
{
s ∈ ΓS | u0τ (s) = 0 et στ (u0)(s)

g0(s) ∈ B(0, 1) ∩ (Rn(s))⊥
}
,

ΓSu0,g0
S

:=
{
s ∈ ΓS | u0τ

(s) = 0 et στ (u0)(s)
g0(s) ∈ ∂B(0, 1) ∩ (Rn(s))⊥

}
.

Notons que les conditions sur ΓSu0,g0
S

sont appelées les conditions tangentielles de Signorini (voir
Remarque 4.2.12).

Finalement, cette partie est conclue avec le Chapitre 7 où des simulations numériques sont effec-
tuées afin d’illustrer le résultat obtenu dans (ii), lequel affirme que, l’approximation du premier ordre
de la solution ut du problème de Tresca scalaire (1) est donnée par u0 + tu′

0 pour de petites valeurs
de t ≥ 0, où u′

0 est la solution du problème de Signorini scalaire (2) (voir les Figures 1 et 2).

Il est important de noter que dans la partie II, nous faisons l’analyse de sensibilité de problèmes
de Signorini (resp. Tresca) bien plus généraux (c’est-à-dire avec davantage de données perturbées)
que ceux présentés précédemment. En effet, le but est de prendre en compte l’analyse de sensibilité
par rapport à la forme, des problèmes de Signorini (resp. Tresca) ci-dessus, puisque si la forme
est perturbée, alors ces problèmes plus généraux apparaîtront naturellement après un changement
de variables approprié dans les formulations variationnelles du problème de Signorini (resp. Tresca)
(voir, par exemple, les résumés ci-dessous des Chapitres 8 et 9 pour plus de détails).
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Figure 1 – La réprésentation en échelle logarithmique de l’application t ∈ R+ 7→
∥ut − u0 − tu′

0∥H1(Ω) ∈ R+ (courbe rouge) et de l’application t ∈ R+ 7→ t2 ∈ R+ (courbe bleue).

Figure 2 – La première figure affiche les valeurs de ut, tandis que la seconde affiche les valeurs
de u0 + tu′

0 pour t = 0.1.
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Résumé Partie III. Dans cette partie, nous présentons des applications des analyses de sensibilité
effectuées dans la Partie II pour la résolution de problèmes d’optimisation de forme et de contrôle
optimal.

(i) Nous commençons par le Chapitre 8 où nous traitons un problème d’optimisation de forme
impliquant la loi de frottement de Tresca dans le modèle simplifié du cas scalaire. Plus précisément,
avec d ∈ N∗, f ∈ H1(Rd) et g ∈ H2(Rd) telle que g > 0 p.p. sur Rd, nous considérons le problème
d’optimisation de forme suivant

minimiser
Ω∈U

|Ω|=λ

J (Ω), (3)

où
U := {Ω ⊂ Rd | Ω ouvert non vide borné connexe lipschitzien de Rd},

avec une contrainte de volume fixé |Ω| = λ > 0, où J : U → R est la fonctionnelle énergie de Tresca
définie par

J (Ω) := 1
2

∫
Ω

(
∥∇uΩ∥2 + |uΩ|2

)
+
∫

Γ
g|uΩ| −

∫
Ω
fuΩ,

où Γ := ∂Ω est la frontière de Ω et où uΩ ∈ H1(Ω) est l’unique solution du problème de Tresca scalaire{
−∆u+ u = f dans Ω,

|∂nu| ≤ g et u∂nu+ g|u| = 0 sur Γ,
(TPΩ)

pour tout Ω ∈ U .
Pour le traitement numérique du problème d’optimisation de forme ci-dessus, une expression

adéquate du gradient de forme de J est nécessaire. Pour ce faire, nous suivons la stratégie clas-
sique développée dans la littérature sur l’optimisation des formes (voir, par exemple, [8, 46]). Con-
sidérons Ω0 ∈ U et une direction θ ∈ C1,∞(Rd,Rd) := C1(Rd,Rd) ∩ W1,∞(Rd,Rd). Alors, pour
tout t ≥ 0 suffisamment petit tel que id + tθ est un difféomorphisme de classe C1 de Rd, nous no-
tons Ωt := (id + tθ)(Ω0) ∈ U et ut := uΩt

∈ H1(Ωt), où id : Rd → Rd est l’opérateur identité.
Afin d’obtenir une expression du gradient de forme de J en Ω0 dans la direction θ, le premier pas
consiste à obtenir une expression de la dérivée de l’application t ∈ R+ 7→ ut ∈ H1(Ωt) en t = 0.
Cependant, cette application est mal définie puisque l’espace d’arrivée H1(Ωt) dépend de la variable t.
Pour surmonter cette difficulté, nous considérons le changement de variables id + tθ et nous prouvons
que ut := ut ◦ (id + tθ) ∈ H1(Ω0) est l’unique solution du problème de Tresca scalaire général{

−div (At∇ut) + utJt = ftJt dans Ω0,

|At∇ut · n| ≤ gtJTt et utAt∇ut · n + gtJTt |ut| = 0 sur Γ0,

considéré sur le domaine fixe Ω0, où Γ0 := ∂Ω0, n est le vecteur normal unitaire extérieur à la fron-
tière Γ0, ft := f ◦ (id + tθ) ∈ H1(Rd), gt := g ◦ (id + tθ) ∈ H1(Rd) et où Jt, At et JTt

sont les
termes Jacobien standards, résultant du changement de variable utilisé dans la formulation faible
du Problème (TPΩt

) (voir Section 8.1 pour les détails). Maintenant, pour obtenir l’expression de la
dérivée de l’application t ∈ R+ 7→ ut ∈ H1(Ω0) en t = 0, noté u′

0 ∈ H1(Ω0) et appelée la dérivée

11
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matérielle directionnelle (la terminologie directionnelle a été ajoutée par rapport à la littérature,
puisque l’expression de u′

0 n’est pas linéaire par rapport à la direction θ, voir Remarque 8.1.2), et
nous écrivons alors ut = proxϕt

(Ft), où Ft ∈ H1(Ω0) est l’unique solution d’un certain problème de
Neumann scalaire, et où proxϕt

est l’opérateur proximal associé à la fonctionnelle de Tresca pertur-
bée ϕt définie par

ϕt : H1(Ω0) −→ R

v 7−→ ϕt(v) :=
∫

Γ0

gtJTt
|v|,

et considéré sur l’espace de Hilbert perturbé (H1(Ω0), ⟨·, ·⟩At,Jt
) (voir les détails sur le produit scalaire

dans la Section 8.1). En utilisant alors les résultats issus de la Partie II, nous obtenons les principaux
résultats théoriques, énoncés dans les Théorèmes 8.1.1 et 8.2.1, et résumés ci-dessous. Cependant, pour
rendre leurs expressions plus explicites et élégantes, nous les présentons sous certaines hypothèses de
régularité supplémentaires, telles que u0 ∈ H3(Ω0), dans le cadre des Corollaires 8.1.3, 8.1.5 et 8.2.2,
ce qui les rend plus adaptés à cette introduction.

1. Sous certaines hypothèses décrites dans le Corollaire 8.1.3, la dérivée matérielle direction-
nelle u′

0 ∈ H1(Ω0) est l’unique solution faible du problème de Signorini scalaire

−∆u′
0 + u′

0 = −∆ (θ · ∇u0) + θ · ∇u0 dans Ω0,

u′
0 = 0 sur Γu0,g

D ,

∂nu
′
0 = hm(θ) sur Γu0,g

N ,

u′
0 ≤ 0, ∂nu

′
0 ≤ hm(θ) et u′

0 (∂nu
′
0 − hm(θ)) = 0 sur Γu0,g

S− ,

u′
0 ≥ 0, ∂nu

′
0 ≥ hm(θ) et u′

0 (∂nu
′
0 − hm(θ)) = 0 sur Γu0,g

S+ ,

où hm(θ) := ( ∇g
g · θ− ∇θn · n)∂nu0 + (∇θ+ ∇θ⊤)∇u0 · n ∈ L2(Γ0), ∇θ est la matrice Jacobienne

de θ, et où Γ0 se décompose, à un ensemble de mesure nulle près, en Γu0,g
N ∪Γu0,g

D ∪Γu0,g
S− ∪Γu0,g

S+ ,
avec

Γu0,g
N := {s ∈ Γ0 | u0(s) ̸= 0} ,

Γu0,g
D := {s ∈ Γ0 | u0(s) = 0 et ∂nu0(s) ∈ (−g(s), g(s))} ,

Γu0,g
S− := {s ∈ Γ0 | u0(s) = 0 et ∂nu0(s) = g(s)} ,

Γu0,g
S+ := {s ∈ Γ0 | u0(s) = 0 et ∂nu0(s) = −g(s)} .

2. Nous déduisons dans le Corollaire 8.1.5 que, sous certaines hypothèses, la dérivée de forme
directionnelle, définie par u′

0 := u′
0 − ∇u0 · θ ∈ H1(Ω0), est l’unique solution faible du problème

de Signorini scalaire

−∆u′
0 + u′

0 = 0 dans Ω0,

u′
0 = −θ ·∇u0 sur Γu0,g

D ,

∂nu
′
0 = hs(θ) sur Γu0,g

N ,

u′
0 ≤ −θ ·∇u0, ∂nu

′
0 ≤ hs(θ) et (u′

0 + θ ·∇u0) (∂nu
′
0 − hs(θ)) = 0 sur Γu0,g

S− ,

u′
0 ≥ −θ ·∇u0, ∂nu

′
0 ≥ hs(θ) et (u′

0 + θ ·∇u0) (∂nu
′
0 − hs(θ)) = 0 sur Γu0,g

S+ ,

où hs(θ) := θ · n(∂n(∂nu0) − ∂2u0
∂n2 ) + ∇Γ0u0 · ∇Γ0(θ · n) − g∇(∂nu0

g ) · θ ∈ L2(Γ0).
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3. Finalement, les deux points précédents sont utilisés afin d’obtenir le Corollaire 8.2.2, affir-
mant que, sous certaines hypothèses, le gradient de forme de J en Ω0 dans la direction θ ∈
C1,∞(Rd,Rd) est donné par

J ′(Ω0)(θ) =
∫

Γ0

θ · n
(

∥∇u0∥2 + |u0|2

2 − fu0 +Hg |u0| − ∂n (u0∂nu0) + gu0∇
(
∂nu0

g

)
· n
)
,

où H est la courbure moyenne de Γ0. Soulignons que J ′(Ω0) dépend uniquement de u0 (et
non de u′

0). Par conséquent, son expression est explicite (et aussi linéaire) par rapport à la
direction θ. En particulier, cela implique qu’il n’y a pas besoin d’introduire un problème adjoint
afin d’effectuer des simulations numériques (voir Remarque 8.2.4 pour plus de détails).

L’expression du gradient de forme de J obtenue dans le point 3. permet d’obtenir une direction de
descente de J (voir la Section 8.3 pour les détails). Par conséquent, en utilisant cette direction de de-
scente, combinée avec l’algorithme d’Uzawa pour prendre en compte la contrainte de volume fixé, nous
effectuons des simulations numériques afin de résoudre numériquement le problème d’optimisation de
forme (3) sur un exemple en deux dimensions présenté dans la Sous-section 8.3.2 (voir Figure 3).

Figure 3 – Formes minimisant la fonctionnelle de Tresca J avec la contrainte de volume fixé λ = π en
fonction de différentes valeurs de g. La frontière rouge montre où u = 0 et la frontière noire montre
où |∂nu| = g.
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(ii) Dans le chapitre 9, nous traitons un problème d’optimisation de forme impliquant des con-
ditions unilatérales de Signorini dans le modèle de l’élasticité linéaire. Plus précisément, consid-
érons d ∈ {2, 3}, f ∈ H1(Rd,Rd), et Ωref un ensemble ouvert non vide borné connexe lipschitzien
de Rd, avec une frontière notée Γref := ∂Ω, telle que Γref = ΓD ∪ ΓSref , où ΓD et ΓSref sont deux
ensembles mesurables disjoints et inclus dans Γref , avec ΓD de mesure strictement positive. Nous
considérons alors le problème d’optimisation de forme suivant

minimiser
Ω∈Uref

|Ω|=|Ωref |

J (Ω), (4)

où

Uref :=
{

Ω ⊂ Rd | Ω ouvert non vide borné connexe lipschitzien de Rd

avec une frontière Γ := ∂Ω telle que ΓD ⊂ Γ
}
,

avec une contrainte de volume fixé |Ω| = |Ωref | > 0, Ω est un solide élastique qui satisfait le modèle
de l’élasticité linéaire, pour tout Ω ∈ Uref , et où J : Uref → R est la fonctionnelle énergie de Signorini
definie par

J (Ω) := 1
2

∫
Ω

Ae (uΩ) : e (uΩ) −
∫

Ω
f · uΩ,

où uΩ ∈ H1
D(Ω,Rd) est l’unique solution faible du problème de Signorini

−div(Ae(u)) = f dans Ω,
u = 0 sur ΓD,

στ (u) = 0 sur ΓS,

un ≤ 0, σn(u) ≤ 0 et unσn(u) = 0 sur ΓS,

(SPΩ)

où, pour tout Ω ∈ Uref , Γ := ∂Ω, ΓS := Γ\ΓD, n est le vecteur normal unitaire extérieur à la frontière Γ.
Similairement au Chapitre 8, nous considérons Ω0 ∈ Uref et une direction θ ∈ C2,∞

D (Rd,Rd), où

C2,∞
D (Rd,Rd) :=

{
θ ∈ C2(Rd,Rd) ∩ W2,∞(Rd,Rd) | θ = 0 sur ΓD

}
,

et, pour tout t ≥ 0 suffisamment petit tel que id + tθ est un difféomorphisme de classe C2 de Rd, nous
notons Ωt := (id+ tθ)(Ω0) ∈ Uref et ut := uΩt

∈ H1
D(Ωt,Rd). Nous considèrons ensuite le changement

de variables id + tθ et nous prouvons que ut := ut ◦ (id + tθ) ∈ H1
D(Ω0,Rd) est l’unique solution faible

du problème de Signorini général

−div
(
JtA [∇utBt] B⊤

t

)
= ftJt dans Ω0,

ut = 0 sur ΓD,((
JtA [∇utBt] B⊤

t

)
n
)(

M−1
t

⊤n
)⊥ = 0 sur ΓS0 ,

ut · M−1
t

⊤n ≤ 0,
(
JtA [∇utBt] B⊤

t

)
n · M−1

t

⊤n ≤ 0 et
ut · M−1

t

⊤n
((

JtA [∇utBt] B⊤
t

)
n · M−1

t

⊤n
)

= 0 sur ΓS0 ,
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où ft := f ◦ (id + tθ) ∈ H1(Rd,Rd), Jt := det(I + t∇θ) ∈ L∞(Rd,R) est le Jacobien, Mt := (I + t∇θ) ∈
C1,∞(Rd,Rd×d), Bt := (I + t∇θ)−1 ∈ L∞(Rd,Rd×d) et où

((
JtA [∇utBt] B⊤

t

)
n
)(

M−1
t

⊤n
)⊥ :=

(
JtA [∇utBt] B⊤

t

)
n −

((
JtA [∇utBt] B⊤

t

)
n · M−1

t

⊤n
||M−1

t

⊤n||2

)
M−1
t

⊤n.

Par conséquent, ut est donnée par ut = proxιK1
t

(Ω0,Rd)
(Ft), où Ft ∈ H1

D(Ω0,Rd) est l’unique solution
d’un certain problème de Dirichlet-Neumann (voir les détails dans la Section 9.1), et où proxιK1

t
(Ω0,Rd)

est l’opérateur proximal associé à la fonction indicatrice de Signorini ιK1
t (Ω0,Rd), où K1

t (Ω0,Rd) :=
{v ∈ H1

D(Ω0,Rd) | v · (I + t∇θ⊤)−1n ≤ 0 p.p. sur ΓS0}, et considéré sur l’espace de Hilbert per-
turbé (H1

D(Ω0,Rd), ⟨·, ·⟩Jt,A,Bt
) (voir les détails sur le produit scalaire dans la Section 9.1). En utilisant

alors les résultats issus de la Partie II, nous obtenons les principaux résultats théoriques, énoncés dans
les Théorèmes 9.1.2 et 9.2.1, et résumés ci-dessous. Cependant, nous les présentons sous certaines
hypothèses de régularité supplémentaires, dans le cadre des Corollaires 9.1.3, 9.1.5 et 9.2.2.

1. Sous certaines hypothèses décrites dans le Corollaire 9.1.3, l’application t ∈ R+ 7→ ut ∈
H1

D(Ω0,Rd) est dérivable en t = 0, et la dérivée matérielle directionnelle u′
0 ∈ H1

D(Ω0,Rd)
est l’unique solution faible du problème de Signorini

−div(Ae(u′
0)) = ℓ(θ) dans Ω0,

u′
0 = 0 sur ΓD,

στ (u′
0) = hm(θ)τ sur ΓS0 ,

σn(u′
0) = hm(θ)n sur ΓSu0n

0,N
,

u′
0n = (∇θu0)n sur ΓSu0n

0,D
,

u′
0n ≤ (∇θu0)n , σn(u′

0) ≤ hm(θ)n et
(
u′

0n − (∇θu0)n

)
(σn(u′

0) − hm(θ)n) = 0 sur ΓSu0n
0,S

,

où hm(θ) := ((Ae(u0))∇θ⊤ + A(∇u0∇θ) − σn(u0)(div(θ)I + ∇θ⊤))n ∈ L2(ΓS0 ,Rd), ℓ(θ) =
−div(Ae(∇u0θ)) ∈ L2(Ω0,Rd), et où ΓS0 se décompose, à un ensemble de mesure nulle près,
en Γu0n

S0N
∪ Γu0n

S0D
∪ Γu0n

S0−, avec

Γu0n
S0N

:= {s ∈ ΓS0 | u0n(s) ̸= 0} ,
Γu0n

S0D
:= {s ∈ ΓS0 | u0n(s) = 0 et σn(u0)(s) < 0} ,

Γu0n
S0− := {s ∈ ΓS0 | u0n(s) = 0 et σn(u0)(s) = 0} .

2. Nous déduisons dans le Corollaire 9.1.5 que, sous certaines hypothèses, la dérivée de forme
directionnelle, définie par u′

0 := u′
0−∇u0θ ∈ H1

D(Ω0,Rd), est l’unique solution faible du problème
de Signorini

−div(Ae(u′
0)) = 0 dans Ω0,

u′
0 = 0 sur ΓD,

στ (u′
0) = hs(θ)τ sur ΓS0 ,

σn(u′
0) = hs(θ)n sur ΓSu0n

0,N
,

u′
0n = W (θ)n sur ΓSu0n

0,D
,

u′
0n ≤ W (θ)n, σn(u′

0) ≤ hs(θ)n et (u′
0n − W (θ)n) (σn(u′

0) − hs(θ)n) = 0 sur ΓSu0n
0,S

,
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où W (θ) := (∇θu0) − (∇u0θ) ∈ H1/2(Γ0,Rd),

hs(θ) := θ · n (∂n (Ae(u0)n) − ∂n (Ae(u0)) n) + Ae(u0)∇τ (θ · n)

− ∇(Ae(u0)n)θ − σn(u0)
(
divτ (θ)I + ∇θ⊤)n ∈ L2(ΓS0 ,Rd),

et où divτ (θ) := div(θ) − (∇θn · n) ∈ L∞(Γ0) est la divergence tangentielle de θ, ∂n (Ae(u0)n) :=
∇(Ae(u0)n)n est la dérivée normale de Ae(u0)n, et ∂n (Ae(u0)) est la matrice dont la i-ième ligne
est le vecteur ∂n (Ae(u0)i) := ∇(Ae(u0)i)n, où Ae(u0)i est la i-ième ligne de la matrice Ae(u0)
pour tout i ∈ [[1, d]].

3. Finalement les deux précédents points sont utilisés afin d’obtenir le Corollaire 9.2.2, lequel
affirme que, sous certaines hypothèses, le gradient de forme de J en Ω0 dans la direction θ ∈
C2,∞

D (Rd,Rd) est donné par

J ′(Ω0)(θ) =
∫

ΓS0

(
θ · n

(
Ae(u0) : e(u0)

2 − f · u0

)
+ Ae(u0)n · (∇θu0 − ∇u0θ)

)
.

Notons que, similairement au problème d’optimisation de forme impliquant la loi de frottement de
Tresca dans le modèle scalaire traité dans le Chapitre 8, J ′(Ω0) est explicite et linéaire par rapport à
la direction θ, et par conséquent nous permet d’exhiber une direction de descente. Ainsi, en utilisant
cette direction de descente ainsi que l’algorithme d’Uzawa, nous effectuons des simulations numériques
afin de résoudre le problème d’optimisation de forme (4) sur un exemple en deux dimensions présenté
dans la Sous-section 9.3.2 (voir Figure 4).

(iii) Nous concluons avec le Chapitre 10, dans lequel nous traitons un problème de contrôle optimal
impliquant la loi de frottement de Tresca dans le modèle de l’élasticité linéaire. Plus précisément, nous
considérons d ∈ {2, 3}, Ω un ensemble de Rd qui est ouvert non vide borné connexe de classe C1, avec
une frontière notée Γ := ∂Ω, et nous notons n le vecteur normal unitaire extérieur à la frontière Γ.
Nous supposons que Γ se décompose en Γ = ΓD ∪ ΓS, où ΓD et ΓS sont deux ensembles mesurables
(de mesure strictement positive) disjoints, inclus dans Γ, et que presque tout les points de ΓS sont
dans intΓ(ΓS). Nous supposons que Ω est un solide élastique qui satisfait le modèle de l’élasticité
linéaire, et nous considérons f ∈ L2(Ω,Rd), h ∈ L2(ΓS), g1 ∈ L∞(ΓS) qui satisfait g1 ≥ m p.p. sur ΓS,
où m > 0 est une constante positive, et g2 ∈ L∞(ΓS) qui satisfait ||g2||L∞(ΓS) > 0. Nous considérons
alors le problème de contrôle optimal suivant

minimiser
z∈U

J (z), (5)

où J est la fonctionnelle coût définie par

J : V −→ R
z 7−→ J (z) := 1

2 ∥u(ℓ(z))∥2
A + β

2 ∥ℓ(z)∥2
L2(ΓS) ,

où || · ||A est la norme associée au produit scalaire ⟨·, ·⟩A (voir (4.1)), V est un sous-ensemble ouvert
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Figure 4 – Forme initiale (gauche) et la forme qui minimise J (droite), sous la contrainte de volume
fixé |Ωref | = π. En haut sont affichées les valeurs de la solution du problème de Signorini, tandis qu’en
bas sont affichées les valeurs de l’intégrande de J .

de L∞(ΓS) défini par

V := {z ∈ L∞(ΓS) | ∃C(z) > 0, ℓ(z) > C(z) p.p. sur ΓS} ,

où ℓ est l’application définie par z ∈ L∞(ΓS) 7→ ℓ(z) := g1 + zg2 ∈ L∞(ΓS), et où u(ℓ(z)) ∈ H1
D(Ω,Rd)

est l’unique solution du problème de Tresca
−div(Ae(u)) = f dans Ω,

u = 0 sur ΓD,

σn(u) = h sur ΓS,

∥στ (u)∥ ≤ ℓ(z) et uτ · στ (u) + ℓ(z) ∥uτ∥ = 0 sur ΓS,

(6)

où β > 0 est une constante positive et où U est un sous-ensemble non vide convexe de V tel que U
est un sous-ensemble fermé borné de L2(ΓS). Nous prouvons dans la Section 10.1 l’existence d’une
solution au problème (5), et dans la Section 10.2 nous prouvons, en utilisant les résultats issus de la
Partie II, que, sous certaines hypothèses (voir Théorème 10.2.1), J est Gateaux différentiable sur V
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et, pour tout z0 ∈ V, sa Gateaux différentielle est donnée par

dGJ (z0)(z) =
∫

Γ
Su0,ℓ(z0)

R

zg2 (β (g1 + z0g2) − ∥u0τ ∥) +
∫

Γ
Su0,ℓ(z0)

D
∪Γ

Su0,ℓ(z0)
S

βzg2 (g1 + z0g2) ,

pour tout z ∈ L∞(ΓS), où u0 := u(ℓ(z0)) est l’unique solution du problème de Tresca (6) avec ℓ(z0) =
g1+z0g2, et où ΓS se décompose, à un ensemble de mesure nulle près, en ΓSu0,ℓ(z0)

R
∪ΓSu0,ℓ(z0)

D
∪ΓSu0,ℓ(z0)

S
,

avec
ΓSu0,ℓ(z0)

R
:= {s ∈ ΓS | u0τ (s) ̸= 0} ,

ΓSu0,ℓ(z0)
D

:=
{
s ∈ ΓS | u0τ

(s) = 0 et στ (u0)(s)
ℓ(z0)(s) ∈ B(0, 1) ∩ (Rn(s))⊥

}
,

ΓSu0,ℓ(z0)
S

:=
{
s ∈ ΓS | u0τ

(s) = 0 et στ (u0)(s)
ℓ(z0)(s) ∈ ∂B(0, 1) ∩ (Rn(s))⊥

}
.

Enfin, dans la Section 10.3, nous supposons ||g2||L∞(ΓS) < m où m > 0 est la constante déjà
introduite précédemment, et nous considérons U := {z ∈ L2(ΓS) | −1 ≤ z ≤ 1 p.p. sur ΓS}, qui est
alors bien un ensemble convexe inclus dans V et également un fermé borné de L2(ΓS). Nous utilisons
alors l’expression de la Gateaux différentielle de J , laquelle nous permet d’obtenir une direction
de descente, que l’on combine avec un algorithme de gradient projeté pour prendre en compte les
contraintes présentes dans l’ensemble U , afin de résoudre numériquement le problème de contrôle
optimal (5) sur un exemple en deux dimensions présenté dans la Sous-section 10.3.2 (voir Figure 5).

Figure 5 – Valeurs du contrôle optimal sur ΓS :=
{

(cos θ, sin θ) ∈ Γ | π2 < θ < 2π
}

.
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GENERAL NOTATIONS

N The set of nonnegative integers
N∗ The set of positive integers
R The set of real numbers
R+ The set of nonnegative real numbers
R− The set of nonpositive real numbers
R∗

+ The set of positive real numbers
d The dimension, d ∈ N∗ or d ∈ {2, 3} depending on the section
| · | The absolute value map
· The Euclidean scalar product of Rd

|| · || The Euclidean norm of Rd

R−x The linear subspace of Rd defined by R−x := {y ∈ Rd | ∃λ ≤
0 such that y = λx} for any x ∈ Rd

Ω Nonempty bounded connected open subset of Rd with a Lip-
schitz boundary

Γ The boundary of Ω
n The outward-pointing unit normal vector to Γ
intΓ The interior relative to Γ
xn The normal component of x ∈ Rd defined by xn := x · n
xτ The tangential component of x ∈ Rd defined by xτ := x−xnn
x(Mn)⊥ The component of x ∈ Rd defined by x(Mn)⊥ := x − (x ·

Mn
||Mn||2 )Mn ∈ Rd, where M ∈ Rd×d

a.e. Abbreviation for almost everywhere
q.e. Abbreviation for quasi everywhere
D(Ω,Rd) The set of functions that are infinitely differentiable with

compact support in Ω
D(Ω) The set D(Ω,R)
D′(Ω,Rd) The set of distributions on Ω
D′(Ω) The set D′(Ω,R)
Lp(X,Rd) The usual Lebesgue spaces endowed with their standard

norms, where X is measurable set and p ∈ N∗ ∪ {+∞}
Lp(X) The Lebesgue space Lp(X,R)
Wm,p(Ω,Rd) The usual Sobolev spaces endowed with their standard norms,

where (m, p) ∈ N × N∗ ∪ {+∞}
Wm,p(Ω) The Sobolev space Wm,p(Ω,R)
Hm(Ω,Rd) The Sobolev space Wm,2(Ω,Rd)
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General notations

Hm(Ω) The Sobolev space Hm(Ω,R)
H1

D(Ω,Rd) The linear subspace of H1(Ω,Rd) given by {v ∈ H1(Ω,Rd) |
v = 0 a.e. on ΓD} where ΓD ⊂ Γ

H1/2(Γ,Rd) The usual trace space
H1/2(Γ) The space H1/2(Γ,R)
H−1/2(Γ,Rd) The dual space of H1/2(Γ,Rd)
H−1/2(Γ) The dual space of H1/2(Γ)
∂n(u) The normal derivative of u
A The stiffness tensor (see Chapter 1)
e The infinitesimal strain tensor defined by e(u) := 1

2 (∇u +
∇u⊤) for all u ∈ H1(Ω,Rd)

σn(u) The normal stress defined by σn(u) := Ae(u)n · n for all u ∈
H1(Ω,Rd)

στ (u) The shear stress defined by στ (u) := Ae(u)n − σn(u)n for all
u ∈ H1(Ω,Rd)

⟨·, ·⟩H1(Ω) The usual scalar product on H1(Ω)
|| · ||H1(Ω) The norm associated with the scalar product ⟨·, ·⟩H1(Ω)

⟨·, ·⟩A The scalar product on H1
D(Ω,Rd) defined by (4.1)

|| · ||A The norm associated with the scalar product ⟨·, ·⟩A
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Part I

Reminders and preliminaries
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In this first part, we introduce the results and tools involved all along the manuscript. In Chapter 1,
the linear elastic model and the definitions of the Signorini unilateral conditions and of the Tresca
friction law are presented. In Chapter 2, some notions from differential geometry, functional analysis
and capacity theory are reminded. In Chapter 3, concepts and results from convex and variational
analyses are described, such as the proximal operator, the Mosco epi-convergence, the twice epi-
differentiability, etc. Finally, in Chapter 4, some boundary value problems are detailed: a Neumann
problem, a Signorini problem and a Tresca friction problem.

We mention that some results presented here are only reminders, while some are new. In this last
case their proofs are given.
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Chapter 1

LINEAR ELASTIC MODEL

For details on this chapter, we refer, for instance, to [17, 30, 34, 73]). Let d ∈ {2, 3} and Ω be an
elastic solid, which means that it returns to its initial shape when stresses are no longer exerted. The
elastic solid is characterized by the Cauchy stress tensor σ : u ∈ H1(Ω,Rd) 7→ σ(u) ∈ Rd, a symmetric
tensor of rank 2 which describes the stress state of the elastic solid, and where u ∈ H1(Ω,Rd) is called
a displacement field. Moreover, the stress vector T is defined by

T : H1(Ω,Rd) −→ Rd

u 7−→ T (u) := σ(u)n = σ(u)n · n + στ (u),

where σn(u) is the normal stress and στ (u) the shear stress. Note that, if σn < 0, then the exterior
exerts compressive forces on the boundary of the elastic solid, while σn > 0 means that the exterior
exerts tractions forces. In the case where the elastic solid is subject to small deformations, then it
satisfies the linear elastic model given by,

σ(u) = Ae(u),

for all u ∈ H1(Ω,Rd), where A is a symmetric tensor of rank 4 called the stiffness tensor, and e is the
infinitesimal strain tensor defined by

e : H1(Ω,Rd) −→ Rd×d

u 7−→ e(u) := 1
2
(
∇u+ ∇u⊤) .

In this work, we assume that all coefficients of A are constant (denoted aijkl for all (i, j, k, l) ∈
{1, ..., d}4), and there exists one constant α > 0 such that, all coefficients of A and e (denoted ϵij for
all (i, j) ∈ {1, ..., d}2), satisfy

aijkl = ajikl = alkij ,
d∑
i=1

d∑
j=1

d∑
k=1

d∑
l=1

aijklϵij(v)(x)ϵkl(u)(x) ≥ α

d∑
i=1

d∑
j=1

ϵij(v)(x)ϵij(u)(x), (1.1)

for all displacement field v, u ∈ H1(Ω,Rd) and for almost all x ∈ Ω. Note that, from the assumptions
on A, one has Ae(v) = A∇v, for all v ∈ H1

D(Ω,Rd).

Remark 1.0.1. In the particular case where the elastic solid is isotropic, which means that its me-
chanical properties are identical in all directions, then the stiffness tensor A is given, for all symmetric
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Part I, Chapter 1 – Linear elastic model

matrix S, by
AS = 2µS + λTr(S)I,

where µ > 0 and λ > 0 are Lamé parameters (see, e.g., [30, 34]), Tr(S) is the trace of the matrix S,
and I stands for the identity operator. Thus, one deduces the Hooke’s law given by

σ(u) = 2µe(u) + λTr(e(u))I, ∀u ∈ H1(Ω,Rd).

In this work, we assume that the elastic solid is static and subjected to volume forces f ∈ L2(Ω,Rd).
Therefore, the equilibrium equation is given by (see, e.g., [30, Chapter 5 p.45]),

−div (Ae(u)) = f in Ω. (1.2)

Now let us introduce the Signorini unilateral conditions and the Tresca friction law, on which we
will focus in this manuscript.

1.1 Signorini unilateral conditions

A. Signorini proposed in 1933 (see [75]) some boundary conditions which describe a non-permeable
contact between an elastic solid and a rigid foundation. More precisely, assume that Ω is in contact
with a rigid foundation on a part ΓS of its boundary. Then the Signorini unilateral conditions are
given by

un ≤ 0, σn(u) ≤ 0 and unσn(u) = 0 on ΓS,

where un ∈ L2(Γ) is the normal component of the displacement field u ∈ H1(Ω,Rd). The physical
sense of those conditions is:

(i) un ≤ 0 describes the non-permeability of ΓS with the rigid foundation;

(ii) σn(u) ≤ 0 means that there are only compressive stresses exerted on ΓS by the rigid foundation;

(iii) unσn(u) = 0 is the complementarity relation. If un < 0, then the rigid foundation is not in
contact with ΓS, thus it does not exert compressive stresses i.e. σn(u) = 0. If σn(u) < 0, then
the elastic solid and the rigid foundation are in contact, thus un = 0 since they is no permeability.

Moreover, in some sections of the manuscript, we will consider the generalized Signorini unilateral
conditions, that are

un ≤ wn (resp. ≥ wn), σn(u) ≤ g (resp. ≥ g) and (un − w)(σn(u) − g) = 0 on ΓS,

where w ∈ H1(Ω,Rd) and g ∈ L2(ΓS) are given data.

Remark 1.1.1. In this work, we will also consider the scalar model, i.e. displacement fields are
in H1(Ω). In that case the scalar Signorini unilateral conditions (see, e.g., [52, Section 1]) are given
by

u ≤ w (resp. ≥ w), ∂nu ≤ g (resp. ≥ g) and (u− w)(∂nu− g) = 0 on ΓS,
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where w ∈ H1(Ω), g ∈ L2(ΓS) and ∂nu is the normal derivative (when it exists) of u ∈ H1(Ω) which
solves a Laplace type equation instead of the linear elasticity equation (1.2).

1.2 Coulomb friction law and Tresca friction law

The Coulomb friction law was introduced by C.A. Coulomb in 1785 (see [24]) and allows to
modelize the friction between an elastic solid and a rigid foundation. More precisely, assume that Ω
is in contact with a rigid foundation on a part ΓS of its boundary. Then the Coulomb friction law is
given by

∥στ (u)∥ ≤ −µsσn(u),
if ∥στ (u)∥ < −µsσn(u), then uτ = 0,
if ∥στ (u)∥ = −µsσn(u), then there exists λ ≥ 0 such that uτ = −λστ (u),

on ΓS, where ∥·∥ is the Euclidean norm on Rd, uτ is the tangential component of the displacement
field u ∈ H1(Ω,Rd) and µs > 0 is the static coefficient of friction, which is an empirical property of
the elastic solid and of the rigid foundation. Roughly speaking, this law physically means that, as
long as the tangential stress is inferior to the friction threshold given by −µsσn(u), then the elastic
solid does not slide on the rigid foundation. When the friction threshold is reached, then the elastic
solid slides in the same direction but in the opposite sense of the shear stress.

The Tresca friction law is a simplification of the Coulomb friction law, where the friction threshold
does not depend on the normal stress σn(u). More precisely, this law is given by

∥στ (u)∥ ≤ g,

if ∥στ (u)∥ < g, then uτ = 0,
if ∥στ (u)∥ = g, then there exists λ ≥ 0 such that uτ = −λστ (u),

where g ∈ L2(ΓS) is the friction term and is a positive function almost everywhere on ΓS. Moreover,
using Cauchy–Schwarz inequality, the Tresca friction law is equivalent to

∥στ (u)∥ ≤ g and uτ · στ (u) = −g ∥uτ∥ ,

and it is with this formulation that we will use it, all along the manuscript.

Remark 1.2.1. In the scalar model i.e. the displacement fields are in H1(Ω), the scalar Tresca friction
law is given by

|∂nu| ≤ g and u∂nu = −g |u| ,

where ∂nu is the normal derivative (when it exists) of u ∈ H1(Ω) (see, e.g., [37, Section 1.3 Chapter 1]).
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Chapter 2

DIFFERENTIAL GEOMETRY,
FUNCTIONAL ANALYSIS AND CAPACITY

THEORY

This chapter concerns classical reminders that we recall here for the sake of completeness. The first
section claims some results on differential geometry and functional analysis, such as the divergence
formula or some Sobolev embeddings. The second section recalls notions on capacity theory used in
this manuscript.

2.1 Results on differential geometry and functional analysis

Let us introduce

Hdiv(Ω,Rd×d) := {w ∈ L2(Ω,Rd×d) | div(w) ∈ L2(Ω,Rd)},

where div(w) is the vector whose the i-th component is defined by div(w)i := div(wi) ∈ L2(Ω,R), and
where wi ∈ L2(Ω,Rd) is the i-th line of w, for all i ∈ [[1, d]] and for all w ∈ Hdiv(Ω,Rd×d).

The next proposition, known as divergence formula, can be found in [7, Theorem 4.4.7 p.104].

Proposition 2.1.1 (Divergence formula). If w ∈ Hdiv(Ω,Rd×d), then w admits a normal trace,
denoted by wn ∈ H−1/2(Γ,Rd), satisfying∫

Ω
div(w) · v +

∫
Ω
w : ∇v = ⟨wn, v⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd) , ∀v ∈ H1(Ω,Rd).

From the divergence formula, one deduces the Green formula.

Proposition 2.1.2 (Green formula). Let w ∈ H1(Ω). If ∆w ∈ L2(Ω), then ∇w admits a normal
trace ∂nw ∈ H−1/2(Γ) such that∫

Ω
v∆w +

∫
Ω

∇w · ∇v = ⟨∂nw, v⟩H−1/2(Γ)×H1/2(Γ) , ∀v ∈ H1(Ω).

The following propositions will be useful and their proofs can be found in [46].
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Proposition 2.1.3. Let θ ∈ C1(Rd,Rd)∩W1,∞(Rd,Rd) and w ∈ H1(Ω) such that ∆w ∈ L2(Ω). Then
the equality

∆ (θ · ∇w) = div
(
(∆w) θ − div(θ)∇w + (∇θ + ∇θ⊤)∇w

)
,

holds true in D′(Ω).

Proposition 2.1.4. Assume that Γ is of class C2 and let θ ∈ C1(Rd,Rd). It holds that∫
Γ
(θ · ∇v + vdivτ (θ)) =

∫
Γ
θ · n(∂nv +Hv), ∀v ∈ W2,1(Ω,R),

where divτ (θ) := div(θ)− (∇θn ·n) ∈ L∞(Γ) is the tangential divergence of θ, ∂nv := ∇v ·n ∈ L1(Γ,R)
stands for the normal derivative of v, and H stands for the mean curvature of Γ.

Proposition 2.1.5. Assume that Γ is of class C2 and let w ∈ H2(Ω,Rd×d). It holds that

div(w) = divτ (wτ ) +Hwn + (∂nw) n a.e. on Γ,

where divτ (wτ ) ∈ L2(Γ,Rd) is the vector whose the i-th component is defined by (divτ (wτ ))i :=
divτ ((wi)τ ) ∈ L2(Γ,R), where wi ∈ Rd is the i-th line of w, and where ∂nw ∈ L2(Γ,Rd×d) is the
matrix whose the i-th line is the vector ∂nwi := (∇wi)n ∈ L2(Γ,Rd), for all i ∈ [[1, d]]. Moreover it
holds that ∫

Γ
v · divτ (wτ ) = −

∫
Γ
w : ∇τv, ∀v ∈ H2(Ω,Rd),

where ∇τv is the matrix whose the i-th line is the tangential gradient ∇τvi := ∇vi − (∂nvi)n ∈
H1/2(Γ,Rd), for all i ∈ [[1, d]].

From the previous proposition, one can deduce the following result.

Proposition 2.1.6. Assume that Γ is of class C2 and let w ∈ H3(Ω). It holds that

∆w = ∆τw +H∂nw + ∂2w

∂n2 a.e. on Γ,

where ∆τw ∈ L2(Γ) stands for the Laplace-Beltrami operator of w (see, e.g., [46, Definition 5.4.11
p.196]), and ∂2w

∂n2 := D2(w)n · n ∈ L2(Γ), where D2(w) stands for the Hessian matrix of w. Moreover
it holds that ∫

Γ
v∆τw = −

∫
Γ

∇τv · ∇τw, ∀v ∈ H2(Ω).

Now, let us consider a decomposition Γ =: Γ1 ∪ Γ2 where Γ1 and Γ2 are two measurable disjoint
subsets of Γ. Let us recall some embeddings useful in this work, that can be found for instance in [1,
Chapter 4, p.79], [13], [16], [25, Chapter 7, Section 2 p.395], [33] and [38, Chapter 1, p.27].

Proposition 2.1.7. The continuous and dense embeddings:

— H1(Ω,Rd)↪→H1/2(Γ,Rd)↪→L2(Γ,Rd)↪→H−1/2(Γ,Rd);

— L2(Γ,Rd)↪→L1(Γ,Rd);

— H1(Ω,Rd)↪→L2(Ω,Rd);
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— H1/2
00 (Γ1,Rd)↪→L2(Γ1,Rd)↪→H−1/2

00 (Γ1,Rd);

are satisfied, where H1/2
00 (Γ1,Rd) can be identified to a linear subspace of H1/2(Γ,Rd) defined by

H1/2
00 (Γ1,Rd) :=

{
v ∈ L2(Γ1,Rd) | ∃w ∈ H1(Ω,Rd), w = v a.e. on Γ1 and w = 0 a.e. on Γ2

}
,

and H−1/2
00 (Γ1,Rd) stands for its dual space. Furthermore the dense and compact embedding

H1(Ω,Rd) ↪→→ L2(Γ,Rd),

holds true, and, if d ∈ {2, 3}, then we have the continuous embedding H1(Ω,Rd)↪→L4(Γ,Rd).

The next proposition can be found in [80, Section 2.9 p.56].

Proposition 2.1.8. Let (V, ⟨·, ·⟩V) and (H, ⟨·, ·⟩H) be two real Hilbert spaces such that the contin-
uous and dense embedding V ↪→ H holds, and where ∥·∥H is the norm corresponding to the scalar
product ⟨·, ·⟩H. Let w ∈ V′, where V′ is the dual space of V. If there exists C ≥ 0 such that

⟨w, v⟩V′×V ≤ C ∥v∥H ,

for all v ∈ V, then w can be identified to an element h ∈ H with

⟨w, v⟩V′×V = ⟨h, v⟩H ,

for all v ∈ V.

2.2 Notions from capacity theory

Let us recall some notions from capacity theory (we refer to standard references such as [27, 40,
46, 58]). Let us consider (X,B(X), ξ) be a positively measured topological space with its borelian σ-
algebra, ξ a Radon measure, and where X ⊂ Rd is a locally compact set, admitting a countable
compact covering. Let H ⊂ L2(X, ξ) be a vector space endowed with a scalar product ⟨·, ·⟩H and ∥·∥H

the corresponding norm.

Definition 2.2.1. Consider B ∈ B(X) and let us introduce the closed convex subset

CB := {v ∈ H | v ≥ 1 ξ-a.e. on a neighborhood of B} .

The capacity of B is defined by
cap(B) :=

∥∥projCB
(0)
∥∥2

H ,

where projCB
is the projection operator onto the nonempty closed convex set CB.

Definition 2.2.2. A property holds quasi everywhere (denoted q.e.) if it holds for all elements in a
set except a subset of null capacity.
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Definition 2.2.3. A function v : X → R is said quasi-continuous if it exists a decreasing sequence of
open sets (wn)n∈N such that cap(wn) → 0 when n → +∞ and f|X\wn

is continuous for all n ∈ N.

Now, let us assume that (H, ⟨·, ·⟩H) is a Dirichlet space (see, e.g., [58] for the definition). Thus,
one can prove the following proposition (see, e.g., [40, 46, 58]).

Proposition 2.2.4. For all v ∈ H, there exists a unique quasi-continuous representative in the class
of v, for the q.e. equivalence relation.

To conclude, let us give three examples of Dirichlet space (see [58] for the first example, [40] for
the second one and [78, Chapter 4] for the third one).

Example 2.2.5. The space H := H1(Ω) endowed with its standard scalar product ⟨·, ·⟩H1(Ω) is a
Dirichlet space.

Example 2.2.6. The space H := H1/2(Γ) endowed with the scalar product defined in [40, Example 6
p.629] is a Dirichlet space.

Example 2.2.7. Assume that Γ is given by the following decomposition Γ =: Γ1 ∪Γ2, where Γ1 and Γ2

are two measurable disjoint subsets of Γ. Then,

H :=
{
v · n ∈ H1/2(Γ2,R) | v ∈ H1(Ω,Rd) and v = 0 a.e. on Γ1

}
,

is a Dirichlet space endowed with the scalar product defined in [78, Chapter 4, Eq. (4.192) p.208].
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Chapter 3

CONVEX AND VARIATIONAL ANALYSES

In this chapter, we first recall some notions of convex analysis, in particular the so-called proximal
operator which will have an importance in the analysis of the contact problems presented in the
introduction. Then we give the definition of the notion of twice epi-differentiability and several
propositions based on this, since the methodology proposed in this manuscript in order to perform
sensitivity analysis of variational inequalities is highly based on this notion.

For notions and results presented in this chapter, we refer to [15, 26, 48, 59, 67] and [70, Chapter 12].
In what follows (H, ⟨·, ·⟩H) stands for a general real Hilbert space.

3.1 Notions from convex analysis

Let us start with some classical definitions.

Definition 3.1.1 (Orthogonal complement). Let P be a nonempty subset of H. The orthogonal
complement to P is the linear subspace of H defined by

P⊥ := {z ∈ H | ⟨z, p⟩H = 0,∀p ∈ P} .

Definition 3.1.2 (Polar cone). Let P be a nonempty subset of H. The polar cone to P is the nonempty
closed convex cone of H defined by

P◦ := {z ∈ H | ⟨z, p⟩H ≤ 0,∀p ∈ P} .

Definition 3.1.3 (Normal cone). Let C be a nonempty closed convex subset of H and x ∈ C. The
normal cone to C at x is the nonempty closed convex cone of H defined by

NC(x) := {z ∈ H | ⟨z, c− x⟩H ≤ 0,∀c ∈ C} .

Definition 3.1.4 (Tangent cone). Let C be a nonempty closed convex subset of H and x ∈ C. The
tangent cone to C at x is the nonempty closed convex cone of H defined by

TC(x) := {z ∈ H | ∃λ > 0, x+ λz ∈ C}.

The following definition of polyhedric sets will be important in the sensitivity analysis of contact
problems involving Signorini unilateral conditions.
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Definition 3.1.5 (Polyhedric set). Let C be a nonempty closed convex subset of H. We say that C
is polyhedric at x ∈ C for y ∈ NC(x) if

TC(x) ∩ (Ry)⊥ = {z ∈ H | ∃λ > 0, x+ λz ∈ C} ∩ (Ry)⊥
.

Remark 3.1.6. Recall that, in finite dimension, polyhedric sets reduce to polyhedral sets, which is
the intersection of a finite set of closed half-spaces (see, e.g., [54]).

The following classical result is important to prove that there exists a unique weak solution to the
tangential Signorini problem (see Subsection 4.2.3).

Proposition 3.1.7. Let us consider ϕ : H → R a convex and Fréchet differentiable function on H, C
a nonempty convex subset of H, y ∈ C and x ∈ H. Then the following variational inequalities are
equivalent:

(i) φ(z) − φ(y) ≥ ⟨x− y, z − y⟩H , ∀z ∈ C;

(ii) ⟨∇φ(y), z − y⟩H ≥ ⟨x− y, z − y⟩H , ∀z ∈ C.

Definition 3.1.8 (Domain and epigraph). Let ϕ : H → R ∪ {±∞}. The domain and the epigraph
of ϕ are respectively defined by

dom (ϕ) := {x ∈ H | ϕ(x) < +∞} and epi (ϕ) := {(x, t) ∈ H × R | ϕ(x) ≤ t} .

Recall that ϕ : H → R ∪ {±∞} is said to be proper if dom(ϕ) ̸= ∅ and ϕ(x) > −∞ for all x ∈ H.
Moreover, ϕ is a convex (resp. lower semi-continuous) function on H if and only if epi(ϕ) is a convex
(resp. closed) subset of H × R.

The following example is used in this work, in order to investigate the sensitivity analysis of a
Signorini problem.

Example 3.1.9. Let C be a nonempty closed convex subset of H, and ιC be the indicator function
of C, defined by ιC(x) := 0 if x ∈ C, and ιC(x) := +∞ otherwise. Then, for all x ∈ C,

∂ιC(x) = NC(x).

Definition 3.1.10 (Proximal operator). Let ϕ : H → R ∪ {+∞} be a proper lower semi-continuous
convex function. The proximal operator associated with ϕ is the map proxϕ : H → H defined by

proxϕ(x) := argmin
y∈H

[
ϕ(y) + 1

2 ∥y − x∥2
H

]
= (I + ∂ϕ)−1(x),

for all x ∈ H, where I : H → H stands for the identity operator.

Remark 3.1.11. Note that, if ϕ := ιC, where ιC is the indicator function of the nonempty closed
convex subset C ⊂ H (see Example 3.1.9 for the definition), then ιC is a proper lower semi-continuous
convex function and

proxιC = projC,

31



Part I, Chapter 3 – Convex and variational analyses

where projC is the projection operator on C. This equality is important for the sensitivity analysis of
a Signorini problem (see Sections 5.1 and 6.1).

We underline that the proximal operator has been introduced by J.J. Moreau in 1965 (see [60, 61])
and can be seen as a generalization of the classical projection operator onto a nonempty closed convex
subset. Recall that, if ψ : H → R ∪ {+∞} is a proper, lower semi-continuous and convex function,
then its subdifferential ∂ψ is a maximal monotone operator (see, e.g., [67]), and thus its proximal
operator proxψ : H → H is well-defined, single-valued and nonexpansive, i.e. Lipschitz continuous
with modulus 1 (see, e.g., [15, Chapter II]).

3.2 Twice epi-differentiability

As mentioned in Introduction, the solutions to the contact problems considered in this work can be
expressed via the proximal operator. Therefore, the sensitivity analysis of those problems is related to
the differentiability (in a generalized sense) of the involved proximal operator. To investigate this issue,
we will use the notion of twice epi-differentiability introduced by R.T. Rockafellar in 1985 (see [68])
defined as the Mosco epi-convergence of second-order difference quotient functions. Our aim in what
follows is to provide reminders and backgrounds on these notions for the reader’s convenience. For
more details, we refer to [70, Chapter 7, Section B p.240] for the finite-dimensional case and to [28] for
the infinite-dimensional case. The strong (resp. weak) convergence of a sequence in H will be denoted
by → (resp. ⇀) and note that all limits with respect to t will be considered for t → 0+.

Definition 3.2.1 (Mosco convergence). The outer, weak-outer, inner and weak-inner limits of a
parameterized family (St)t>0 of subsets of H are respectively defined by

lim supSt :=
{
x ∈ H | ∃(tn)n∈N → 0+, ∃ (xn)n∈N → x, ∀n ∈ N, xn ∈ Stn

}
,

w-lim supSt :=
{
x ∈ H | ∃(tn)n∈N → 0+, ∃ (xn)n∈N ⇀ x, ∀n ∈ N, xn ∈ Stn

}
,

lim inf St :=
{
x ∈ H | ∀(tn)n∈N → 0+, ∃ (xn)n∈N → x, ∃N ∈ N, ∀n ≥ N, xn ∈ Stn

}
,

w-lim inf St :=
{
x ∈ H | ∀(tn)n∈N → 0+, ∃ (xn)n∈N ⇀ x, ∃N ∈ N, ∀n ≥ N, xn ∈ Stn

}
.

The family (St)t>0 is said to be Mosco convergent if w-lim supSt ⊂ lim inf St. In that case all the
previous limits are equal and we write

M-lim St := lim inf St = lim supSt = w-lim inf St = w-lim supSt.

Definition 3.2.2 (Mosco epi-convergence). Let (ψt)t>0 be a parameterized family of functions ψt :
H → R ∪ {±∞} for all t > 0. We say that (ψt)t>0 is Mosco epi-convergent if (epi(ψt))t>0 is Mosco
convergent in H × R. Then we denote by ME-lim ψt : H → R ∪ {±∞} the function character-
ized by its epigraph epi (ME-lim ψt) := M-lim epi (ψt) and we say that (ψt)t>0 Mosco epi-converges
to ME-lim ψt.

Remark 3.2.3. In Definition 3.2.2, the abbreviation ME stands for the Mosco Epi-convergence (which
is related to functions), while the abbreviation M stands for the Mosco convergence (related to subsets).
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The proof of the next proposition can be found in [11, Proposition 3.19 p.297].

Proposition 3.2.4 (Characterization of Mosco epi-convergence). Let (ψt)t>0 be a parameterized
family of functions ψt : H → R∪{±∞} for all t > 0 and let ψ : H → R∪{±∞}. Then (ψt)t>0 Mosco
epi-converges to ψ if and only if, for all x ∈ H, the two conditions

(i) there exists (xt)t>0 → x such that lim supψt(xt) ≤ ψ(x);
(ii) for all (xt)t>0 ⇀ x, lim inf ψt(xt) ≥ ψ(x);

are satisfied.

Now let us recall the notion of twice epi-differentiability introduced by R.T. Rockafellar in [68]
that generalizes the classical notion of second-order derivative to nonsmooth convex functions.

Definition 3.2.5 (Twice epi-differentiability). A proper lower semi-continuous convex function Ψ :
H → R ∪ {+∞} is said to be twice epi-differentiable at x ∈ dom(Ψ) for y ∈ ∂Ψ(x) if the family of
second-order difference quotient functions (δ2

tΨ(x|y))t>0 defined by

δ2
tΨ(x|y) : H −→ R ∪ {+∞}

z 7−→
Ψ(x+ tz) − Ψ(x) − t ⟨y, z⟩H

t2
,

for all t > 0, is Mosco epi-convergent. In that case we denote by

d2
eΨ(x|y) := ME-lim δ2

tΨ(x|y),

which is called the second-order epi-derivative of Ψ at x for y.

Remark 3.2.6. In the case where Ψ is twice Fréchet differentiable at x ∈ H, then Ψ is twice epi-
differentiable at x for ∇Ψ(x) and

d2
eΨ(x|∇Ψ(x))(z) = 1

2D2Ψ(x)(z, z), ∀z ∈ H,

where D2Ψ(x) is the twice Fréchet differential of Ψ at x.

It is well-known that the convexity and the lower-semicontinuity are preserved by the Mosco epi-
convergence. Moreover the properness of the Mosco epi-limit is also preserved (we refer the reader
to [69, 70] for the finite-dimensional case and to [28] for the infinite dimensional one).

Proposition 3.2.7. Let Ψ : H → R ∪ {+∞} be a proper lower semi-continuous convex function.
If Ψ is twice epi-differentiable at x ∈ dom(Ψ) for y ∈ ∂Ψ(x), then d2

eΨ(x|y) is a proper lower semi-
continuous convex function.

The following proposition is an extension of a result proved in [28, Example 2.7 p.286], that will
be useful in Part II.

Proposition 3.2.8. Let C be a nonempty closed convex subset of H and hC the support function of C
defined by

hC : H −→ R ∪ {+∞}
x 7−→ hC(x) := sup

y∈C
⟨x, y⟩H .
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Then, for all x ∈ C⊥, one gets
∂hC(x) = C.

Moreover hC is twice epi-differentiable at x for any y ∈ C and

d2
ehC(x|y) = ιNC(y),

where ιNC(y) stands for the indicator function of the normal cone to C at y.

Proof. Let x ∈ C⊥. Since C is a nonempty closed convex subset of H one easily gets using the convex
conjugate of hC (see, e.g., [48, Lesson E]) that

(i) y ∈ ∂hC(x) ⇔ x ∈ ∂ιC(y) ⇔ y ∈ C;

(ii) if y ∈ C then: z ∈ NC(y) ⇔ hC(z) = ⟨z, y⟩H.

From the first item one deduces that ∂hC(x) = C. Let us prove that hC is twice epi-differentiable
at x for y ∈ C. To this aim we use Proposition 3.2.4. Consider z ∈ NC(y), then hC(z) = ⟨y, z⟩. Thus,
by considering the sequence zt := z for all t > 0, one gets

δ2
t hC(x|y)(zt) =

hC(x+ tz) − hC(x) − t ⟨y, z⟩H
t2

=
sup
c∈C

⟨x+ tz, c⟩H − t ⟨y, z⟩H

t2
= hC(z) − hC(z)

t
= 0.

Moreover, since δ2
t hC(x|y)(v) ≥ 0, for all v ∈ H, one deduces that d2

ehC(x|y)(z) = 0. Now consider z /∈
NC(y). There exists c0 ∈ C such that ⟨z, c0⟩H > ⟨y, z⟩H, thus hC(z) > ⟨y, z⟩H. Consider any
sequence (zt)t>0 ⇀ z. Since hC is convex and lower semi-continuous, then hC is also weakly lower
semi-continuous (see, e.g., [16, Corollary 3.9 p.61]), thus one has

lim inf hC(zt) ≥ hC(z) and ⟨y, zt⟩H −→ ⟨y, z⟩H ,

when t → 0+. Therefore, there exists ε > 0 such that, for all t ≤ ε,

hC(zt) ≥ hC(z) −
hC(z) − ⟨y, z⟩H

4 and − ⟨y, zt⟩H ≥ − ⟨y, z⟩H −
hC(z) − ⟨y, z⟩H

4 ,

then one has for all t ≤ ε,

δ2
t hC(x|y)(zt) =

hC(zt) − ⟨y, zt⟩H
t

≥
hC(z) − ⟨y, z⟩H

2t −→ + ∞,

when t → 0+. Thus,
d2
ehC(x|y)(z) = +∞.

This concludes the proof.

The following result, due to C.N. Do. (see [28, Chapter 2, Example 2.10 p.287]), shows that
the indicator function of a nonempty closed convex set is twice epi-differentiable under an additional
assumption.
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3.2. Twice epi-differentiability

Proposition 3.2.9. Let C be a nonempty closed convex subset of H. If C is polyhedric at x ∈ C
for y ∈ NC(x), then ιC is twice epi-differentiable at x for y and

d2
eιC(x|y) = ιTC(x)∩(Ry)⊥ ,

where NC(x) (resp. TC(x)) is the normal cone (resp. tangent cone) to C at x.

The notion of twice epi-differentiability leads to the protodifferentiability of the proximal oper-
ator, thus to the next proposition (see, e.g., [2, Theorem 4.15 p.1714]), which is one of the key points
to derive our main results in this manuscript.

Proposition 3.2.10. Let Ψ : H → R ∪ {+∞} be a proper lower semi-continuous convex function
on H. Let F : R+ → H and let u : R+ → H be defined by

u(t) := proxΨ(F (t)),

for all t ≥ 0. If the conditions

1. F is differentiable at t = 0;

2. Ψ is twice epi-differentiable at u(0) for F (0) − u(0) ∈ ∂Ψ(u(0));

are both satisfied, then u is differentiable at t = 0 with

u′(0) = proxd2
eΨ(u(0)|F (0)−u(0))(F ′(0)).

As mentioned in Introduction, in order to perturb Tresca friction law and to investigate the
sensitivity analysis of a boundary value problem involving this law, an extended version of the twice
epi-differentiability for parameterized convex functions, recently developed in [2], is required. To
provide recalls on this extended notion, when considering a function Ψ : R+ × H → R ∪ {+∞} such
that, for all t ≥ 0, Ψ(t, ·) : H → R∪ {+∞} is a proper function, we will make use of the following two
notations: ∂Ψ(0, ·)(x) stands for the convex subdifferential operator at x ∈ H of the function Ψ(0, ·),
and for each t ≥ 0, Ψ−1(t,R) := {x ∈ H | Ψ(t, x) ∈ R} and Ψ−1(·,R) := ∩t≥0Ψ−1(t,R).

Definition 3.2.11 (Twice epi-differentiability depending on a parameter). Let Ψ : R+ × H → R ∪
{+∞} be a function such that, for all t ≥ 0, Ψ(t, ·) : H → R∪{+∞} is a proper lower semi-continuous
convex function. Then Ψ is said to be twice epi-differentiable at x ∈ Ψ−1(·,R) for y ∈ ∂Ψ(0, ·)(x) if
the family of second-order difference quotient functions (∆2

tΨ(x|y))t>0 defined by

∆2
tΨ(x|y) : H −→ R ∪ {+∞}

z 7−→ ∆2
tΨ(x|y)(z) :=

Ψ(t, x+ tz) − Ψ(t, x) − t ⟨y, z⟩H
t2

,

for all t > 0, is Mosco epi-convergent. In that case we denote by

D2
eΨ(x|y) := ME-lim ∆2

tΨ(x|y),

which is called the second-order epi-derivative of Ψ at x for y.
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Part I, Chapter 3 – Convex and variational analyses

Remark 3.2.12. If the real-valued function Ψ is t-independent, Definition 3.2.11 recovers the classical
notion of twice epi-differentiability.

Remark 3.2.13. Compared to the t-independent case (see Proposition 3.2.7), the properness of the
Mosco epi-limit may fail, even if the sequence is proper. If, for each t ≥ 0, Ψ(t, ·) : H → R ∪ {+∞}
is a proper, lower semi-continuous and convex function, then the Mosco epi-limi D2

eΨ(x|y) (when it
exists) is also lower semi-continuous and convex function. However, it may be possible that there
exists some z ∈ H such that D2

eΨ(x|y)(z) = −∞ (see, e.g., [2, Example 4.4 p.1711]).

To illustrate the notion of twice epi-differentiability depending on a parameter, one example ex-
tracted from [2, Lemma 5.2 p.1717] is given below.

Example 3.2.14. Consider the function Ψ : R+ ×R → R defined by Ψ(t, x) := |x− t2| for all (t, x) ∈
R+ ×R. For each t ≥ 0, Ψ(t, ·) is a proper, lower semi-continuous and convex function. For all x ∈ R
and all y ∈ ∂Ψ(0, ·)(x), Ψ is twice epi-differentiable at x for y and its second-order epi-derivative is
given by

D2
eΨ(x|y) =


ιR if x ̸= 0,
ιR− if x = 0 and y = −1,
ιR+ − 2 if x = 0 and y = 1,
ι{0} − y − 1 if x = 0 and y ∈ (−1, 1).

Finally, the next proposition (see [2, Theorem 4.15 p.1714]) generalizes Proposition 3.2.10 for t-
dependent function.

Proposition 3.2.15. Let Ψ : R+ ×H → R∪{+∞} be a function such that, for all t ≥ 0, Ψ(t, ·) : H →
R∪ {+∞} is a proper, lower semi-continuous and convex function. Let F : R+ → H and u : R+ → H
be defined by

u(t) := proxΨ(t,·)(F (t)),

for all t ≥ 0. If the conditions

(i) F is differentiable at t = 0;

(ii) Ψ is twice epi-differentiable at u(0) for F (0) − u(0) ∈ ∂Ψ(0, ·)(u(0));

(iii) D2
eΨ(u(0)|F (0) − u(0)) is a proper function on H;

are satisfied, then u is differentiable at t = 0 with

u′(0) = proxD2
eΨ(u(0)|F (0)−u(0))(F ′(0)).
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Chapter 4

SOME REQUIRED BOUNDARY VALUE

PROBLEMS

As mentioned in Introduction, the major part of the present work consists in performing the
sensitivity analysis of a Signorini problem and a Tresca friction problem with respect to the data. To
this aim three boundary value problems will be involved: a Neumann problem, a Signorini problem
and a Tresca friction problem. In Section 4.1 we introduce those problems in the scalar model, i.e. the
displacement fields are in H1(Ω) and the solution must satisfy a Laplace type equation. In Section 4.2,
we present those problems in the linear elastic model. Only the proofs of Subsections 4.2.3 and 4.2.4
are detailed, the other ones being similar. We recall that the notation intΓ stands for the interior
relative to Γ.

4.1 Boundary value problems in the scalar model

In this section, let d ∈ N∗ be a positive integer, f ∈ L2(Ω), g ∈ L2(Γ), w ∈ H1/2(Γ), k ∈ L∞(Ω)
and M ∈ L∞(Ω,Rd×d) satisfying

k ≥ α a.e. on Ω and M(x)y · y ≥ γ∥y∥2, ∀y ∈ Rd,

for some α > 0, γ > 0, where M(x) is a symmetric matrix for almost every x ∈ Ω, and where ∥ · ∥
stands for the usual Euclidean norm of Rd. From those assumptions, note that the map

⟨·, ·⟩M,k : H1(Ω) × H1(Ω) −→ R

(v1, v2) 7−→ ⟨v1, v2⟩M,k :=
∫

Ω
M∇v1 · ∇v2 +

∫
Ω
kv1v2,

is a scalar product on H1(Ω).

Remark 4.1.1. The classical scalar Signorini (resp. Tresca friction problem) is for M = I and k = 1
a.e. on Ω (see, e.g. [52, Section 1]) and [37, Section 1.3 Chapter 1]). Nevertheless, as we saw in
the Introduction, a more general version of this problem appears when the sensitivity analysis with
respect to the shape is performed. Thus, in the sequel, we introduce a general version of the scalar
Signorini (resp.Tresca friction) problem.
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4.1.1 A general scalar Neumann problem

Consider the general scalar Neumann problem given by{
−div(M∇F ) + kF = f in Ω,

M∇F · n = g on Γ.
(GSNP)

Definition 4.1.2 (Solution to the general scalar Neumann problem). A (strong) solution to the
general scalar Neumann problem (GSNP) is a function F ∈ H1(Ω) such that −div(M∇F ) + kF = f

in D′(Ω) and M∇F · n ∈ L2(Γ) with M∇F · n = g a.e. on Γ.

Definition 4.1.3 (Weak solution to the general scalar Neumann problem). A weak solution to the
general scalar Neumann problem (GSNP) is a function F ∈ H1(Ω) such that∫

Ω
M∇F · ∇v +

∫
Ω
kFv =

∫
Ω
fv +

∫
Γ
gv, ∀v ∈ H1(Ω).

Proposition 4.1.4. A function F ∈ H1(Ω) is a (strong) solution to the general scalar Neumann
problem (GSNP) if and only if F is a weak solution to the general scalar Neumann problem (GSNP).

From the assumptions on M and k and using the Riesz representation theorem, one can easily get
the following existence/uniqueness result.

Proposition 4.1.5. The general scalar Neumann problem (GSNP) possesses a unique (strong) so-
lution F ∈ H1(Ω). Moreover there exists a constant C ≥ 0 (depending only on Ω, M and k) such
that

∥F∥M,k ≤ C
(

∥f∥L2(Ω) + ∥g∥L2(Γ)

)
.

4.1.2 A general scalar Signorini problem

In this part we assume that Γ is decomposed (up to a null set) as

ΓN ∪ ΓD ∪ ΓS− ∪ ΓS+,

where ΓN, ΓD, ΓS− and ΓS+ are four measurable pairwise disjoint subsets of Γ. Consider the general
scalar Signorini problem given by

−div(M∇u) + ku = f in Ω,
M∇u · n = g on ΓN,

u = w on ΓD,

u ≤ w, M∇u · n ≤ g and (u− w) (M∇u · n − g) = 0 on ΓS−,

u ≥ w, M∇u · n ≥ g and (u− w) (M∇u · n − g) = 0 on ΓS+.

(GSSP)

Definition 4.1.6 (Solution to the general scalar Signorini problem). A (strong) solution to the general
scalar Signorini problem (GSSP) is a function u ∈ H1(Ω) such that −div(M∇u) + ku = f in D′(Ω),
u = w a.e. on ΓD, and also M∇u · n ∈ L2(Γ) with M∇u · n = g a.e. on ΓN, u ≤ w, M∇u · n ≤ g
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4.1. Boundary value problems in the scalar model

and (u− w)(M∇u · n − g) = 0 a.e. on ΓS−, u ≥ w, M∇u · n ≥ g and (u− w)(M∇u · n − g) = 0 a.e.
on ΓS+.

Definition 4.1.7 (Weak solution to the general scalar Signorini problem). A weak solution to the
general scalar Signorini problem (GSSP) is a function u ∈ K1

w(Ω) such that∫
Ω

M∇u · ∇(v − u) +
∫

Ω
ku (v − u) ≥

∫
Ω
f (v − u) +

∫
ΓN∪ΓS−∪ΓS+

g (v − u) , ∀v ∈ K1
w(Ω),

where K1
w(Ω) is the nonempty closed convex subset of H1(Ω) defined by

K1
w(Ω) :=

{
v ∈ H1(Ω) | v ≤ w a.e. on ΓS−, v = w a.e. on ΓD and v ≥ w a.e. on ΓS+

}
.

One can easily prove that a (strong) solution to the general scalar Signorini problem (GSSP)
is also a weak solution. However, to the best of our knowledge, one cannot prove the converse
without additional assumptions. To get the equivalence, one can assume, in particular, that the
decomposition ΓN ∪ ΓD ∪ ΓS− ∪ ΓS+ of Γ is consistent in the following sense.

Definition 4.1.8 (Consistent decomposition). The decomposition ΓN ∪ ΓD ∪ ΓS− ∪ ΓS+ of Γ is said
to be consistent if

(i) for almost all s ∈ ΓS− (resp. ΓS+), s ∈ intΓ(ΓS−) (resp. s ∈ intΓ(ΓS+));
(ii) the nonempty closed convex subset K1/2

w (Γ) of H1/2(Γ) defined by

K1/2
w (Γ) :=

{
v ∈ H1/2(Γ) | v ≤ w a.e. on ΓS−, v = w a.e. on ΓD and v ≥ w a.e.on ΓS+

}
,

is dense in the nonempty closed convex subset K0
w(Γ) of L2(Γ) defined by

K0
w(Γ) :=

{
v ∈ L2(Γ) | v ≤ w a.e. on ΓS−, v = w a.e. on ΓD and v ≥ w a.e. on ΓS+

}
.

Proposition 4.1.9. Let u ∈ H1(Ω).
(i) If u is a (strong) solution to the general scalar Signorini problem (GSSP), then u is a weak

solution to the general scalar Signorini problem (GSSP).
(ii) If u is a weak solution to the general scalar Signorini problem (GSSP) such that M∇u ·n ∈ L2(Γ)

and the decomposition ΓN ∪ ΓD ∪ ΓS− ∪ ΓS+ of Γ is consistent, then u is a (strong) solution to
the general scalar Signorini problem (GSSP).

Using the classical characterization of the projection operator, one can easily get the following
existence/uniqueness result.

Proposition 4.1.10. The general scalar Signorini problem (GSSP) admits a unique weak solution u ∈
H1(Ω) characterized by

u = projK1
w(Ω)(F ),

where F ∈ H1(Ω) is the unique solution to the general scalar Neumann problem (GSNP), and
where projK1

w(Ω) : H1(Ω) → H1(Ω) stands for the classical projection operator onto the nonempty
closed convex subset K1

w(Ω) of H1(Ω) for the scalar product ⟨·, ·⟩M,k.
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Part I, Chapter 4 – Some required boundary value problems

Remark 4.1.11. Note that, from Remark 3.1.11, the unique weak solution u ∈ H1(Ω) to the general
scalar Signorini problem (GSSP) is also characterized by the proximal operator since proxιK1

w(Ω)
=

projK1
w(Ω).

Remark 4.1.12. The notion of consistent decomposition is only used to prove that a weak solution
to Problem (GSSP) is also a strong solution. Nevertheless, we can notice that the notion of consistent
decomposition is quite unrestrictive.

4.1.3 A general scalar Tresca friction problem

In this part we assume that g > 0 a.e. on Γ. Consider the general scalar Tresca friction problem
given by {

−div(M∇u) + ku = f in Ω,
|M∇u · n| ≤ g and uM∇u · n + g |u| = 0 on Γ.

(GSTP)

Definition 4.1.13 (Solution to the general scalar Tresca friction problem). A (strong) solution to the
general scalar Tresca friction problem (GSTP) is a function u ∈ H1(Ω) such that −div(M∇u)+ku = f

in D′(Ω), M∇u · n ∈ L2(Γ) with |M(s)∇u(s) · n(s)| ≤ g(s) and u(s)M(s)∇u(s) · n(s) + g(s)|u(s)| = 0
for almost all s ∈ Γ.

Definition 4.1.14 (Weak solution to the general scalar Tresca friction problem). A weak solution to
the general scalar Tresca friction problem (GSTP) is a function u ∈ H1(Ω) such that∫

Ω
M∇u · ∇(v − u) +

∫
Ω
ku(v − u) +

∫
Γ
g|v| −

∫
Γ
g|u| ≥

∫
Ω
f(v − u), ∀v ∈ H1(Ω).

Proposition 4.1.15. A function u ∈ H1(Ω) is a (strong) solution to the general scalar Tresca fric-
tion problem (GSTP) if and only if u is a weak solution to the general scalar Tresca friction prob-
lem (GSTP).

Using the classical characterization of the proximal operator, we obtain the following result.

Proposition 4.1.16. The general scalar Tresca friction problem (GSTP) admits a unique (strong)
solution u ∈ H1(Ω) characterized by

u = proxϕ(F ),

where F ∈ H1(Ω) is the unique solution to the general scalar Neumann problem{
−div(M∇F ) + kF = f in Ω,

M∇F · n = 0 on Γ,

and where proxϕ : H1(Ω) → H1(Ω) stands for the proximal operator associated with the Tresca friction
functional given by

ϕ : H1(Ω) −→ R

v 7−→ ϕ(v) :=
∫

Γ
g|v|,

considered on the Hilbert space (H1(Ω), ⟨·, ·⟩M,k).
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4.2 Boundary value problems in the linear elastic model

Let d ∈ {2, 3} and assume that Γ is decomposed as ΓD ∪ ΓS, where ΓD and ΓS are two measurable
pairwise disjoint subsets of Γ, such that ΓD and ΓS have a positive measure. In that case,

H1
D(Ω,Rd) :=

{
v ∈ H1(Ω,Rd) | v = 0 a.e. on ΓD

}
,

is a linear subspace of H1(Ω,Rd). We assume that Ω is an elastic solid satisfying the linear elastic
model (see Chaper 1 for details and notations). Thus, from (1.1), it follows that

⟨·, ·⟩A :
(
H1

D(Ω,Rd)
)2 −→ R

(v1, v2) 7−→
∫

Ω
Ae(v1) : e(v2),

(4.1)

is a scalar product on H1
D(Ω,Rd) (see, e.g., [31, Chapter 3]), and one denotes ∥·∥A the corresponding

norm. If for some v ∈ H1(Ω,Rd), the stress vector T (v) = Ae(v)n is in L2(ΓS,Rd), then one uses the
notation

Ae(v)n = σn(v)n + στ (v),

where σn(v) ∈ L2(ΓS,R) is the normal stress and στ ∈ L2(ΓS,Rd) the shear stress.
Moreover, let z ∈ L∞(Ω) and B ∈ L∞(Ω,Rd×d) such that∫

Ω
zA [(∇v1)B] B⊤ : ∇v2 ≥ C

∫
Ω

Ae(v1) : e(v2), ∀v1, v2 ∈ H1
D(Ω,Rd),

where C > 0 is a constant. In that case, the map

⟨·, ·⟩z,A,B :
(
H1

D(Ω,Rd)
)2 −→ R

(v1, v2) 7−→ ⟨v1, v2⟩z,A,B :=
∫

Ω
zA [(∇v1)B] B⊤ : ∇v2,

is a scalar product on H1
D(Ω,Rd).

We consider M ∈ L∞(ΓS,Rd×d) and we denote by v(Mn)⊥ := v − (v · Mn
||Mn||2 )Mn, for any v ∈

L2(ΓS,Rd) and, to simplify, we assume in the sequel that ||Mn|| = 1 a.e. on ΓS. We also denote
for all S ∈ Rd×d, by div(S) the vector defined by (div(S))i := div(Si), where Si is the i-th line
of S, for all i ∈ [[1, d]]. Moreover, all along the paper, we denote (when it is necessary to avoid any
confusion) A[S] the stiffness tensor A applied to the matrix S.

Finally, in the sequel, consider f ∈ L2(Ω,Rd) and ℓ ∈ L2(ΓS,Rd).

Remark 4.2.1. The classical Signorini (resp. Tresca friction problem) is for z = 1, B = I a.e. on Ω,
and M = I a.e. on ΓS (see, e.g. [25, Chapter 3 p.102]) or [29]). Nevertheless, in the same way as
Section 4.1, a more general version of this problem appears when the sensitivity analysis with respect
to the shape is performed. Thus, in the sequel, we introduce a general version of the Signorini (resp.
Tresca friction) problem.
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4.2.1 A general Dirichlet-Neumann problem

Consider the general Dirichlet-Neumann problem given by
−div

(
zA [(∇F )B] B⊤) = f in Ω,

F = 0 on ΓD,(
zA [(∇F )B] B⊤) n = ℓ on ΓS.

(GDNP)

Definition 4.2.2 (Strong solution to the general Dirichlet-Neumann problem). A (strong) solu-
tion to the general Dirichlet-Neumann problem (GDNP) is a function F ∈ H1(Ω,Rd) such that
−div

(
zA [(∇F )B] B⊤) = f in D′(Ω,Rd), F = 0 a.e. on ΓD,

(
zA [(∇F )B] B⊤) n ∈ L2(ΓS,Rd) with(

zA [(∇F )B] B⊤) n = ℓ a.e. on ΓS.

Definition 4.2.3 (Weak solution to the general Dirichlet-Neumann problem). A weak solution to the
general Dirichlet-Neumann problem (GDNP) is a function F ∈ H1

D(Ω,Rd) such that∫
Ω
zA [(∇F )B] B⊤ : ∇v =

∫
Ω
f · v +

∫
ΓS

ℓ · v, ∀v ∈ H1
D(Ω,Rd).

Proposition 4.2.4. A function F ∈ H1(Ω,Rd) is a (strong) solution to the general Dirichlet-
Neumann problem (GDNP) if and only if F is a weak solution to the general Dirichlet-Neumann
problem (GDNP).

Proposition 4.2.5. The general Dirichlet-Neumann problem (GDNP) admits a unique solution F ∈
H1

D(Ω,Rd).

4.2.2 A general Signorini problem

Assume that ΓS is decomposed (up to a null set) as

ΓSN ∪ ΓSD ∪ ΓS− ∪ ΓS+,

where ΓSN , ΓSD , ΓS− and ΓS+ are four measurable pairwise disjoint subsets of ΓS. Note that ℓ ∈
L2(ΓS,Rd) can be decomposed as ℓ = (ℓ · Mn)Mn + ℓτ , and we denote by g := ℓ · Mn ∈ L2(ΓS)
and h := ℓτ ∈ L2(ΓS,Rd). Let w ∈ H1

D(Ω,Rd) and consider the general Signorini problem given by

−div
(
zA [∇uB] B⊤) = f in Ω,

u = 0 on ΓD,((
zA [∇uB] B⊤) n

)
(Mn)⊥ = h on ΓS,(

zA [∇uB] B⊤) n · Mn = g on ΓSN ,

(u− w) · Mn = 0 on ΓSD ,

(u− w) · Mn ≤ 0,
(
zA [∇uB] B⊤)n · Mn ≤ g and

(u− w) · Mn
((
zA [∇uB] B⊤) n · Mn − g

)
= 0 on ΓS−,

(u− w) · Mn ≥ 0,
(
zA [∇uB] B⊤)n · Mn ≥ g and

(u− w) · Mn
((
zA [∇uB] B⊤) n · Mn − g

)
= 0 on ΓS+.

(GSP)
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Definition 4.2.6 (Strong solution to the general Signorini problem). A (strong) solution to the
general Signorini problem (GSP) is a function u ∈ H1(Ω,Rd) such that −div

(
zA [∇uB] B⊤) = f in

D′(Ω,Rd), u = 0 a.e. on ΓD, (u− w) · Mn = 0 a.e. on ΓSD ,
(
zA [∇uB] B⊤) n ∈ L2(ΓS,Rd) with((

zA [∇uB] B⊤) n
)

(Mn)⊥ = h a.e. on ΓS,
(
zA [∇uB] B⊤) n · Mn = g a.e. on ΓSN , (u − w) · Mn ≤ 0,(

zA [∇uB] B⊤) n·Mn ≤ g and (u−w)·Mn
((
zA [∇uB] B⊤)n · Mn − g

)
= 0 a.e. on ΓS−, (u−w)·Mn ≥

0,
(
zA [∇uB] B⊤) n · Mn ≥ g and (u− w) · Mn

((
zA [∇uB] B⊤)n · Mn − g

)
= 0 a.e. on ΓS+.

Definition 4.2.7 (Weak solution to the general Signorini problem). A weak solution to the general
Signorini problem (GSP) is a function u ∈ K1

w,M(Ω,Rd) such that

∫
Ω
zA [(∇u)B] B⊤ : ∇(v − u) ≥

∫
Ω
f · (v − u) +

∫
ΓSN ∪ΓS−∪ΓS+

gMn · (v − u)

+
∫

ΓS

h · (v − u) , ∀v ∈ K1
w,M(Ω,Rd),

where K1
w,M(Ω,Rd) is the nonempty closed convex subset of H1

D(Ω,Rd) given by

K1
w,M(Ω,Rd) :=

{
v ∈ H1

D(Ω,Rd) | (v − w) · Mn = 0 a.e. on ΓSD , (v − w) · Mn ≤ 0 a.e. on ΓS−

and (v − w) · Mn ≥ 0 a.e. on ΓS+

}
.

Similarly to Subsection 4.1.2, one can prove that a (strong) solution is a weak solution but, to the
best of our knowledge, without additional assumptions, one cannot prove the converse. To get the
equivalence, we need to assume, in particular, that the decomposition ΓD ∪ ΓSN ∪ ΓSD ∪ ΓS− ∪ ΓS+

of Γ is consistent in the following sense.

Definition 4.2.8 (Consistent decomposition). The decomposition ΓD ∪ ΓSN ∪ ΓSD ∪ ΓS− ∪ ΓS+ of Γ
is said to be consistent if

(i) for almost all s ∈ ΓS− (resp. ΓS+), s ∈ intΓ(ΓS−) (resp. s ∈ intΓ(ΓS+));

(ii) the nonempty closed convex subset K1/2
w,M(Γ,Rd) of H1/2(Γ,Rd) defined by

K1/2
w,M(Γ,Rd) :=

{
v ∈ H1/2(Γ,Rd) | v = 0 a.e. on ΓD, (v − w) · Mn = 0 a.e. on ΓSD ,

(v − w) · Mn ≤ 0 a.e. on ΓS− and (v − w) · Mn ≥ 0 a.e. on ΓS+

}
,

is dense in the nonempty closed convex subset K0
w,M(Γ,Rd) of L2(Γ,Rd) given by

K0
w,M(Γ,Rd) :=

{
v ∈ L2(Γ,Rd) | v = 0 a.e. on ΓD, (v − w) · Mn = 0 a.e. on ΓSD ,

(v − w) · Mn ≤ 0 a.e. on ΓS− and (v − w) · Mn ≥ 0 a.e. on ΓS+

}
.

Proposition 4.2.9. Let u ∈ H1(Ω,Rd).
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(i) If u is a (strong) solution to the general Signorini problem (GSP), then u is a weak solution to
the general Signorini problem (GSP).

(ii) If u is a weak solution to the general Signorini problem (GSP) such that
(
zA [∇uB] B⊤)n ∈

L2(ΓS,Rd) and the decomposition ΓD ∪ ΓSN ∪ ΓSD ∪ ΓS− ∪ ΓS+ of Γ is consistent, then u is a
(strong) solution to the general Signorini problem (GSP).

Proposition 4.2.10. The general Signorini problem (GSP) admits a unique weak solution u ∈
H1

D(Ω,Rd) which is given by
u = projK1

w,M(Ω,Rd)(F ),

where F ∈ H1
D(Ω,Rd) is the unique solution to the general Dirichlet-Neumann problem (GDNP)

and projK1
w(Ω) : H1

D(Ω,Rd) → H1
D(Ω,Rd) stands for the classical projection operator onto the nonempty

closed convex subset K1
w(Ω,Rd) of H1

D(Ω,Rd) for the scalar product ⟨·, ·⟩z,A,B.

Remark 4.2.11. Note that, from Remark 3.1.11, the unique weak solution u ∈ H1
D(Ω,Rd) to the

general Signorini problem (GSP) is also characterized by the proximal operator since proxιK1
w,M(Ω,Rd)

=
projK1

w,M(Ω,Rd).

4.2.3 A general tangential Signorini problem

In this subection, we assume that M = I a.e. on ΓS and that ΓS is decomposed (up to a null set)
as

ΓSR ∪ ΓSD ∪ ΓSS ,

where ΓSR , ΓSD and ΓSS are three measurable pairwise disjoint subsets of ΓS. Moreover, let us
consider w ∈ H1

D(Ω,Rd), ξ ∈ L2(ΓS,Rd), h ∈ L2(ΓS), ζ ∈ L∞(ΓS,Rd) such that ||ζ||L∞(ΓSR ∪ΓSS ,Rd) ≤ 1
and k ∈ L4(ΓSR) such that k ≥ 0 a.e. on ΓSR . The general tangential Signorini problem is given by



−div
(
zA [∇uB] B⊤) = f in Ω,

u = 0 on ΓD,(
zA [∇uB] B⊤)n · n = ξn on ΓS,((

zA [∇uB] B⊤) n
)
τ

+ k (uτ − (uτ · ζτ ) ζτ ) = hζτ + ξτ on ΓSR ,

uτ = wτ on ΓSD ,

(uτ − wτ ) ∈ R−ζτ ,
(((

zA [∇uB] B⊤)n
)
τ

− hζτ − ξτ
)

· ζτ ≤ 0 and
(uτ − wτ ) ·

(((
zA [∇uB] B⊤) n

)
τ

− hζτ − ξτ
)

= 0 on ΓSS .

(GTSP)

Remark 4.2.12. The boundary conditions on ΓSS are called the tangential Signorini conditions.
Indeed they are close to the Signorini unilateral conditions, but they are on the tangential components
instead of the normal components. We do not know if these conditions have a physical sense, however
they appear naturally when we investigate the sensitivity analysis of a Tresca friction problem in the
linear elastic model (see Section 6.2).

Definition 4.2.13 (Strong solution to the general tangential Signorini problem). A (strong) so-
lution to the general tangential Signorini problem (GTSP) is a function u ∈ H1(Ω,Rd) such that
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-div
(
zA [∇uB] B⊤) = f in D′(Ω,Rd), u = 0 a.e. on ΓD, uτ = wτ a.e. on ΓSD ,

(
zA [∇uB] B⊤) n ∈

L2(ΓS,Rd) with
(
zA [∇uB] B⊤)n · n = ξn a.e. on ΓS,

((
zA [∇uB] B⊤) n

)
τ

+ k (uτ − (uτ · ζτ )ζτ ) =
hζτ + ξτ a.e. on ΓSR , and where (uτ − wτ ) ∈ R−ζτ ,

(((
zA [∇uB] B⊤)n

)
τ

− hζτ − ξτ
)

· ζτ ≤ 0
and (uτ − wτ ) · (((zA [∇uB] B⊤)n)τ − hζτ − ξτ ) = 0 a.e. on ΓSS .

Definition 4.2.14 (Weak solution to the general tangential Signorini problem). A weak solution to
the general tangential Signorini problem (GTSP) is a function u ∈ K1

τ,w(Ω,Rd) such that

∫
Ω
zA [(∇u)B] B⊤ : ∇(v − u) ≥

∫
Ω
f · (v − u) +

∫
ΓS

ξn(vn − un) +
∫

ΓSS

(hζτ + ξτ ) · (vτ − uτ )

+
∫

ΓSR

(hζτ + ξτ − k (uτ − (uτ · ζτ )ζτ )) · (vτ − uτ ), ∀v ∈ K1
τ,w(Ω,Rd), (4.2)

where K1
τ,w(Ω,Rd) is the nonempty closed convex subset of H1

D(Ω,Rd) given by

K1
τ,w(Ω,Rd) :=

{
v ∈ H1

D(Ω,Rd) | vτ = wτ a.e. on ΓSD and (vτ − wτ ) ∈ R−ζτ a.e. on ΓSS

}
.

Similarly to Subsection 4.1.2, to prove that a weak solution is a (strong) solution, one can assume
that the decomposition ΓD ∪ ΓSR ∪ ΓSD ∪ ΓSS of Γ is consistent in the following sense.

Definition 4.2.15 (Consistent decomposition). The decomposition ΓD ∪ ΓSR ∪ ΓSD ∪ ΓSS of Γ is said
to be consistent if

(i) for almost all s ∈ ΓSS , s ∈ intΓ(ΓSS);

(ii) the nonempty closed convex subset K1/2
τ,w(Γ,Rd) of H1/2(Γ,Rd) defined by

K1/2
τ,w(Γ,Rd) :=

{
v ∈ H1/2(Γ,Rd) | v = 0 a.e. on ΓD, vτ = wτ a.e. on ΓSD

and (vτ − wτ ) ∈ R−ζτ a.e. on ΓSS

}
,

is dense in the nonempty closed convex subset K0
τ,w(Γ,Rd) of L2(Γ,Rd) given by

K0
τ,w(Γ,Rd) :=

{
v ∈ L2(Γ,Rd) | v = 0 a.e. on ΓD, vτ = wτ a.e. on ΓSD

and (vτ − wτ ) ∈ R−ζτ a.e. on ΓSS

}
.

Proposition 4.2.16. Let u ∈ H1(Ω,Rd).

(i) If u is a (strong) solution to the general tangential Signorini problem (GTSP), then u is a weak
solution to the general tangential Signorini problem (GTSP).

(ii) If u is a weak solution to the general tangential Signorini problem (GTSP) with the additional as-
sumptions that (zA [∇uB] B⊤)n ∈ L2(ΓS,Rd) and that the decomposition ΓD∪ΓSR ∪ΓSD ∪ΓSS of Γ
is consistent, then u is a (strong) solution to the general tangential Signorini problem (GTSP).
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Proof. (i) Assume that u is a (strong) solution to the general tangential Signorini problem (GTSP).
Then, from the boundary conditions, u ∈ K1

τ,w(Ω,Rd). Moreover, since −div
(
zA [∇uB] B⊤) = f

in D′(Ω,Rd) and f ∈ L2(Ω,Rd), thus −div
(
zA [∇uB] B⊤) = f in L2(Ω,Rd). Hence, from divergence

formula (see Proposition 2.1.1), one gets∫
Ω
zA [∇uB] B⊤ : ∇(v − u) −

〈(
zA [∇uB] B⊤) n, v − u

〉
H−1/2(Γ,Rd)×H1/2(Γ,Rd) =

∫
Ω
f · (v − u),

for all v ∈ K1
τ,w(Ω,Rd). Moreover, for all v ∈ K1

τ,w(Ω,Rd), one has v ∈ H1/2
00 (ΓS,Rd) which can be

identified to a linear subspace of H1/2(Γ,Rd), hence∫
Ω
zA [∇uB] B⊤ : ∇(v − u) −

〈(
zA [∇uB] B⊤) n, v − u

〉
H−1/2

00 (ΓS,Rd)×H1/2
00 (ΓS,Rd) =

∫
Ω
f · (v − u),

for all v ∈ K1
τ,w(Ω,Rd). Since

(
zA [∇uB] B⊤)n ∈ L2(ΓS,Rd), one deduces

〈(
zA [∇uB] B⊤) n, v − u

〉
H−1/2

00 (ΓS,Rd))×H1/2
00 (ΓS,Rd) =

∫
ΓS

(
zA [∇uB] B⊤) n · (v − u),

for all v ∈ K1
τ,w(Ω,Rd), which is also∫

ΓS

(
zA [∇uB] B⊤) n·(v−u) =

∫
ΓS

(
zA [∇uB] B⊤)n·n(vn−un)+

∫
ΓSR ∪ΓSS

((
zA [∇uB] B⊤)n

)
τ
·(vτ−uτ ),

for all v ∈ K1
τ,w(Ω,Rd). From the boundary conditions, one has

(
zA [∇uB] B⊤)n · n = ξn a.e.

on ΓS and
((
zA [∇uB] B⊤)n

)
τ

= hζτ + ξτ − k (uτ − (uτ · ζτ )ζτ ) a.e. on ΓSR . Moreover, for all v ∈
K1
τ,w(Ω,Rd), one has

((
zA [∇uB] B⊤) n

)
τ

· (vτ − uτ ) =
((
zA [∇uB] B⊤) n

)
τ

· vτ −
((
zA [∇uB] B⊤) n

)
τ

· uτ
≥ (hζτ + ξτ ) · vτ − (hζτ + ξτ ) · uτ = (hζτ + ξτ ) · (vτ − uτ ) ,

a.e. on ΓSS . This concludes the proof of the first item.
(ii) Assume that u is a weak solution to the general tangential Signorini problem (GTSP). Then u ∈

K1
τ,w(Ω,Rd). For all φ ∈ D(Ω,Rd), if we consider v = u ± φ ∈ K1

τ,w(Ω,Rd) in Inequality (4.2), one
gets −div

(
zA [∇uB] B⊤) = f in D′(Ω,Rd), thus in L2(Ω,Rd) since f ∈ L2(Ω,Rd). Hence, using

divergence formula (see Proposition 2.1.1) in Inequality (4.2), one deduces

〈(
zA [∇uB] B⊤) n, v − u

〉
H−1/2(Γ,Rd)×H1/2(Γ,Rd) ≥

∫
ΓS

ξn(vn − un) +
∫

ΓSS

(hζτ + ξτ ) · (vτ − uτ )

+
∫

ΓSR

(hζτ + ξτ − k (uτ − (uτ · ζτ )ζτ )) · (vτ − uτ ),

for all v ∈ K1
τ,w(Ω,Rd). Moreover, similarly to (i) and from the assumption

(
zA [∇uB] B⊤)n ∈
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L2(ΓS,Rd), one gets

∫
ΓS

(
zA [∇uB] B⊤) n · n(vn − un) +

∫
ΓSR ∪ΓSS

((
zA [∇uB] B⊤) n

)
τ

· (vτ − uτ ) ≥
∫

ΓS

ξn(vn − un)

+
∫

ΓSS

(hζτ + ξτ ) · (vτ − uτ ) +
∫

ΓSR

(hζτ + ξτ − k (uτ − (uτ · ζτ )ζτ )) · (vτ − uτ ), (4.3)

for all v ∈ K1
τ,w(Ω,Rd), also for all v ∈ K1/2

τ,w(Γ,Rd). Since k ∈ L4(ΓSR), then from the continuous
embedding H1(Ω,Rd)↪→L4(Γ,Rd) (see Proposition 2.1.7), one deduces that kuτ ∈ L2(ΓSR ,Rd). From
the consistant decomposition of ΓSR ∪ ΓSD ∪ ΓSS , one gets that K1/2

τ,w(Γ,Rd) is dense in K0
τ,w(Γ,Rd),

and since ||ζ||L∞(ΓSR ∪ΓSS ,Rd) ≤ 1, one deduces that Inequality (4.3) holds true for all v ∈ K0
τ,w(Γ,Rd).

Let us consider the function v := u±ψn ∈ K0
τ,w(Γ,Rd) in Inequality (4.3), where ψ ∈ L2(Γ) is defined

by

ψ :=
{

0 on ΓD,

ϕ on ΓS,

for any function ϕ in L2(ΓS). Then it follows that
(
zA [∇uB] B⊤) n · n = ξn a.e. on ΓS. Now let us

consider v := u± vϕ ∈ K0
τ,w(Γ,Rd) in Inequality (4.3), where vϕ ∈ L2(Γ,Rd) is defined by

vϕ :=
{

0 on ΓD ∪ ΓSD ∪ ΓSS ,

ϕ on ΓSR ,

with any function ϕ in L2(ΓSR ,Rd). Thus one deduces that
((
zA [∇uB] B⊤)n

)
τ

= hζτ + ξτ −
k (uτ − (uτ · ζτ )ζτ ) a.e. on ΓSR . Hence, Inequality (4.3) becomes∫

ΓSS

((
zA [∇uB] B⊤) n

)
τ

· (vτ − uτ ) ≥
∫

ΓSS

(hζτ + ξτ ) · (vτ − uτ ), (4.4)

for all v ∈ K0
τ,w(Γ,Rd). Let s ∈ ΓSS be a Lebesgue point of

((
zA [∇uB] B⊤) n

)
τ

· ζτ ∈ L2(ΓSS) and
of (hζτ + ξτ ) · ζτ ∈ L2(ΓSS), such that s ∈ intΓ(ΓSS). Let us consider the function v := u − ψζτ ∈
K0
τ,w(Γ,Rd) in Inequality (4.4), where ψ ∈ L2(Γ) is defined by

ψ :=
{

1 on BΓ(s, ε),
0 on Γ\BΓ(s, ε),

for ε > 0 such that BΓ(s, ε) ⊂ ΓSS . Thus, one gets

1
|BΓ(s, ε)|

∫
BΓ(s,ε)

((
zA [∇uB] B⊤)n

)
τ

· ζτ ≤ 1
|BΓ(s, ε)|

∫
BΓ(s,ε)

(hζτ + ξτ ) · ζτ ,

and thus (
((
zA [∇uB] B⊤)n

)
τ

(s) − h(s)ζτ (s) − ξτ (s)) · ζτ (s) ≤ 0 by letting ε → 0+. Moreover, since
almost every point of ΓSS is in intΓ(ΓSS) and is a Lesbegue point of

((
zA [∇uB] B⊤) n

)
τ

·ζτ ∈ L2(ΓSS)
and of (hζτ + ξτ ) · ζτ ∈ L2(ΓSS), one deduces (

((
zA [∇uB] B⊤) n

)
τ

− hζτ − ξτ ) · ζτ ≤ 0 a.e. on ΓSS .
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Finally, by considering v = w and v = 2u− w in Inequality (4.4), one deduces∫
ΓSS

(uτ − wτ ) ·
(((

zA [∇uB] B⊤)n
)
τ

− hζτ − ξτ
)

= 0,

thus, (uτ − wτ ) ·
(((

zA [∇uB] B⊤) n
)
τ

− hζτ − ξτ
)

= 0 a.e. on ΓSS since uτ ∈ K1
τ,w(Ω,Rd). The proof

is complete.

Let us prove that there exists a unique solution to the general tangential Signorini problem (GTSP).
To this aim, we introduce the functional Ψ defined by

Ψ : H1
D(Ω,Rd) −→ R

v 7−→ Ψ(v) :=
∫

ΓSR

k

2

(
∥vτ∥2 − |vτ · ζτ |2

)
.

Note that Ψ is well defined since k ∈ L4(ΓSR), ||ζ|| ≤ 1 a.e. on ΓSR and from the continuous
embedding H1(Ω,Rd)↪→L4(Γ,Rd).

Lemma 4.2.17. The functional Ψ is convex and Fréchet differentiable on H1
D(Ω,Rd), and for all v0 ∈

H1
D(Ω,Rd), its gradient denoted by ∇Ψ(v0) ∈ H1

D(Ω,Rd), is the unique solution to the Dirichlet-
Neumann problem

−div
(
zA [∇(∇Ψ(v0))B] B⊤) = 0 in Ω,

∇Ψ(v0) = 0 on ΓD,(
zA [∇(∇Ψ(v0))B] B⊤) n = 0 on ΓSD ∪ ΓSS ,(

zA [∇(∇Ψ(v0))B] B⊤)n · n = 0 on ΓSR ,((
zA [∇(∇Ψ(v0))B] B⊤) n

)
τ

= k (v0τ
− (v0τ

· ζτ ) ζτ ) on ΓSR .

(4.5)

Proof. Let us start with the convexity of Ψ and consider v1, v2 ∈ H1
D(Ω,Rd), λ ∈ ]0, 1[. Then

Ψ(λv1 + (1 − λ)v2) − λΨ(v1) − (1 − λ)Ψ(v2) =∫
ΓSR

−k

2λ(1 − λ)[
[
∥v1τ

∥2 + ∥v2τ
∥2 + 2v1τ

· v2τ
− |v1τ

· ζτ |2 − |v2τ
· ζτ |2 − 2(v1τ

· ζτ )(v2τ
· ζτ )

]
=∫

ΓSR

−k

2λ(1 − λ) ∥v1τ + v2τ ∥2 +
∫

ΓSR

k

2λ(1 − λ) |(v1τ + v2τ ) · ζτ |2 .

Since k ≥ 0 and ∥ζ∥ ≤ 1 a.e. on ΓSR , one deduces

Ψ(λv1 + (1 − λ)v2) − λΨ(v1) − (1 − λ)Ψ(v2) ≤∫
ΓSR

−k

2λ(1 − λ) ∥v1τ
+ v2τ

∥2 +
∫

ΓSR

k

2λ(1 − λ) ∥v1τ
+ v2τ

∥2 ∥ζτ∥2 ≤ 0,

thus Ψ is convex on H1
D(Ω,Rd).
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Now let us prove that Ψ is Fréchet differentiable. For v0 ∈ H1
D(Ω,Rd) and v ∈ H1

D(Ω,Rd),

Ψ(v0 + v) = Ψ(v0) +
∫

ΓSR

k (v0τ
− (v0τ

· ζτ ) ζτ ) · vτ +
∫

ΓSR

k

2

(
∥vτ∥2 − |vτ · ζτ |2

)
.

Moreover, from the continuous embedding H1(Ω,Rd)↪→L4(Γ,Rd), k ∈ L4(ΓSR) and ∥ζ∥ ≤ 1 a.e.
on ΓSR , one deduces ∫

ΓSR

k

2

(
∥vτ∥2 − |vτ · ζτ |2

)
= o(v),

where o stands for the standard Bachmann-Landau notation, and that the map

v ∈ H1
D(Ω,Rd) 7→

∫
ΓSR

k (v0τ − (v0τ · ζτ ) ζτ ) · vτ ∈ R,

is linear and continuous. Therefore Ψ is Fréchet differentiable in v0 ∈ H1
D(Ω,Rd), and

⟨∇Ψ(v0), v⟩z,A,B =
∫

ΓSR

k (v0τ − (v0τ · ζτ ) ζτ ) · vτ , ∀v ∈ H1
D(Ω,Rd),

i.e. ∇Ψ(v0) ∈ H1
D(Ω,Rd) is the unique solution to the Dirichlet-Neumann problem (4.5).

Proposition 4.2.18. The general tangential Signorini problem (GTSP) admits a unique weak solu-
tion u ∈ H1

D(Ω,Rd) which is given by

u = proxΨ+ιK1
τ,w(Ω,Rd)

(F )

where F ∈ H1
D(Ω,Rd) is the unique solution to the general Dirichlet-Neumann problem

−div
(
zA [(∇F )B] B⊤) = f in Ω,

F = 0 on ΓD,(
zA [(∇F )B] B⊤) n = ξ + hζτ on ΓS,

(4.6)

and proxΨ+IK1
τ,w(Ω,Rd)

stands for the proximal operator associated with the functional Ψ + IK1
τ,w(Ω,Rd)

considered on the Hilbert space (H1
D(Ω,Rd), ⟨·, ·⟩z,A,B).

Proof. Let F ∈ H1
D(Ω,Rd) be the solution to the general Dirichlet-Neumann problem (4.6), then

⟨F, v⟩z,A,B =
∫

Ω
f · v +

∫
ΓS

ξnvn +
∫

ΓS

(hζτ + ξτ ) · vτ ,

for all v ∈ H1
D(Ω,Rd). Let us notice that Ψ + IK1(Ω) is a proper lower semi-continuous convex

function on H1
D(Ω,Rd). Then u ∈ H1

D(Ω,Rd) is the weak solution to the general tangentiel Signorini
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problem (GTSP) if and only if u ∈ K1
τ,w(Ω,Rd) and

⟨u, v − u⟩z,A,B ≥
∫

Ω
f · (v − u) +

∫
ΓS

ξn(vn − un) +
∫

ΓSS

(hζτ + ξτ ) · (vτ − uτ )

+
∫

ΓSR

(hζτ + ξτ − k (uτ − (uτ · ζτ )ζτ )) · (vτ − uτ ),

for all v ∈ K1
τ,w(Ω,Rd), i.e. if and only if∫

ΓSR

k (uτ − (uτ · ζτ ) ζτ ) · (vτ − uτ ) ≥ ⟨F − u, v − u⟩z,A,B ,

for all v ∈ K1
τ,w(Ω,Rd), i.e. if and only if (see Lemma 4.2.17 and Proposition 3.1.7)

Ψ(v) − Ψ(u) ≥ ⟨F − u, v − u⟩z,A,B ,

for all v ∈ K1
τ,w(Ω,Rd), i.e. if and only if

⟨F − u, v − u⟩z,A,B ≤ Ψ(v) − Ψ(u) + ιK1
τ,w(Ω,Rd)(v) − ιK1

τ,w(Ω,Rd)(u),

for all v ∈ H1
D(Ω,Rd), i.e. if and only if

F − u ∈ ∂
(

Ψ + ιK1
τ,w(Ω,Rd)

)
(u),

i.e. if and only if
u = proxΨ+ιK1

τ,w(Ω,Rd)
(F ).

This concludes the proof.

4.2.4 A general Tresca friction problem

In this part, we assume that almost every point of ΓS is in intΓ(ΓS), h ∈ L2(ΓS) and g ∈ L2(ΓS)
such that g > 0 a.e. on ΓS. Consider the general Tresca friction problem given by

−div
(
zA [∇uB] B⊤) = f in Ω,

u = 0 on ΓD,(
zA [∇uB] B⊤) n · Mn = h on ΓS,∥∥∥((zA [∇uB] B⊤) n
)

(Mn)⊥

∥∥∥ ≤ g and

u(Mn)⊥ ·
((
zA [∇uB] B⊤) n

)
(Mn)⊥ + g

∥∥∥u(Mn)⊥

∥∥∥ = 0 on ΓS.

(GTP)

Definition 4.2.19 (Strong solution to the general Tresca friction problem). A (strong) solution to the
general Tresca friction problem (GTP) is a function u ∈ H1(Ω,Rd) such that −div

(
zA [∇uB] B⊤) = f

in D′(Ω,Rd), u = 0 a.e. on ΓD,
(
zA [∇uB] B⊤) n ∈ L2(ΓS,Rd) with

(
zA [∇uB] B⊤)n · Mn = h,

||
((
zA [∇uB] B⊤) n

)
(Mn)⊥ || ≤ g and u(Mn)⊥ ·

((
zA [∇uB] B⊤) n

)
(Mn)⊥ + g||u(Mn)⊥ || = 0 a.e. on ΓS.
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4.2. Boundary value problems in the linear elastic model

Definition 4.2.20 (Weak solution to the general Tresca friction problem). A weak solution to the
general Tresca friction problem (GTP) is a function u ∈ H1

D(Ω,Rd) such that

∫
Ω
zA [∇uB] B⊤ : ∇(v − u) +

∫
ΓS

g
∥∥∥v(Mn)⊥

∥∥∥−
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥
∫

Ω
f · (v − u)

+
∫

ΓS

hMn · (v − u) , ∀v ∈ H1
D(Ω,Rd). (4.7)

Proposition 4.2.21. A function u ∈ H1(Ω,Rd) is a (strong) solution to the general Tresca friction
problem (GTP) if and only if u is a weak solution to the general Tresca friction problem (GTP).

Proof. ⇒ Let u ∈ H1(Ω,Rd) be a (strong) solution to the general Tresca friction problem (GTP).
Then u ∈ H1

D(Ω,Rd) and −div
(
zA [∇uB] B⊤) = f in D′(Ω,Rd). Since f ∈ L2(Ω,Rd), one deduces

that −div
(
zA [∇uB] B⊤) = f in L2(Ω,Rd). Thus it follows from the divergence formula that∫

Ω
zA [∇uB] B⊤ : ∇(v − u) −

〈(
zA [∇uB] B⊤)n, v − u

〉
H−1/2

00 (ΓS,Rd)×H1/2
00 (ΓS,Rd) =

∫
Ω
f · (v − u),

for all v ∈ H1
D(Ω,Rd). Moreover, since

(
zA [∇uB] B⊤)n ∈ L2(ΓS,Rd) it follows that∫

Ω
zA [∇uB] B⊤ : ∇(v − u) −

∫
ΓS

(
zA [∇uB] B⊤)n · (v − u) =

∫
Ω
f · (v − u),

for all v ∈ H1
D(Ω,Rd). Furthermore, one has

∫
ΓS

(
zA [∇uB] B⊤)n · (v − u) =

∫
ΓS

((
zA [∇uB] B⊤) n · Mn

)
Mn · (v − u) +∫

ΓS

((
zA [∇uB] B⊤) n

)
(Mn)⊥ · (v − u) ,

for all v ∈ H1
D(Ω,Rd). From the Tresca friction law, one deduces that

−
((
zA [∇uB] B⊤)n

)
(Mn)⊥ · (v − u) ≤ g

(∥∥∥v(Mn)⊥

∥∥∥−
∥∥∥u(Mn)⊥

∥∥∥) ,
a.e. on ΓS and for all v ∈ H1

D(Ω,Rd), and since
((
zA [∇uB] B⊤) n · Mn

)
= h a.e. on ΓS, we can

conclude the first part of the proof.
⇐ Conversely, let u ∈ H1

D(Ω,Rd) be a weak solution to the general Tresca friction problem (GTP).
For all φ ∈ D(Ω,Rd), if we consider v = u ± φ ∈ H1

D(Ω,Rd) in Inequality (4.7), one gets the
equality −div

(
zA [∇uB] B⊤) = f in D′(Ω,Rd), thus in L2(Ω,Rd) since f ∈ L2(Ω,Rd). Hence, using

divergence formula in Inequality (4.7), one deduces

〈(
zA [∇uB] B⊤) n, v − u

〉
H−1/2

00 (ΓS,Rd)×H1/2
00 (ΓS,Rd)+

∫
ΓS

g
∥∥∥v(Mn)⊥

∥∥∥−
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥
∫

ΓS

hMn·(v − u) ,
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for all v ∈ H1
D(Ω,Rd). Moreover one has

−
〈(
zA [∇uB] B⊤)n, w

〉
H−1/2

00 (ΓS,Rd)×H1/2
00 (ΓS,Rd) ≤

(
∥g∥L2(ΓS) + ∥h∥L2(ΓS)

)
∥w∥L2(ΓS,Rd) ,

for all w ∈ H1/2
00 (ΓS,Rd). From Proposition 2.1.7 and 2.1.8, it follows that

(
zA [∇uB] B⊤)n ∈

L2(ΓS,Rd) and then∫
ΓS

(
zA [∇uB] B⊤) n · (v − u) +

∫
ΓS

g
∥∥∥v(Mn)⊥

∥∥∥−
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥
∫

ΓS

hMn · (v − u) ,

for all v ∈ H1/2
00 (ΓS,Rd), that is also

∫
ΓS

((
zA [∇uB] B⊤)n · Mn

)
Mn · (v − u) +

∫
ΓS

((
zA [∇uB] B⊤) n

)
(Mn)⊥ · (v − u) +

∫
ΓS

g
∥∥∥v(Mn)⊥

∥∥∥
−
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥
∫

ΓS

hMn · (v − u) , (4.8)

for all v ∈ H1/2
00 (ΓS,Rd), thus for all v ∈ L2(ΓS,Rd) by density. Let us consider the function w =

u± ψMn ∈ L2(ΓS,Rd), for any function ψ ∈ L2(ΓS). Then one gets in Inequality (4.8),∫
ΓS

ψ
(
zA [∇uB] B⊤) n · Mn =

∫
ΓS

hψ, ∀ψ ∈ L2(ΓS),

thus
(
zA [∇uB] B⊤) n · Mn = h in L2(ΓS). Inequality (4.8) becomes∫

ΓS

((
zA [∇uB] B⊤) n

)
(Mn)⊥ · (v − u) +

∫
ΓS

g
∥∥∥v(Mn)⊥

∥∥∥ −
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥ 0, (4.9)

Let s ∈ ΓS be a Lebesgue point of the functions ||
((
zA [∇uB] B⊤) n

)
(Mn)⊥ ||2 ∈ L2(ΓS) and also

of g||
((
zA [∇uB] B⊤)n

)
(Mn)⊥ || ∈ L1(ΓS), which is moreover in intΓ(ΓS). Then, if we consider the

function v = u− ψ ∈ L2(ΓS,Rd), where ψ ∈ L2(ΓS,Rd) is defined by

ψ :=
{ ((

zA [∇uB] B⊤) n
)

(Mn)⊥ on BΓ(s, ε),
0 on ΓS\BΓ(s, ε),

for ε > 0 such that BΓ(s, ε) ⊂ ΓS. Thus, one gets in Inequality (4.9)

1
|BΓ(s, ε)|

∫
BΓ(s,ε)

∥∥∥((zA [∇uB] B⊤) n
)

(Mn)⊥

∥∥∥2
≤ 1

|BΓ(s, ε)|

∫
BΓ(s,ε)

g
∥∥∥((zA [∇uB] B⊤)n

)
(Mn)⊥

∥∥∥ ,
thus

∥∥∥((zA [∇uB] B⊤)n
)

(Mn)⊥ (s)
∥∥∥2

≤ g(s)
∥∥∥((zA [∇uB] B⊤)n

)
(Mn)⊥ (s)

∥∥∥ by letting ε → 0+, and

then one has
∥∥∥((zA [∇uB] B⊤) n

)
(Mn)⊥ (s)

∥∥∥ ≤ g(s). Since almost every point of ΓS is in intΓ(ΓS) and
is a Lesbegue point of ||

((
zA [∇uB] B⊤)n

)
(Mn)⊥ ||2 ∈ L2(ΓS) and of g||

((
zA [∇uB] B⊤)n

)
(Mn)⊥ || ∈

L1(ΓS), one deduces that ∥∥∥((zA [∇uB] B⊤)n
)

(Mn)⊥

∥∥∥ ≤ g,
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4.2. Boundary value problems in the linear elastic model

a.e. on ΓS. Moreover, if we consider v = 0 in Inequality (4.9), one gets∫
ΓS

((
zA [∇uB] B⊤) n

)
(Mn)⊥ · u(Mn)⊥ + g

∥∥∥u(Mn)⊥

∥∥∥ ≤ 0,

thus it follows that ((
zA [∇uB] B⊤) n

)
(Mn)⊥ · u(Mn)⊥ + g

∥∥∥u(Mn)⊥

∥∥∥ = 0,

a.e. on ΓS. This concludes the proof.

From definition of the proximal operator (see Definition 3.1.10), one deduces the following exis-
tence/uniqueness result.

Proposition 4.2.22. The general Tresca friction problem (GTP) admits a unique solution u ∈
H1

D(Ω,Rd) given by
u = proxϕ(F ),

where F ∈ H1
D(Ω,Rd) is the unique solution to the general Dirichlet-Neumann problem

−div
(
zA [(∇F )B] B⊤) = f in Ω,

F = 0 on ΓD,(
zA [(∇F )B] B⊤) n = hMn on ΓS,

and where proxϕ stands for the proximal operator associated with the Tresca friction functional ϕ
defined by

ϕ : H1
D(Ω,Rd) −→ R

v 7−→ ϕ(v) :=
∫

ΓS

g
∥∥∥v(Mn)⊥

∥∥∥ ,
considered on the Hilbert space (H1

D(Ω,Rd), ⟨·, ·⟩z,A,B).

Proof. Let F ∈ H1
D(Ω,Rd) be the solution to the above general Dirichlet-Neumann problem. Then u ∈

H1
D(Ω,Rd) is solution to the general Tresca friction problem (GTP) if and only if

⟨u, v − u⟩z,A,B +
∫

ΓS

g
∥∥∥v(Mn)⊥

∥∥∥−
∫

ΓS

g
∥∥∥u(Mn)⊥

∥∥∥ ≥ ⟨F, v − u⟩z,A,B ∀v ∈ H1
D(Ω,Rd),

that is, if and only if
F − u ∈ ∂ϕ(u),

that is, if and only if
u = proxϕ(F ),

which concludes the proof.

Remark 4.2.23. The assumption that almost every point of ΓS is in intΓ(ΓS) is only used to prove
that a weak solution to the general Tresca friction problem (GTP) is also a (strong) solution, more
precisely to get the Tresca friction law on ΓS. Of course, some sets do not satisfy this assumption,
for instance the well-known Smith–Volterra–Cantor set (see, e.g, [5, Example 6.15 Section 6 Chapter
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Part I, Chapter 4 – Some required boundary value problems

1]). Nevertheless it is trivially satisfied in most of standard cases found in practice. Furthermore,
if this assumption is not satisfied, one can also prove that the weak solution to the general Tresca
friction problem (GTP) is a (strong) solution by adding the assumption that g ∈ L∞(ΓS), and by
using the isometry between the dual of (L1(ΓS,Rd), ∥ · ∥L1(ΓS,Rd)g

) and L∞(ΓS,Rd) (with its standard
norm ∥ · ∥L∞(ΓS,Rd)) where ∥ · ∥L1(ΓS,Rd)g

is the norm defined by

∥·∥L1(ΓS,Rd)g
: L1(ΓS,Rd) −→ R

v 7−→
∫

ΓS

g ∥v∥ .

We refer to [31, Chapitre 3] for a similar proof.
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Sensitivity analysis with respect to
the data
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In this second part, we investigate the sensitivity analysis of boundary value problems involving the
Signorini unilateral conditions or the Tresca friction law, with respect to the data. More precisely, in
Chapter 5 we focus on the scalar model of those problems. We start with the scalar Signorini problem
in Section 5.1 and with the scalar Tresca friction problem in Section 5.2. Then, in Chapter 6, we
focus on the linear elastic model: the Signorini problem in Section 6.1 and the Tresca friction problem
in Section 6.2. Using our methodology based on convex and variational analysis, we characterize
the solution to the Signorini (resp. Tresca friction) problem using the proximal operator associated
with the corresponding Signorini indicator functional (resp. the nonsmooth convex Tresca friction
functional). Then, by invoking the notion of twice epi-differentiability, we prove the differentiability
of the solution to the parameterized Signorini (resp. Tresca friction) problem, and we characterize
its derivative as the solution to a boundary value problem involving Signorini unilateral conditions.
Those characterizations are the main results of this part and, to the best of our knowledge, have never
been obtained in the literature.

Let us emphasize that in Subsections 5.1.2, 5.2.3 and Sections 6.1, 6.2, we perform the sensitivity
analysis of a general Signorini (resp. Tresca friction) problem with additional perturbed data, the
aim being to take into account a shape perturbation case. Indeed, as we saw in the Introduction, if
the shape is perturbed in the classical Signorini (resp. Tresca friction) problem (see Remark 4.1.1
and 4.2.1), those general problems will appear naturally after an appropriate change of variables in
the variational formulation of the classical Signorini (resp. Tresca friction) problem (see Chapters 8
and 9 for details). These results will be used in Part III in order to investigate shape optimization
problems. Finally, in Chapter 7, numerical simulations are provided in order to illustrate the results
obtained in Subsection 5.2.2 (note that we have chosen this subsection arbitrarily, other numerical
simulations could also be computed for the results obtained in the other sections and subsections).
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Chapter 5

SENSITIVITY ANALYSIS OF BOUNDARY

VALUE PROBLEMS IN THE SCALAR

MODEL

In this chapter, d ∈ N∗ is a positive integer. For all t ≥ 0, let us consider ft ∈ L2(Ω), gt ∈ L2(Γ),
kt ∈ L∞(Ω) and Mt ∈ L∞(Ω,Rd×d), with kt and Mt satisfying the assumptions described at the
beginning of Section 4.1. Moreover, we assume that M0 = I and k0 = 1 a.e. on Ω, and that:

(H1) the map t ∈ R+ 7→ ft ∈ L2(Ω) is differentiable at t = 0, with its derivative denoted by f ′
0 ∈

L2(Ω);

(H2) the map t ∈ R+ 7→ Mt ∈ L∞(Ω,Rd×d) is differentiable at t = 0, with its derivative denoted
by M′

0 ∈ L∞(Ω,Rd×d);

(H3) the map t ∈ R+ 7→ kt ∈ L∞(Ω) is differentiable at t = 0, with its derivative denoted by k′
0 ∈

L∞(Ω).

In the sequel, the classical scalar Signorini (resp. Tresca friction) problem is called the scalar
Signorini (resp. Tresca friction) problem (see Remark 4.1.1).

In Section 5.1, the sensitivity analysis of boundary value problems involving the scalar Signorini
unilateral conditions is performed. In Subsection 5.1.1, a scalar Signorini problem is considered and
we perturb the source term and the scalar Signorini unilateral conditions. Then in Subsection 5.1.2,
a general scalar Signorini problem is considered with additional perturbed data, which cause a new
difficulty compared to the Subsection 5.1.1: the scalar product is perturbed. In order to apply our
methodology, in particular to use the twice epi-differentiabiliy and Proposition 3.2.10, we characterize
the solution to the (general) scalar Signorini problem using the proximal operator instead of the
projection operator.

In Section 5.2, we focus on boundary value problems involving the scalar Tresca friction law.
More precisely, in Subsection 5.2.1 we perform the sensitivity analysis of the scalar Tresca friction
problem with respect to the source term. Therefore the friction term in the Tresca friction law is not
perturbed and the classical notion of twice epi-differentiability can be used (see Definition 3.2.5). In
Subsection 5.2.2 we add an additional difficulty: the friction term is perturbed, thus the extended
notion of twice epi-differentiability depending on a parameter is required (see Definition 3.2.11).
Finally, the general scalar Tresca friction law is considered in Subsection 5.2.3, where the source term,
the friction term and additional data are perturbed, which cause a perturbation of the scalar product.
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5.1 Boundary value problems involving scalar Signorini uni-
lateral conditions

5.1.1 The scalar Signorini problem

Let us consider the parameterized scalar Signorini problem{
−∆ut + ut = ft in Ω,

ut ≤ 0, ∂nut ≤ gt and ut (∂nut − gt) = 0 on Γ,
(SSPt)

for all t ≥ 0. From Subsection 4.1.2 (consider M(x) = I and k(x) = 1 for almost all x ∈ Ω), for
all t ≥ 0, there exists a unique weak solution ut ∈ K1

0(Ω) to (SSPt) which satisfies∫
Ω

∇ut · ∇(v − ut) +
∫

Ω
ut (v − ut) ≥

∫
Ω
ft (v − ut) +

∫
Γ
gt (v − ut) , ∀v ∈ K1

0(Ω),

where K1
0(Ω) := {v ∈ H1(Ω) | v ≤ 0 a.e. on Γ}, and it can be expressed as

ut = projK1
0(Ω)(Ft),

where Ft ∈ H1(Ω) is the unique solution to the parameterized scalar Neumann problem{
−∆Ft + Ft = ft in Ω,

∂nFt = gt on Γ.
(5.1)

In order to use our methodology, we use the proximal operator to characterize ut, that is (see Re-
mark 3.1.11)

ut = proxιK1
0(Ω)

(Ft),

where proxιK1
0(Ω)

is the proximal operator associated with the Signorini indicator function ιK1
0(Ω)

considered on the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω)).
Since, for all t ≥ 0, ut is related to Ft by the proximal operator, let us start with the sensitivity

analysis of the parameterized scalar Neumann problem (5.1), which will be useful for the sensitivity
analysis of the parameterized scalar Signorini problem (SSPt). The following proposition is easily
proved using Hypothesis (H1), the linearity of the scalar Neumann problem and Proposition 4.1.5.

Lemma 5.1.1. Let Ft ∈ H1(Ω) be the unique solution to the parameterized scalar Neumann prob-
lem (5.1), for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable at t = 0, with its
derivative denoted by g′

0 ∈ L2(Γ). Then the map t ∈ R+ 7→ Ft ∈ H1(Ω) is differentiable at t = 0 and
its derivative, denoted by F ′

0 ∈ H1(Ω), is the unique solution to the scalar Neumann problem given by{
−∆F ′

0 + F ′
0 = f ′

0 in Ω,
∂nF

′
0 = g′

0 on Γ.
(5.2)

Now, in order to differentiate the map t ∈ R+ 7→ ut ∈ H1(Ω) at t = 0, we will use Proposition 3.2.10
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5.1. Boundary value problems involving scalar Signorini unilateral conditions

which characterizes the derivative of a map given by a proximal operator using the notion of twice
epi-differentiability (see Definition 3.2.5). To this aim the twice epi-differentiability of the Signorini
indicator function ιK1

0(Ω) has to be investigated. From Proposition 3.2.9, we need the polyhedricity
(see Definition 3.1.5) of the subset K1

0(Ω). This has been already proved in [58] and requires some
concepts from convex analysis and capacity theory reminded in Sections 2.2 and 3.1.

Lemma 5.1.2. The nonempty closed convex subset K1
0(Ω) of H1(Ω) is polyhedric at u0 ∈ K1

0(Ω)
for F0 − u0 ∈ NK1

0(Ω)(u0) and, one has

TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥ =
{
v ∈ H1(Ω) | v ≤ 0 q.e. on Γu0=0 and ⟨F0 − u0, v⟩H1(Ω) = 0

}
,

where Γu0=0 := {s ∈ Γ | u0(s) = 0}, "q.e." means quasi everywhere, NK1
0(Ω)(u0) (resp. TNK1

0(Ω)
(u0))

is the normal cone (resp. tangent cone) to K1
0(Ω) (resp. NK1

0(Ω)) at u0.

Using the previous Lemma, one can deduce from Proposition 3.2.9 the following corollary.

Corollary 5.1.3. The Signorini indicator function ιK1
0(Ω) is twice epi-differentiable at u0 ∈ K1

0(Ω)
for F0 − u0 ∈ NK1

0(Ω)(u0) and

d2
eιK1

0(Ω)(u0|F0 − u0) = ιTNK1
0(Ω)

(u0)∩(R(F0−u0))⊥ .

The twice epi-differentiability of the Signorini indicator function allows us to apply Proposi-
tion 3.2.10 in order to prove the differentiability of the map t ∈ R+ 7→ ut ∈ H1(Ω).

Theorem 5.1.4. Let ut ∈ H1(Ω) be the unique solution to the parameterized scalar Signorini prob-
lem (SSPt) for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable at t = 0, with its
derivative denoted by g′

0 ∈ L2(Γ). Then the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0, and
its derivative denoted by u′

0 ∈ TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥ is the unique solution to the variational
inequality

⟨u′
0, v − u′

0⟩H1(Ω) ≥
∫

Ω
f ′

0 (v − u′
0) +

∫
Γ
g′

0 (v − u′
0) , ∀v ∈ TNK1

0(Ω)
(u0) ∩ (R (F0 − u0))⊥

.

Proof. Using Hypothesis (H1) and the assumption that the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable
at t = 0, we know from Proposition 5.1.1, that the map t ∈ R+ 7→ Ft ∈ H1(Ω) is differentiable at t = 0,
with its derivative F ′

0 ∈ H1(Ω) being the unique solution to the scalar Neumann problem (5.2). Thus,
from Corollary 5.1.3, one can apply Proposition 3.2.10 to deduce that the map t ∈ R+ 7→ ut ∈ H1(Ω)
is differentiable at t = 0, and its derivative u′

0 ∈ H1(Ω) satisfies

u′
0 = proxd2

eιK1
0(Ω)(u0|F0−u0)(F ′

0),

which, from the definition of the proximal operator (see Proposition 3.1.10), leads to

⟨u′
0, v − u′

0⟩H1(Ω) ≥
∫

Ω
f ′

0 (v − u′
0) +

∫
Γ
g′

0 (v − u′
0) , ∀v ∈ TNK1

0(Ω)
(u0) ∩ (R (F0 − u0))⊥

.
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In [58], the same result is obtained using the conical differentiability of the projection operator.
Since K1

0(Ω) is polyhedric at u0 ∈ K1
0(Ω) for F0 − u0 ∈ NK1

0(Ω)(u0), then from Mignot’s theorem the
projection operator on K1

0(Ω) is conically differentiable at u0 for F0 − u0, and its conical derivative is
given by projTNK1

0(Ω)
(u0)∩(R(F0−u0))⊥(F ′

0), which is exactly proxιTK1
0(Ω)(u0)∩(R(F0−u0))⊥

(F ′
0). Nevertheless,

to the best of our knowledge, no one notices that it was possible to improve this result under additional
assumptions, in order to characterize u′

0 as solution to a boundary value problem. Indeed, as mentioned
in [19, 47], it is possible to replaced q.e. in the subset TNK1

0(Ω)
(u0) ∩ (R (F0 − u0))⊥ by a.e. under

some hypotheses like, for instance, if Γu0=0 = intΓ(Γu0=0). Moreover, if we assume some regularity
on ∂nu0, then it allows us to characterize u′

0 as weak solution to a scalar Signorini problem.

Corollary 5.1.5. Consider the framework of Theorem 5.1.4, and assume that ∂nu0 ∈ L2(Γ) and
also Γu0=0 = intΓ(Γu0=0). Then u′

0 ∈ H1(Ω) is the unique weak solution to the scalar Signorini
problem 

−∆u′
0 + u′

0 = f ′
0 in Ω,

∂nu
′
0 = g′

0 on Γu0,g0
N ,

u′
0 = 0 on Γu0,g0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ g′

0 and u′
0 (∂nu

′
0 − g′

0) = 0 on Γu0,g0
S− ,

(5.3)

where Γ is decomposed, up to a null set, as Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− , where

Γu0,g0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0,g0
D := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) < g0(s)} ,

Γu0,g0
S− := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = g0(s)} .

Proof. Since H1/2(Γ) is a Dirichlet space (see Example 2.2.6), then for all v ∈ H1/2(Γ), v admits a
unique quasi-continuous representative for the q.e equivalence relation (see Proposition 2.2.4), thus it
follows that (see [19, Remark 3.12 p.13] for details)

TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥ =
{
v ∈ H1(Ω) | v ≤ 0 a.e. on Γu0=0 and ⟨F0 − u0, v⟩H1(Ω) = 0

}
.

Moreover, since ∂nu0 ∈ L2(Γ), then u0 is a (strong) solution to the scalar Signorini problem (SSPt)
for the parameter t = 0 (see Proposition 4.1.9 since Γ is obviously consistent), thus from the Signorini
unilateral conditions, one has

⟨F0 − u0, v⟩H1(Ω) =
∫

Γ
(g0 − ∂nu0) v =

∫
Γu0=0

(g0 − ∂nu0) v =
∫

Γu0,g0
D

(g0 − ∂nu0) v = 0,

for all v ∈ TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥, and since (g0 − ∂nu0)v ≤ 0 and ∂nu0 < g0 a.e. on Γu0,g0
D ,

one deduces that v = 0 a.e. on Γu0,g0
D , for all v ∈ TNK1

0(Ω)
(u0) ∩ (R (F0 − u0))⊥, which concludes the

proof from Subsection 4.1.2.

Remark 5.1.6. Consider the framework of Corollary 5.1.5. Note that, for instance, the assump-
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tion ∂nu0 ∈ L2(Γ) is satisfied if u0 ∈ H2(Ω), which is true if Γ is sufficiently regular (see [14, Chapter 1,
Theorem I.10 p.43]). Moreover u′

0 is the unique weak solution to the scalar Signorini problem (5.3),
but it is not necessarily a strong solution. However, in the case where ∂nu

′
0 ∈ L2(Γ) and the decom-

position Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− is consistent (see Definition 4.1.8), then u′

0 is a strong solution to the
scalar Signorini problem (5.3).

5.1.2 A general scalar Signorini problem

Let us consider the parameterized general scalar Signorini problem{
−div(Mt∇ut) + ktut = ft in Ω,

ut ≤ 0, Mt∇ut · n ≤ gt and ut (Mt∇ut · n − gt) = 0 on Γ,
(GSSPt)

for all t ≥ 0. From Subsection 4.1.2, there exists a unique weak solution ut ∈ K1
0(Ω) to (GSSPt) which

satisfies∫
Ω

Mt∇ut · ∇(v − ut) +
∫

Ω
ktut (v − ut) ≥

∫
Ω
ft (v − ut) +

∫
Γ
gt (v − ut) , ∀v ∈ K1

0(Ω),

where K1
0(Ω) :=

{
v ∈ H1(Ω) | v ≤ 0 a.e. on Γ

}
. In order to use our methodology, we express the

solution ut using the proximal operator as (see Remark 3.1.11)

ut = proxιK1
0(Ω)

(Ft),

where Ft ∈ H1(Ω) is the unique solution to the parameterized general scalar Neumann problem{
−div(Mt∇Ft) + ktFt = ft in Ω,

Mt∇F · n = gt on Γ,
(5.4)

and proxιK1
0(Ω)

is the proximal operator associated with the Signorini indicator function ιK1
0(Ω) consid-

ered on the perturbed Hilbert space (H1(Ω), ⟨·, ·⟩Mt,kt
) (see the notations in Section 4.1). One might

believe that Proposition 3.2.10 could allow to compute the derivative of the map t ∈ R+ 7→ ut ∈ H1(Ω)
at t = 0, as we did in Subsection 5.1.1. However, we face here to a scalar product ⟨·, ·⟩Mt,kt

that
is t-dependent and we need to overcome this difficulty as follows. Let us write Mt = I + (Mt − I)
and kt = 1 + (kt − 1) to get

⟨ut, v − ut⟩H1(Ω) ≥
∫

Ω
ft(v−ut)+

∫
Γ
gt (v − ut)−

∫
Ω

(Mt − I) ∇ut ·∇(v − ut)−
∫

Ω
(kt − 1)ut (v − ut) ,

for all v ∈ K1
0(Ω), and thus

ut = proxιK1
0(Ω)

(Et),

where Et ∈ H1(Ω) stands for the unique solution to the parameterized variational equality given by

⟨Et, v⟩H1(Ω) =
∫

Ω
ftv +

∫
Γ
gtv −

∫
Ω

(Mt − I) ∇ut · ∇v −
∫

Ω
(kt − 1)utv, ∀v ∈ H1(Ω), (5.5)
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and where proxιK1
0(Ω)

is now considered on the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω)) whose scalar product
is t-independent.

Remark 5.1.7. Note that the existence/uniqueness of the solution Et ∈ H1(Ω) to the parame-
terized variational equality (5.5) can be easily derived from the Riesz representation theorem, and
that E0 ∈ H1(Ω) coincides with the solution F0 ∈ H1(Ω) to the parameterized general scalar Neu-
mann problem (5.4) for the parameter t = 0. Furthermore note that, if div ((Mt − I) ∇ut) ∈ L2(Ω),
then the above parameterized variational equality (5.5) corresponds exactly to the weak variational
formulation of the parameterized scalar Neumann problem given by{

−∆Et + Et = ft − (kt − 1)ut + div ((Mt − I) ∇ut) in Ω,
∂nEt = gt − (Mt − I) ∇ut · n on Γ.

For instance, the condition div ((Mt − I) ∇ut) L2(Ω) is satisfied when Mt ∈ W1,∞(Ω,Rd×d) and ut ∈
H2(Ω).

Now, using Hypothesis (H1), (H2) and (H3), our next step is to differentiate the map t ∈ R+ 7→
Et ∈ H1(Ω) at t = 0.

Lemma 5.1.8. Let Et ∈ H1(Ω) be the unique solution to the parameterized variational equality (5.5),
for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable at t = 0, with its derivative
denoted by g′

0 ∈ L2(Γ). Then the map t ∈ R+ 7→ Et ∈ H1(Ω) is differentiable at t = 0 and its
derivative, denoted by E′

0 ∈ H1(Ω), is the unique solution to the variational equality given by

⟨E′
0, v⟩H1(Ω) =

∫
Ω
f ′

0v +
∫

Γ
g′

0v −
∫

Ω
M′

0∇u0 · ∇v −
∫

Ω
k′

0u0v, ∀v ∈ H1(Ω). (5.6)

Proof. Using the Riesz representation theorem, we denote by Z ∈ H1(Ω) the unique solution to the
variational equality (5.6). From linearity we get that

∥∥∥∥Et − E0

t
− Z

∥∥∥∥
H1(Ω)

≤ C

(∥∥∥∥ft − f0

t
− f ′

0

∥∥∥∥
L2(Ω)

+
∥∥∥∥gt − g0

t
− g′

0

∥∥∥∥
L2(Γ)

)
+ C

(
∥M′

0∥L∞(Ω,Rd×d) + ∥k′
0∥L∞(Ω)

)
∥ut − u0∥H1(Ω)

+ C

(∥∥∥∥Mt − I
t

− M′
0

∥∥∥∥
L∞(Ω,Rd×d)

+
∥∥∥∥kt − 1

t
− k′

0

∥∥∥∥
L∞(Ω)

)
∥ut∥H1(Ω) ,

for all t > 0, where C > 0 is a constant which depends on Ω. Therefore, to conclude the proof we
only need to prove the continuity of the map t ∈ R+ 7→ ut ∈ H1(Ω) at t = 0. To this aim let us
take v = u0 in the weak variational formulation of ut and v = ut in the weak variational formulation
of u0 to get

∥ut − u0∥H1(Ω) ≤ C
(

∥Mt − I∥L∞(Ω,Rd×d) + ∥kt − 1∥L∞(Ω)

)
∥ut∥H1(Ω)

+ C
(

∥gt − g0∥L2(Γ) + ∥ft − f0∥L2(Ω)

)
,
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for all t ≥ 0. Therefore, to conclude the proof we need to prove that the map t ∈ R+ 7→ ∥ut∥H1(Ω) ∈ R
is bounded for t ≥ 0 sufficiently small. For this purpose, let us take v = 0 in the weak variational
formulation of ut to get that

∥ut∥H1(Ω) ≤ C
(

∥Mt − I∥L∞(Ω,Rd×d) + ∥kt − 1∥L∞(Ω)

)
∥ut∥H1(Ω) + C

(
∥gt∥L2(Γ) + ∥ft∥L2(Ω)

)
,

for all t ≥ 0, and thus

∥ut∥H1(Ω) ≤
C
(

∥ft∥L2(Ω) + ∥gt∥L2(Γ)

)
1 − C

(
∥Mt − I∥L∞(Ω,Rd×d) + ∥kt − 1∥L∞(Ω)

) ,
for all t ≥ 0 sufficiently small. The assumptions (H1), (H2), (H3) and that the map t ∈ R+ 7→
gt ∈ L2(Γ) is differentiable at t = 0, imply the continuity of the corresponding maps. The proof is
complete.

Using the twice epi-differentiability of the Signorini indicator function ιK1
0(Ω) (see Corollary 5.1.3),

one can prove in the same way as Theorem 5.1.4, that the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable
at t = 0.

Theorem 5.1.9. Let ut ∈ H1(Ω) be the unique solution to the parameterized general scalar Signorini
problem (GSSPt), for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable at t = 0,
with its derivative denoted by g′

0 ∈ L2(Γ). Then the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable
at t = 0, and its derivative denoted by u′

0 ∈ TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥ is the unique solution to the
variational inequality

⟨u′
0, v − u′

0⟩H1(Ω) ≥
∫

Ω
f ′

0 (v − u′
0) +

∫
Γ
g′

0 (v − u′
0)

−
∫

Ω
M′

0∇u0 · ∇(v − u′
0) −

∫
Ω
k′

0u0 (v − u′
0) , ∀v ∈ TNK1

0(Ω)
(u0) ∩ (R (F0 − u0))⊥

, (5.7)

where

TNK1
0(Ω)

(u0) ∩ (R (F0 − u0))⊥ =
{
v ∈ H1(Ω) | v ≤ 0 q.e. on Γu0=0 and ⟨F0 − u0, v⟩H1(Ω) = 0

}
,

and Γu0=0 := {s ∈ Γ | u0(s) = 0}.

With some additional assumptions, we can prove that u′
0 is the unique weak solution to a scalar

Signorini problem.

Corollary 5.1.10. Consider the framework of Theorem 5.1.9 and assume that:

1. div(M′
0∇u0) ∈ L2(Ω) with M′

0∇u0 · n ∈ L2(Γ), and also ∂nu0 ∈ L2(Γ);

2. Γu0=0 = intΓ(Γu0=0).
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Then u′
0 ∈ H1(Ω) is the unique weak solution to the scalar Signorini problem

−∆u′
0 + u′

0 = f ′
0 − k′

0u0 + div (M′
0∇u0) in Ω,

∂nu
′
0 = h on Γu0,g0

N ,

u′
0 = 0 on Γu0,g0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ h and u′

0 (∂nu
′
0 − h) = 0 on Γu0,g0

S− ,

(5.8)

where h := g′
0 − M′

0∇u0 · n ∈ L2(Γ), and Γ is decomposed, up to a null set, as Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− ,

where
Γu0,g0

N := {s ∈ Γ | u0(s) ̸= 0} ,
Γu0,g0

D := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) < g0(s)} ,
Γu0,g0

S− := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = g0(s)} .

Proof. From Hypothesis 1, one can apply divergence formula (see Proposition 2.1.1) in Inequality (5.7).
The rest of the proof is similar to Corollary 5.1.5.

Remark 5.1.11. Consider the framework of Corollary 5.1.10. Note that Hypothesis 1 is, for instance,
satisfied if u0 ∈ H2(Ω) and M′

0 ∈ W1,∞(Ω,Rd×d). Note that u′
0 is the unique weak solution to the

scalar Signorini problem (5.8), but is not necessarily a strong solution. Nevertheless, in the case
where ∂nu

′
0 ∈ L2(Γ) and the decomposition Γu0,g0

N ∪ Γu0,g0
D ∪ Γu0,g0

S− is consistent, then u′
0 is a strong

solution to the scalar Signorini problem (5.8).

5.2 Boundary value problems involving the scalar Tresca fric-
tion law

In this section, we assume that gt > 0 a.e. on Γ, for all t ≥ 0.

5.2.1 The scalar Tresca friction problem with perturbation of the source
term only

In this first subsection, we do not perturb the scalar Tresca friction law, and we assume that, for
all t ≥ 0, gt = 1 a.e. on Γ. Let us consider the parameterized scalar Tresca friction problem{

−∆ut + ut = ft in Ω,
|∂nut| ≤ 1 and ut∂nut + |ut| = 0 on Γ,

(STP1t)

for all t ≥ 0. From Subsection 4.1.3 (consider M(x) = I and k(x) = 1 for almost all x ∈ Ω), for
all t ≥ 0, there exists a unique weak solution ut ∈ H1(Ω) to (STP1t) which satisfies∫

Ω
∇ut · ∇(v − ut) +

∫
Ω
ut (v − ut) +

∫
Γ

|v| −
∫

Γ
|ut| ≥

∫
Ω
ft (v − ut) , ∀v ∈ H1(Ω),

and it can be expressed as
ut = proxϕ(Ft),
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where Ft ∈ H1(Ω) is the unique solution to the parameterized scalar Neumann problem{
−∆Ft + Ft = ft in Ω,

∂nFt = 0 on Γ,
(5.9)

and where proxϕ stands for the proximal operator associated with the Tresca friction functional given
by

ϕ : H1(Ω) −→ R

v 7−→ ϕ(v) :=
∫

Γ
|v|,

considered on the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω).
In the same way as Subsection 5.1.1, using Hypothesis (H1) we have the following lemma.

Lemma 5.2.1. Let Ft ∈ H1(Ω) be the unique solution to the parameterized scalar Neumann prob-
lem (5.9), for all t ≥ 0. Then the map t ∈ R+ 7→ Ft ∈ H1(Ω) is differentiable at t = 0 and its
derivative, denoted by F ′

0 ∈ H1(Ω), is the unique solution to the scalar Neumann problem given by{
−∆F ′

0 + F ′
0 = f ′

0 in Ω,
∂nF

′
0 = 0 on Γ.

(5.10)

In order to use Proposition 3.2.10 and then to deduce the derivative of the map t ∈ R+ 7→ ut ∈
H1(Ω) at t = 0, let us prepare the background for the twice epi-differentiability (see Definition 3.2.5) of
the Tresca friction functional ϕ. More specifically let us start with the characterization of the convex
subdifferential of ϕ. To this aim, we introduce an auxiliary problem defined, for all u ∈ H1(Ω), by{

−∆w + w = 0 in Ω,
∂nw(s) ∈ ∂|·|(u(s)) on Γ,

(AP1u)

where, for almost all s ∈ Γ, ∂|·|(u(s)) stands for the convex subdifferential of the classical absolute
value map |·| : R → R at u(s) ∈ R. For a given u ∈ H1(Ω), a solution to this problem (AP1u) is a
function w ∈ H1(Ω) which satisfies −∆w+w = 0 in D′(Ω) and such that ∂nw ∈ L2(Γ) with ∂nw(s) ∈
∂|·|(u(s)) for almost all s ∈ Γ.

Lemma 5.2.2. Let u ∈ H1(Ω). Then

∂ϕ(u) = the set of solutions to Problem (AP1u).

Proof. Let u ∈ H1(Ω) and let us prove the two inclusions. First, let w ∈ H1(Ω) be a solution to
Problem (AP1u). Then w ∈ H1(Ω), ∂nw ∈ L2(Γ) and ∂nw(s) ∈ ∂|·|(u(s)) for almost all s ∈ Γ. Hence
one has

∂nw(s)(v(s) − u(s)) ≤ (|v(s)| − |u(s)|),

for all v ∈ H1(Ω) and for almost all s ∈ Γ. It follows that∫
Γ
∂nw(v − u) ≤

∫
Γ
(|v| − |u|),
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for all v ∈ H1(Ω). Moreover −∆w + w = 0 in D′(Ω), thus it holds −∆w + w = 0 in L2(Ω). Hence,
from Green formula (see Proposition 2.1.2), one gets since ∂nw ∈ L2(Γ),∫

Ω
∇w · ∇(v − u) +

∫
Ω
w (v − u) =

∫
Γ
∂nw (v − u) ,

for all v ∈ H1(Ω). Therefore one deduces∫
Ω

∇w · ∇(v − u) +
∫

Ω
w (v − u) ≤

∫
Γ
(|v| − |u|),

for all v ∈ H1(Ω), that is
⟨w, v − u⟩H1(Ω) ≤ ϕ(v) − ϕ(u),

for all v ∈ H1(Ω). Thus w ∈ ∂ϕ(u) and the first inclusion is proved. Conversely let w ∈ ∂ϕ(u). One
has ∫

Ω
∇w · ∇(v − u) +

∫
Ω
w (v − u) ≤

∫
Γ
(|v| − |u|), (5.11)

for all v ∈ H1(Ω). Considering the function v = u ± φ ∈ H1(Ω) with any function φ ∈ D(Ω), one
deduces from Inequality (5.11) that −∆w+w = 0 in D′(Ω), and also −∆w+w = 0 in L2(Ω). Hence,
from Green formula (see Proposition 2.1.2) and Inequality (5.11), it follows that

⟨∂nw, v − u⟩H−1/2(Γ)×H1/2(Γ) ≤
∫

Γ
(|v| − |u|),

for all v ∈ H1(Ω), and thus also for all v ∈ H1/2(Γ). Now let us consider the function v = u + φ ∈
H1/2(Γ) for any φ ∈ H1/2(Γ). One gets∣∣∣⟨∂nw,φ⟩H−1/2(Γ)×H1/2(Γ)

∣∣∣ ≤
∫

Γ
|φ| ≤ |Γ|

1
2 ∥φ∥L2(Γ) .

From Proposition 2.1.7 and 2.1.8, one deduces that ∂nw ∈ L2(Γ) and also that∫
Γ
∂nw (v − u) ≤

∫
Γ
(|v| − |u|), (5.12)

for all v ∈ H1/2(Γ) and, by density, for all v ∈ L2(Γ). Let s ∈ Γ be a Lebesgue point of ∂nw ∈ L2(Γ),
of the product u∂nw ∈ L1(Γ) and of |u| ∈ L2(Γ). Let us consider the function v ∈ L2(Γ) defined by

v :=
{

x on BΓ(s, ε),
u on Γ\BΓ(s, ε),

with x ∈ R and ε > 0 such that BΓ(s, ε) ⊂ Γ. Then one has from Inequality (5.12) that

1
|BΓ(s, ε)|

∫
BΓ(s,ε)

∂nw(x− u) ≤ 1
|BΓ(s, ε)|

∫
BΓ(s,ε)

|x| − 1
|BΓ(s, ε)|

∫
BΓ(s,ε)

|u|,

thus ∂nw(s)(x − u(s)) ≤ |x| − |u(s)| by letting ε → 0+. This inequality is true for any x ∈ R,
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therefore ∂nw(s) ∈ ∂|·|(u(s)). Moreover, since almost every point of Γ is a Lesbegue point of ∂nw ∈
L2(Γ), u∂nw ∈ L1(Γ) and of |u| ∈ L2(Γ), one deduces

∂nw(s) ∈ ∂|·|(u(s)),

for almost all s ∈ Γ, and this proves the second inclusion.

The twice epi-differentiability (see Definition 3.2.5) is defined using the second-order difference
quotient functions. Therefore let us compute the following second-order difference quotient functions
of ϕ at u ∈ H1(Ω) for w ∈ ∂ϕ(u) defined by

δ2
t ϕ(u|w) : H1(Ω) −→ R

v 7−→ δ2
t ϕ(u|w)(v) :=

ϕ(u+ tv) − ϕ(u) − t ⟨w, v⟩H1(Ω)

t2
,

for all t > 0.

Proposition 5.2.3. For all t > 0, u ∈ H1(Ω) and w ∈ ∂ϕ(u), it holds that

δ2
t ϕ(u|w)(v) =

∫
Γ
δ2
t |·| (u(s)|∂nw(s))(v(s))ds, (5.13)

for all v ∈ H1(Ω), where, for almost all s ∈ Γ, δ2
t |·| (u(s)|∂nw(s)) stands for the second-order difference

quotient function of the absolute value map |·| at u(s) ∈ R for ∂nw(s) ∈ ∂|·|(u(s)).

Proof. Let t > 0, u ∈ H1(Ω) and w ∈ ∂ϕ(u). From Lemma 5.2.2 and Green formula (see Proposi-
tion 2.1.2), one deduces

⟨w, v⟩H1(Ω) = ⟨∂nw, v⟩H−1/2(Γ)×H1/2(Γ) ,

for all v ∈ H1(Ω). Moreover, similarly to Lemma 5.2.2, one gets

⟨w, v⟩H1(Ω) =
∫

Γ
v∂nw,

for all v ∈ H1(Ω). Thus it follows that

δ2
t ϕ(u|w)(v) =

∫
Γ

|u(s) + tv(s)| − |u(s)| − tv(s)∂nw(s)
t2

ds,

for all v ∈ H1(Ω). Furthermore, since ∂nw(s) ∈ ∂|·|(u(s)) for almost all s ∈ Γ, one deduces that

δ2
t ϕ(u|w)(v) =

∫
Γ
δ2
t |·| (u(s)|∂nw(s))(v(s))ds,

for all v ∈ H1(Ω), which concludes the proof.

From the above proposition we can notice that the twice epi-differentiability of the Tresca friction
functional is strongly related to the twice epi-differentiability of the absolute value map |·|. Therefore
the computation of the second-order epi-derivative of |·| is the next step.
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Lemma 5.2.4. The absolute value map |·| : R → R is twice epi-differentiable at any x ∈ R for
any y ∈ ∂|·|(x), and its second-order epi-derivative is given by d2

e|·|(x|y) = ιKx,y , where Kx,y is the
nonempty closed convex subset of R defined by

Kx,y :=


R if x ̸= 0,
R− if x = 0 and y = −1,
R+ if x = 0 and y = 1,
{0} if x = 0 and y ∈ (−1, 1),

and where ιKx,y
stands for the indicator function of Kx,y.

Proof. Since |·| = h[−1,1], where h[−1,1] is the support function of [−1, 1], then one can apply Propo-
sition 3.2.8 to get, for x = 0 and for all y ∈ ∂|·|(0) = [−1, 1],

d2
e |·| (0|y) = ιN[−1,1](y),

where N[−1,1](y) is the normal cone to [−1, 1] at y. One can easily prove that

N[−1,1](y) :=


R− if y = −1,
R+ if y = 1,
{0} if y ∈ (−1, 1).

In the case where x ̸= 0, then ∂|·|(x) = { x
|x| }, and |·| is twice Fréchet differentiable at x with its twice

Fréchet differential given by
D2 |·| (x) = 0.

Thus one gets (see Remark 3.2.6),
d2
e |·| (x| x

|x|
)(z) = 0,

for all z ∈ R, which concludes the proof.

Remark 5.2.5. Since |·| is twice epi-differentiable, then from Proposition 5.2.3, if ϕ is twice epi-
differentiable at u ∈ H1(Ω) for w ∈ ∂ϕ(u), one can naturally expect that its second order epi-derivative
satisfies

d2
eϕ(u|w)(v) =

∫
Γ

d2
e |·| (u(s)|∂nw(s))(v(s))ds,

for all v ∈ H1(Ω), which corresponds to the inversion of symbols ME-lim and
∫

Γ in Equality (5.13)
on the H1(Ω)-space. Nevertheless, to the best of our knowledge, this inversion is an open question.
Therefore we do not know, in general, if the Tresca friction functional is indeed twice epi-differentiable
at u for w. Nevertheless, in Appendix A, we prove it in several particular cases corresponding to
practical situations.

From the previous results and some additional assumptions detailed below, we are now in a position
to characterize the derivative of the solution to the parameterized Tresca friction problem (STP1t).
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Theorem 5.2.6. Let ut ∈ H1(Ω) be the unique solution to the parameterized scalar Tresca friction
problem (STP1t) for all t ≥ 0. Assume that the Tresca friction functional ϕ is twice epi-differentiable
at u0 for F0 − u0 ∈ ∂ϕ(u0), with

d2
eϕ(u0|F0 − u0)(v) =

∫
Γ

d2
e |·| (u0(s)|∂n(F0 − u0)(s))(v(s))ds,

for all v ∈ H1(Ω), where F0 is the unique solution to the parameterized scalar Neumann problem (5.9)
for the parameter t = 0. Then the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0, and its
derivative denoted by u′

0 ∈ H1(Ω) is the unique weak solution to the Signorini problem

−∆u′
0 + u′

0 = f ′
0 in Ω,

∂nu
′
0 = 0 on Γu0

N ,

u′
0 = 0 on Γu0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ 0 and u′

0∂nu
′
0 = 0 on Γu0

S−,

u′
0 ≥ 0, ∂nu

′
0 ≥ 0 and u′

0∂nu
′
0 = 0 on Γu0

S+,

(5.14)

where Γ is decomposed, up to a null set, as Γu0
N ∪ Γu0

D ∪ Γu0
S− ∪ Γu0

S+ with

Γu0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0
D := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) ∈ (−1, 1)} ,

Γu0
S− := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = 1} ,

Γu0
S+ := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = −1} .

Proof. From the assumption and Lemma 5.2.4, it follows that

d2
eϕ(u0|F0 − u0)(v) =

∫
Γ
ιKu0(s),∂n(F0−u0)(s)(v(s))ds,

for all v ∈ H1(Ω). Therefore, one deduces that

d2
eϕ(u0|F0 − u0)(v) = ιKu0,∂n(F0−u0)(v),

for all v ∈ H1(Ω), where Ku0,∂n(F0−u0) is the nonempty closed convex subset of H1(Ω) defined by

Ku0,∂n(F0−u0) :=
{
v ∈ H1(Ω) | v(s) ∈ Ku0(s),∂n(F0−u0)(s) for almost all s ∈ Γ

}
.

Moreover, since ∂nF0 = 0 a.e. on Γ, one gets

Ku0,∂n(F0−u0) =
{
v ∈ H1(Ω) | v = 0 a.e. on Γu0

D , v ≤ 0 a.e. on Γu0
S−, v ≥ 0 a.e. on Γu0

S+
}
,

where subsets Γu0
N , Γu0

D , Γu0
S−, Γu0

S+ are defined in Theorem 5.2.6. Moreover, from Hypothesis (H1)
we know from Lemma 5.2.1 that the map t ∈ R+ 7→ Ft ∈ H1(Ω) is differentiable at t = 0, with its
derivative F ′

0 ∈ H1(Ω) being the unique solution to the scalar Neumann problem (5.10). Thus, using
Proposition 3.2.10 one deduces that the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0, and its
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derivative u′
0 ∈ H1(Ω) satisfies

u′
0 = proxd2

eϕ(u0|F0−u0)(F ′
0) = proxιKu0,∂n(F0−u0)

(F ′
0),

which is also (see Remark 3.1.11)

u′
0 = projKu0,∂n(F0−u0)

(F ′
0).

From Subsection 4.1.2, one deduces that u′
0 is the unique weak solution to the scalar Signorini prob-

lem (5.14).

5.2.2 The scalar Tresca friction problem with perturbation of the source
term and of the friction term

In this subsection, the scalar Tresca friction law is perturbed. We recall that, for all t ≥ 0, gt > 0
a.e. on Γ. Let us consider the parameterized scalar Tresca friction problem{

−∆ut + ut = ft in Ω,
|∂nut| ≤ gt and ut∂nut + gt|ut| = 0 on Γ,

(STP2t)

for all t ≥ 0. From Subsection 4.1.3, for all t ≥ 0, there exists a unique weak solution ut ∈ H1(Ω)
to (STP2t) which satisfies∫

Ω
∇ut · ∇(v − ut) +

∫
Ω
ut (v − ut) +

∫
Γ
gt |v| −

∫
Γ
gt |ut| ≥

∫
Ω
ft (v − ut) , ∀v ∈ H1(Ω).

The Tresca friction functional, defined in Proposition 4.1.16, now depends on the parameter t ≥ 0.
Precisely we are led to define the parameterized Tresca friction functional given by

Φ : R+ × H1(Ω) −→ R

(t, v) 7−→ Φ(t, v) :=
∫

Γ
gt|v|.

(5.15)

Note that, for all t ≥ 0, Φ(t, ·) is a proper lower semi-continuous convex function on H1(Ω) and, the
unique solution to the parameterized scalar Tresca friction problem (STP2t) is given by

ut = proxΦ(t,·)(Ft), (5.16)

where Ft ∈ H1(Ω) is the unique solution to the parameterized scalar Neumann problem{
−∆Ft + Ft = ft in Ω,

∂nFt = 0 on Γ,
(5.17)

and where proxΦ(t,·) stands for the proximal operator associated with Φ(t, ·) considered on the Hilbert
space (H1(Ω), ⟨·, ·⟩H1(Ω).
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As we can see in Equality (5.16), the proximal operator proxΦ(t,·) depends on the parameter t ≥ 0.
This leads us to use Proposition 3.2.15 which characterizes the derivative of a map given by a param-
eterized proximal operator, using the notion of twice epi-differentiability depending on a parameter
(see Definition 3.2.11). Let us underline that this is an important difference with the previous Sub-
section 5.2.1, where the proximal operator was associated to a functional that did not depend on
the parameter t ≥ 0, therefore the classical notion of twice epi-differentiability (see Definition 3.2.5)
introduced by R.T. Rockafellar (see [68]) was sufficient.

In order to investigated the twice epi-differentiability of the parameterized Tresca friction func-
tional defined in (5.15), let us start with the characterization of the convex subdifferential of Φ(0, ·).
To this aim, we introduce an auxiliary problem defined, for all u ∈ H1(Ω), by{

−∆w + w = 0 in Ω,
∂nw(s) ∈ g0(s)∂|·|(u(s)) on Γ.

(AP2u)

For a given u ∈ H1(Ω), a solution to this problem (AP2u) is a function w ∈ H1(Ω) which satis-
fies −∆w + w = 0 in D′(Ω) and such that ∂nw ∈ L2(Γ) with ∂nw(s) ∈ g0(s)∂|·|(u(s)) for almost
all s ∈ Γ.

The proof of the following lemma can be proved in the same way as Lemma 5.2.2

Lemma 5.2.7. Let u ∈ H1(Ω). Then

∂Φ(0, ·)(u) = the set of solutions to Problem (AP2u).

The twice epi-differentiability depending on a parameter is defined using the second-order differ-
ence quotient functions (see Definition 3.2.11). Therefore let us compute the following second-order
difference quotient functions of Φ at u ∈ H1(Ω) for w ∈ ∂Φ(0, ·)(u) defined by

∆2
tΦ(u|w) : H1(Ω) −→ R

v 7−→ ∆2
tΦ(u|w)(v) :=

Φ(t, u+ tv) − Φ(t, u) − t ⟨w, v⟩H1(Ω)

t2
,

for all t > 0.

Proposition 5.2.8. For all t > 0, u ∈ H1(Ω) and w ∈ ∂Φ(0, ·)(u), it holds that

∆2
tΦ(u|w)(v) =

∫
Γ

∆2
tG(s)(u(s)|∂nw(s))(v(s))ds,

for all v ∈ H1(Ω), where, for almost all s ∈ Γ, ∆2
tG(s)(u(s)|∂nw(s)) stands for the second-order

difference quotient function of G(s) at u(s) ∈ R for ∂nw(s) ∈ g0(s)∂|·|(u(s)), with G(s) defined by

G(s) : R+ × R −→ R
(t, x) 7−→ G(s)(t, x) := gt(s)|x|.

Remark 5.2.9. Note that, for almost all s ∈ Γ and all t ≥ 0, G(s)(t, ·) := gt(s)|·| is a proper lower
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semi-continuous convex function on R. Moreover, since g0 > 0 a.e. on Γ, it follows that

∂ [G(s)(0, ·)] (x) = g0(s)∂|·|(x),

for all x ∈ R and for almost all s ∈ Γ.

Proof of Proposition 5.2.8. Let t > 0, u ∈ H1(Ω) and w ∈ ∂Φ(0, ·)(u). From Lemma 5.2.7 and Green
formula (see Proposition 2.1.2), one deduces that

⟨w, v⟩H1(Ω) = ⟨∂nw, v⟩H−1/2(Γ)×H1/2(Γ) =
∫

Γ
v∂nw,

for all v ∈ H1(Ω). Thus it follows that

∆2
tΦ(u|w)(v) =

∫
Γ

gt(s)|u(s) + tv(s)| − gt(s)|u(s)| − tv(s)∂nw(s)
t2

ds,

for all v ∈ H1(Ω). Furthermore, since ∂nw(s) ∈ g0(s)∂|·|(u(s)) for almost all s ∈ Γ, one deduces that

∆2
tΦ(u|w)(v) =

∫
Γ

∆2
tG(s)(u(s)|∂nw(s))(v(s))ds,

for all v ∈ H1(Ω), which concludes the proof.

From the above proposition we note that the twice epi-differentiability of the parameterized Tresca
friction functional is strongly related to the twice epi-differentiability of the parameterized func-
tion G(s) for almost all s ∈ Γ. Therefore the computation of the second-order epi-derivative of G(s)
for almost all s ∈ Γ is the next step.

Proposition 5.2.10. Assume that, for almost all s ∈ Γ, the map t ∈ R+ 7→ gt(s) ∈ R+ is differen-
tiable at t = 0, with its derivative denoted by g′

0(s). Then, for almost all s ∈ Γ, the map G(s) is twice
epi-differentiable at any x ∈ R and for all y ∈ g0(s)∂|·|(x) with

D2
eG(s)(x|y)(z) = ιK

x,
y

g0(s)
(z) + g′

0(s) y

g0(s)z,

for all z ∈ R, where ιK
x,

y
g0(s)

stands for the indicator function of the set Kx, y
g0(s)

(see Lemma 5.2.4).

Proof. We use the same notations as in Definitions 3.2.5 and 3.2.11. Let x ∈ R. Then, for almost
all s ∈ Γ, for all y ∈ g0(s)∂|·|(x) and all z ∈ R, one has

∆2
tG(s)(x|y)(z) = gt(s)|x+ tz| − gt(s)|x| − tyz

t2
= gt(s)

|x+ tz| − |x| − t y
g0(s)z

t2
+ (gt(s) − g0(s)) y

tg0(s) z,

that is
∆2
tG(s)(x|y)(z) = gt(s)δ2

t |·|
(
x| y

g0(s)

)
(z) + (gt(s) − g0(s)) y

tg0(s) z,

with y
g0(s) ∈ ∂|·|(x), and where δ2

t |·|(x| y
g0(s) ) is the second-order difference quotient function of |·|

at x for y
g0(s) (see Definition 3.2.5 since |·| is t-independent function). Using the characterization of
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Mosco epi-convergence (see Proposition 3.2.4) and Lemma 5.2.4, it follows that the map G(s) is twice
epi-differentiable at x for y with

D2
eG(s)(x|y)(z) = ιK

x,
y

g0(s)
(z) + g′

0(s) y

g0(s)z,

for all z ∈ R, and the proof is complete.

Remark 5.2.11. The perturbation of the friction term gt in the parameterized scalar Tresca friction
problem (STP2t) (which is not considered in Subsection 5.2.1) generates an additional term in the
expression of the second-order epi-derivative of G(s), for almost all s ∈ Γ, at all x ∈ R for all y ∈
g0(s)∂|·|(x), given by the function z ∈ R 7→ g′

0(s) y
g0(s)z ∈ R.

Theorem 5.2.12. Let ut ∈ H1(Ω) be the unique solution to the parameterized scalar Tresca friction
problem (STP2t) for all t ≥ 0. Assume that:

1. for almost all s ∈ Γ, the map t ∈ R+ 7→ gt(s) ∈ R+ is differentiable at t = 0, with its derivative
denoted by g′

0(s), and also g′
0 ∈ L2(Γ);

2. the parameterized Tresca friction functional Φ defined in (5.15) is twice epi-differentiable at u0

for F0 − u0 ∈ ∂Φ(0, ·)(u0), with

D2
eΦ(u0|F0 − u0)(v) =

∫
Γ

D2
eG(s)(u0(s)|∂n(F0 − u0)(s))(v(s))ds,

for all v ∈ H1(Ω), where F0 is the unique solution to the parameterized scalar Neumann prob-
lem (5.17) for the parameter t = 0.

Then the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0, and its derivative denoted by u′
0 ∈ H1(Ω)

is the unique weak solution to the scalar Signorini problem

−∆u′
0 + u′

0 = f ′
0 in Ω,

∂nu
′
0 = g′

0
∂nu0
g0

on Γu0,g0
N

u′
0 = 0 on Γu0,g0

D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ g′

0
∂nu0
g0

and u′
0

(
∂nu

′
0 − g′

0
∂nu0
g0

)
= 0 on Γu0,g0

S− ,

u′
0 ≥ 0, ∂nu

′
0 ≥ g′

0
∂nu0
g0

and u′
0

(
∂nu

′
0 − g′

0
∂nu0
g0

)
= 0 on Γu0,g0

S+ ,

(5.18)

where Γ is decomposed, up to a null set, as Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− ∪ Γu0,g0

S+ with

Γu0,g0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0,g0
D := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) ∈ (−g0(s), g0(s))} ,

Γu0,g0
S− := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = g0(s)} ,

Γu0,g0
S+ := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = −g0(s)} .

Remark 5.2.13. The problem (5.18) in Theorem 5.2.12 is a well-posed problem since∣∣∣∣∂nu0(s)
g0(s)

∣∣∣∣ ≤ 1,
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for almost all s ∈ Γ, and hence g′
0
∂nu0
g0

∈ L2(Γ) since g′
0 ∈ L2(Γ).

Proof of Theorem 5.2.12. From the assumptions and Proposition 5.2.10, it follows that

D2
eΦ(u0|F0 − u0)(v) = ιK

u0,
∂n(F0−u0)

g0

(v) +
∫

Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) v(s)ds,

for all v ∈ H1(Ω), where K
u0,

∂n(F0−u0)
g0

is the nonempty closed convex subset of H1(Ω) defined by

K
u0,

∂n(F0−u0)
g0

=
{
v ∈ H1(Ω) | v = 0 a.e. on Γu0,g0

D , v ≤ 0 a.e. on Γu0,g0
S− , v ≥ 0 a.e. on Γu0,g0

S+
}
,

where subsets Γu0,g0
N , Γu0,g0

D , Γu0,g0
S− and Γu0,g0

S+ are defined in Theorem 5.2.12. One can easily prove
that D2

eΦ(u0|F0 − u0) is a proper lower semi-continuous convex function on H1(Ω). Moreover, from
Hypothesis (H1), we know that the map t ∈ R+ 7→ Ft ∈ H1(Ω) is differentiable at t = 0, with its
derivative F ′

0 ∈ H1(Ω) being the unique solution to the scalar Neumann problem{
−∆F ′

0 + F ′
0 = f ′

0 in Ω,
∂nF

′
0 = 0 on Γ.

Thus, using (5.16) and Proposition 3.2.15, the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0,
and its derivative u′

0 ∈ H1(Ω) satisfies

u′
0 = proxD2

eΦ(u0|F0−u0)(F ′
0),

which, from the definition of the proximal operator (see Definition 3.1.10) leads to

F ′
0 − u′

0 ∈ ∂D2
eΦ(u0|F0 − u0)(u′

0),

which means that

⟨F ′
0 − u′

0, v − u′
0⟩H1(Ω) ≤ D2

eΦ(u0|F0 − u0)(v) − D2
eΦ(u0|F0 − u0)(u′

0),

for all v ∈ H1(Ω). Hence we get that

∫
Ω

∇ (F ′
0 − u′

0) · ∇(v − u′
0) +

∫
Ω

(F ′
0 − u′

0) (v − u′
0)

≤ ιK
u0,

∂n(F0−u0)
g0

(v) − ιK
u0,

∂n(F0−u0)
g0

(u′
0) +

∫
Γ
g′

0
∂n(F0 − u0)

g0
(v − u′

0),

for all v ∈ H1(Ω). Moreover, since ∂nF0 = 0 a.e. on Γ, it follows that

∫
Ω

∇u′
0 · ∇(v − u′

0) +
∫

Ω
u′

0 (v − u′
0) ≥ ιK

u0,
∂n(F0−u0)

g0

(u′
0) − ιK

u0,
∂n(F0−u0)

g0

(v)

+
∫

Ω
f ′

0(v − u′
0) +

∫
Γ
g′

0
∂nu0

g0
(v − u′

0),
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for all v ∈ H1(Ω). Hence u′
0 ∈ K

u0,
∂n(F0−u0)

g0
and

∫
Ω

∇u′
0 · ∇(v − u′

0) +
∫

Ω
u′

0 (v − u′
0) ≥

∫
Ω
f ′

0(v − u′
0) +

∫
Γ
g′

0
∂nu0

g0
(v − u′

0),

for all v ∈ K
u0,

∂n(F0−u0)
g0

, which concludes the proof from Subsection 4.1.2.

5.2.3 Perturbation of a general scalar Tresca friction problem

Let us consider the parameterized general scalar Tresca friction problem{
−div(Mt∇ut) + ktut = ft in Ω,

|Mt∇ut · n| ≤ gt and utM∇ut · n + gt |ut| = 0 on Γ,
(GSTPt)

for all t ≥ 0. From Subsection 4.1.3, for all t ≥ 0, there exists a unique weak solution ut ∈ H1(Ω)
to (GSTPt) which satisfies∫

Ω
Mt∇ut · ∇(v − ut) +

∫
Ω
ktut(v − ut) +

∫
Γ
gt|v| −

∫
Γ
gt|ut| ≥

∫
Ω
ft(v − ut), ∀v ∈ H1(Ω),

and it can be expressed as
ut = proxΦ(t,·)(Ft),

where Ft ∈ H1(Ω) is the unique solution to the parameterized general scalar Neumann problem{
−div(Mt∇Ft) + ktFt = ft in Ω,

Mt∇Ft · n = 0 on Γ,
(5.19)

and where proxΦ(t,·) stands for the proximal operator associated with Φ(t, ·) (already defined in
the previous subsection in (5.15)) considered on the perturbed Hilbert space (H1(Ω), ⟨·, ·⟩Mt,kt

) (see
notations in Section 4.1). Since the scalar product ⟨·, ·⟩Mt,kt

depends on t, we follow the same strategy
already described in Subsection 5.1.2, to deduce that

ut = proxΦ(t,·)(Et),

where Et ∈ H1(Ω) is the unique solution to the parameterized variational equality given by

⟨Et, v⟩H1(Ω) =
∫

Ω
ftv −

∫
Ω

(Mt − I) ∇ut · ∇v −
∫

Ω
(kt − 1)utv, ∀v ∈ H1(Ω),

and where proxΦ(t,·) is now considered on the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω)) whose scalar product
is t-independent. Note that E0 ∈ H1(Ω) coincides with the solution F0 ∈ H1(Ω) to the parameterized
general scalar Neumann problem (5.19) for the parameter t = 0. Since we have already investigated
the twice epi-differentiability of Φ on the Hilbert space (H1(Ω), ⟨·, ·⟩H1(Ω)) in Subsection 5.2.2, and
the differentiability of the map t ∈ R+ 7→ Et ∈ H1(Ω) at t = 0 in Subsection 5.1.2, one can obtain the
following theorem whose the proof is similar to Theorem 5.2.12.
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Theorem 5.2.14. Let ut ∈ H1(Ω) be the unique solution to the parameterized general scalar Tresca
friction problem (GSTPt) for all t ≥ 0. Assume that:

1. for almost all s ∈ Γ, the map t ∈ R+ 7→ gt(s) ∈ R+ is differentiable at t = 0, with its derivative
denoted by g′

0(s), and also g′
0 ∈ L2(Γ);

2. the parameterized Tresca friction functional Φ is twice epi-differentiable at u0 for F0 − u0 ∈
∂Φ(0, ·)(u0), with

D2
eΦ(u0|F0 − u0)(v) =

∫
Γ

D2
eG(s)(u0(s)|∂n (F0 − u0) (s))(v(s))ds,

for all v ∈ H1(Ω), where F0 is the unique solution to the parameterized general scalar Neumann
problem (5.19) for the parameter t = 0.

Then the map t ∈ R+ 7→ ut ∈ H1(Ω) is differentiable at t = 0, and its derivative denoted by u′
0 ∈ H1(Ω)

is the unique solution to the variational inequality

⟨u′
0, v − u′

0⟩H1(Ω) ≥
∫

Ω
f ′

0 (v − u′
0) −

∫
Ω

M′
0∇u0 · ∇(v − u′

0) −
∫

Ω
k′

0u0 (v − u′
0)

+
∫

Γ
g′

0
∂nu0

g0
(v − u′

0), ∀v ∈ K
u0,

∂n(F0−u0)
g0

, (5.20)

where

K
u0,

∂n(F0−u0)
g0

:=
{
v ∈ H1(Ω) | v = 0 a.e. on Γu0,g0

D , v ≤ 0 a.e. on Γu0,g0
S− , v ≥ 0 a.e. on Γu0,g0

S+
}
,

is a nonempty closed convex subset of H1(Ω), and Γ is decomposed, up to a null set, as Γu0,g0
N ∪Γu0,g0

D ∪
Γu0,g0

S− ∪ Γu0,g0
S+ with

Γu0,g0
N := {s ∈ Γ | u0(s) ̸= 0} ,

Γu0,g0
D := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) ∈ (−g0(s), g0(s))} ,

Γu0,g0
S− := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = g0(s)} ,

Γu0,g0
S+ := {s ∈ Γ | u0(s) = 0 and ∂nu0(s) = −g0(s)} .

With some additional assumptions, one can characterize u′
0 ∈ H1(Ω) as solution to a scalar Sig-

norini problem.

Corollary 5.2.15. Consider the framework of Theorem 5.2.14, and assume that div(M′
0∇u0) ∈ L2(Ω)

and M′
0∇u0 · n ∈ L2(Γ). Then u′

0 ∈ H1(Ω) is the unique weak solution to the scalar Signorini problem

−∆u′
0 + u′

0 = f ′
0 − k′

0u0 + div (M′
0∇u0) in Ω,

∂nu
′
0 = h on Γu0,g0

N
u′

0 = 0 on Γu0,g0
D ,

u′
0 ≤ 0, ∂nu

′
0 ≤ h and u′

0 (∂nu
′
0 − h) = 0 on Γu0,g0

S− ,

u′
0 ≥ 0, ∂nu

′
0 ≥ h and u′

0 (∂nu
′
0 − h) = 0 on Γu0,g0

S+ ,

where h := g′
0
∂nu0
g0

− M′
0∇u0 · n ∈ L2(Γ).
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Proof. Since div(M′
0∇u0) ∈ L2(Ω) one can apply divergence formula (see Proposition 2.1.1) in In-

equality (5.20) to deduce that

⟨u′
0, v − u′

0⟩H1(Ω) ≥
∫

Ω
f ′

0 (v − u′
0) +

∫
Ω

div(M′
0∇u0) (v − u′

0) − ⟨M′
0∇u0 · n, v − u′

0⟩H−1/2(Γ)×H1/2(Γ)

−
∫

Ω
k′

0u0 (v − u′
0) +

∫
Γ
g′

0
∂nu0

g0
(v − u′

0), ∀v ∈ K
u0,

∂n(F0−u0)
g0

,

and since M′
0∇u0 · n ∈ L2(Γ), we can conclude the proof from Subsection 4.1.2.

Remark 5.2.16. Note that the assumptions in Corollary 5.2.15 are, for instance, satisfied if u0 ∈
H2(Ω) and M′

0 ∈ W1,∞(Ω,Rd). Note that u0 is in H2(Ω) if Γ is sufficiently regular (see [14, Chapter 1,
Theorem I.10 p.43])
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Chapter 6

SENSITIVITY ANALYSIS OF BOUNDARY

VALUE PROBLEMS IN THE LINEAR

ELASTIC MODEL

In this chapter we consider d = 2 or d = 3, and we assume that Ω is an elastic solid satisfying the
linear elastic model (see Chapter 1 for details) and that Γ is decomposed as ΓD ∪ΓS, where ΓD and ΓS

are two measurable pairwise disjoint subsets of Γ, such that ΓD and ΓS have a positive measure.
Consider also, for all t ≥ 0, ft ∈ L2(Ω,Rd), gt ∈ L2(Γ), zt ∈ L∞(Ω), Bt ∈ L∞(Ω,Rd×d), Mt ∈
C1,∞(Ω,GLd(R)) such that Mt

−1 ∈ C1,∞(Ω,GLd(R)), where Mt
−1 is defined as the map x ∈ Ω 7→

Mt(x)−1GLd(R)). In the same way as Section 4.2, we assume that, for all t ≥ 0,∫
Ω
ztA [(∇v1)Bt] B⊤

t : ∇v2 ≥ C

∫
Ω

Ae(v1) : e(v2), ∀v1, v2 ∈ H1
D(Ω,Rd),

where C > 0 is a constant. We recall that, from the assumptions on the stiffness tensor A (see (1.1)),
one has Ae(v) = A∇v, for all v ∈ H1

D(Ω,Rd), and that if for some v ∈ H1
D(Ω,Rd), Ae(v)n ∈ L2(ΓS,Rd),

then we denote σn(v) := Ae(v)n·n ∈ L2(ΓS) and στ (v) := Ae(v)n−σn(v)n ∈ L2(ΓS,Rd). We also recall
that, for a matrix M ∈ Rd×d, we denote by (when it is necessary to avoid any confusion) A[M] the
stiffness tensor A applied to M, and that we denote v(Mn)⊥ := v−(v· Mn

||Mn||2 )Mn, for any v ∈ L2(ΓS,Rd).
Moreover we assume that:

(H4) the map t ∈ R+ 7→ ft ∈ L2(Ω,Rd) is differentiable at t = 0, with its derivative denoted
by f ′

0 ∈ L2(Ω,Rd);

(H5) the map t ∈ R+ 7→ zt ∈ L∞(Ω) is differentiable at t = 0, with its derivative denoted by z′
0 ∈

L∞(Ω);

(H6) the map t ∈ R+ 7→ Mt ∈ C1,∞(Ω,Rd×d) is differentiable at t = 0, with its derivative denoted
by M′

0 ∈ C1,∞(Ω,Rd×d);

(H7) the map t ∈ R+ 7→ Bt ∈ L∞(Ω,Rd×d) is differentiable at t = 0, with its derivative denoted
by B′

0 ∈ L∞(Ω,Rd×d).

In the sequel, the classical Signorini (resp. Tresca friction) problem is called the Signorini (resp.
Tresca friction) problem (see Remark 4.2.1).
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6.1. A general Signorini problem

In this chapter, we perform directly the sensitivity analysis of a general Signorini problem in
Section 6.1 using the notion of twice epi-differentiability (see Definition 3.2.5). In Section 6.2, we
perform the sensitivity analysis of two general Tresca friction problems, both with perturbation of the
Tresca friction law, thus the extended notion of twice epi-differentiability depending on a parameter
is required (see Definition 3.2.11). More precisely, in Section 6.2.1 the unit normal vector to the
boundary is not perturbed (i.e. we assume that Mt = I on Ω, for all t ≥ 0), while in Section 6.2.2
we perturb it but only in the two-dimensional case. Note that if the shape Ω is perturbed, then so
is the unit normal vector n. Therefore, the perturbation of the normal n is important if we want to
take into account a shape perturbation case in the Signorini (resp. Tresca friction) problem, since the
normal n can appear in the corresponding variational formulation.

In the sequel, to simplify the following computations, we assume that M0 = I on Ω, B0 = I
and z0 = 1 a.e. on Ω.

6.1 A general Signorini problem

Consider the parameterized general Signorini problem given by

−div
(
ztA [∇utBt] B⊤

t

)
= ft in Ω,

ut = 0 on ΓD,((
ztA [∇utBt] B⊤

t

)
n
)(

M−1
t

⊤n
)⊥ = 0 on ΓS,

ut · M−1
t

⊤n ≤ 0,
(
ztA [∇utBt] B⊤

t

)
n · M−1

t

⊤n
||M−1

t

⊤n||2
≤ gt and

ut · M−1
t

⊤n
((
ztA [∇utBt] B⊤

t

)
n · M−1

t

⊤n
||M−1

t

⊤n||2
− gt

)
= 0 on ΓS,

(GSPt)

for all t ≥ 0. From Subsection 4.2.2, for all t ≥ 0, there exists a unique weak solution ut ∈ K1
t (Ω,Rd)

to (GSPt) which satisfies∫
Ω
ztA [∇utBt] B⊤

t : ∇(v − ut) ≥
∫

Ω
ft · (v − ut)+

∫
ΓS

gtM−1
t

⊤n · (v − ut) , ∀v ∈ K1
t (Ω,Rd), (6.1)

where K1
t (Ω,Rd) := {v ∈ H1

D(Ω,Rd) | v ·M−1
t

⊤n ≤ 0 a.e. on ΓS} and, in order to use our methodology,
we express it using the proximal operator as (see Remark 3.1.11)

ut = proxιK1
t

(Ω,Rd)
(Ft),

where Ft ∈ H1
D(Ω,Rd) is the unique solution to the parameterized general Dirichlet-Neumann problem

−div
(
ztA [(∇Ft)Bt] B⊤

t

)
= ft in Ω,

Ft = 0 on ΓD,(
ztA [(∇Ft)Bt] B⊤

t

)
n = gtM−1

t

⊤n on ΓS,

(6.2)

and where proxιK1
t

(Ω,Rd)
stands for the proximal operator associated with the Signorini indicator func-

tion ιK1
t (Ω,Rd) considered on the perturbed Hilbert space (H1

D(Ω,Rd), ⟨·, ·⟩zt,A,Bt
) (see the notations in
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Part II, Chapter 6 – Sensitivity analysis of boundary value problems in the linear elastic model

Section 4.2). Here, the main difficulty is that the indicator function ιK1
t (Ω,Rd) depends on the parame-

ter t, thus it would required the extended notion of twice epi-differentiability depending on a parameter
in order to apply the Proposition 3.2.15, like we did in Subsection 5.2.2 and 5.2.3. Nevertheless, it is
not necessary since Mt ∈ C1,∞(Ω,GLd(R)) and, for all v ∈ K1

t (Ω,Rd), one has

M−1
t v ∈ K1

0(Ω,Rd),

and conversely, for all v ∈ K1
0(Ω,Rd),

Mtv ∈ K1
t (Ω,Rd),

where K1
0(Ω,Rd) =

{
v ∈ H1

D(Ω,Rd) | vn ≤ 0 a.e. on ΓS
}

. Thus, from Inequality (6.1), one proves
that ut := M−1

t ut ∈ K1
0(Ω,Rd) satisfies∫

Ω
ztA [∇(Mtut)Bt] B⊤

t : ∇(Mt (v − ut)) ≥
∫

Ω
M⊤
t ft · (v − ut) +

∫
ΓS

gt (vn − utn) , (6.3)

for all v ∈ K1
0(Ω,Rd). Thus, using the characterization of the proximal operator (see Definition 3.1.10),

we can expressed ut as
ut = proxιK1

0(Ω,Rd)
(Gt),

where Gt ∈ H1
D(Ω,Rd) is the unique solution to the parameterized variational equality∫

Ω
ztA [∇(MtGt)Bt] B⊤

t : ∇(Mtv) =
∫

Ω
M⊤
t ft · v +

∫
ΓS

gtvn, ∀v ∈ H1
D(Ω,Rd),

and proxιK1
0(Ω,Rd)

is the proximal operator associated with the Signorini indicator function ιK1
0(Ω,Rd)

considered on the perturbed Hilbert space (H1
D(Ω,Rd), ⟨·, ·⟩zt,A,Bt,Mt

), where ⟨·, ·⟩zt,A,Bt,Mt
is the scalar

product defined by

(v1, v2) ∈
(
H1

D(Ω,Rd)
)2 7→

∫
Ω
ztA [∇(Mtv1)Bt] B⊤

t : ∇(Mtv2) ∈ R.

The previous difficulty is solved since the Signorini indicator function ιK1
0(Ω,Rd) does not depend

on the parameter t ≥ 0. Nevertheless, we face here to a perturbed Hilbert space due to the scalar
product ⟨·, ·⟩zt,A,Bt,Mt

that is t-dependent, thus we could not apply Proposition 3.2.10. To overcome
this difficulty let us rewrite Inequality (6.3) by adding to both members ⟨ut, v − ut⟩A, to deduce that

⟨ut, v − ut⟩A ≥
∫

Ω
M⊤
t ft · (v − ut) +

∫
ΓS

gt (vn − utn)

−
∫

Ω
ztA [∇(Mtut)Bt] B⊤

t : ∇(Mt (v − ut)) +
∫

Ω
A∇ut : ∇(v − ut),

for all v ∈ K1
0(Ω,Rd). Thus ut is also expressed as

ut = proxιK1
0(Ω,Rd)

(Et),
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6.1. A general Signorini problem

where Et ∈ H1
D(Ω,Rd) stands for the unique solution to the parameterized variational equality

⟨Et, v⟩A =
∫

Ω
M⊤
t ft · v +

∫
ΓS

gtvn −
∫

Ω
ztA [∇(Mtut)Bt] B⊤

t : ∇(Mtv) +
∫

Ω
A∇ut : ∇v, (6.4)

for all v ∈ H1
D(Ω,Rd) and for all t ≥ 0, where proxιK1

0(Ω,Rd)
is the proximal operator associated

with the Signorini indicator function ιK1
0(Ω,Rd) considered on the Hilbert space (H1

D(Ω,Rd), ⟨·, ·⟩A),
which is t-independent. Now, using Hypothesis (H4), (H5), (H6), (H7), let us prove that, under some
assumption, the map t ∈ R+ 7→ Et ∈ H1

D(Ω,Rd) is differentiable at t = 0.

Lemma 6.1.1. Let Et ∈ H1
D(Ω,Rd) be the unique solution to the parameterized variational equal-

ity (6.4), for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(ΓS) is differentiable at t = 0, with its
derivative denoted by g′

0 ∈ L2(ΓS). Then the map t ∈ R+ 7→ Et ∈ H1
D(Ω,Rd) is differentiable at t = 0

and its derivative, denoted by E′
0 ∈ H1

D(Ω,Rd), is the unique solution to the variational equality given
by

⟨E′
0, v⟩A =

∫
Ω

(
M′

0
⊤
f0 + f ′

0

)
· v +

∫
ΓS

g′
0vn −

∫
Ω

A∇u0 : ∇(M′
0v)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇v, (6.5)

for all v ∈ H1
D(Ω,Rd).

Proof. From Hypothesis (H4), (H6), the map t ∈ R+ 7→ M⊤
t ft ∈ L2(Ω,Rd) is differentiable at t = 0,

with its derivative given by M′
0

⊤
f0 + f ′

0 ∈ L2(Ω,Rd). Using the Riesz representation theorem, we
denote by Z ∈ H1

D(Ω,Rd) the unique solution to the above variational inequality (6.5). From linearity
and using differentiability results (H4), (H5), (H6), (H7) and that the map t ∈ R+ 7→ gt ∈ L2(ΓS) is
differentiable at t = 0, one gets

∥∥∥∥Et − E0

t
− Z

∥∥∥∥
A

≤ C

(∥∥∥∥M⊤
t ft − f0

t
−
(

M′
0

⊤
f0 + f ′

0

)∥∥∥∥
L2(Ω,Rd)

+
∥∥∥∥gt − g0

t
− g′

0

∥∥∥∥
L2(ΓS)

+ ∥ut − u0∥A + o(t)
t

∥ut∥A

)
,

for all t ≥ 0 sufficiently small, where C > 0 is a constant which depends only on the data and not
on t, and where o stands for the standard Bachmann–Landau notation, with |o(t)|

t → 0 when t →
0+. Therefore, to conclude the proof, we only need to prove the continuity of the map t ∈ R+ 7→
ut ∈ H1

D(Ω,Rd) at t = 0. To this aim, let us take v = u0 in the variational formulation of ut
and v = ut in the variational formulation of u0 to get that

∥ut − u0∥A ≤ C
(∥∥M⊤

t ft − f0
∥∥

L2(Ω,Rd) + ∥gt − g0∥L2(ΓS) + ∥ut∥A (t+ o(t))
)
,

for all t ≥ 0 sufficiently small. Then, to conclude the proof, we need to prove that the map t ∈ R+ 7→
∥ut∥A ∈ R is bounded for t ≥ 0 sufficiently small. Let us take v = 0 in the variational formulation
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Part II, Chapter 6 – Sensitivity analysis of boundary value problems in the linear elastic model

of ut to get that

∥ut∥A ≤ C
(∥∥M⊤

t ft
∥∥

L2(Ω,Rd) + ∥gt∥L2(ΓS)

)
+ C ∥ut∥A (t+ o(t)) ,

for all t ≥ 0 sufficiently small. Thus one deduces

∥ut∥A ≤
C
(∥∥M⊤

t ft
∥∥

L2(Ω,Rd) + ∥gt∥L2(ΓS)

)
1 − C (t+ o(t)) ,

for all t ≥ 0 sufficiently small, and using the continuity of the map t ∈ R+ 7→ M⊤
t ft ∈ L2(Ω,Rd) and

of the map t ∈ R+ 7→ gt ∈ L2(ΓS), the proof is complete.

Note that u0 (resp. E0) coincides with the solution u0 (resp. F0) to the parameterized general
Signorini problem (GSPt) (resp. to the parameterized general Dirichlet-Neumann problem (6.2)) for
the parameter t = 0. Since we have expressed ut = proxιK1

0(Ω,Rd)
(Et) and characterized in Lemma 6.1.1

the derivative of the map t ∈ R+ 7→ Et ∈ H1
D(Ω,Rd) at t = 0, we now need to prove that the Signorini

indicator function ιK1
0(Ω,Rd) is twice epi-differentiable at u0 ∈ K1

0(Ω,Rd) for F0 − u0 ∈ NK1
0(Ω,Rd)(u0).

Thus from Proposition 3.2.9, we need the polyhedricity of the subset K1
0(Ω,Rd) at u0 ∈ K1

0(Ω,Rd)
for F0 − u0 ∈ NK1

0(Ω,Rd)(u0) on the Hilbert space (H1
D(Ω,Rd), ⟨·, ·⟩A)). This result has already been

proved in [57, Lemma 5.2.9 p.116].

Lemma 6.1.2. The nonempty closed convex subset K1
0(Ω,Rd) of H1

D(Ω,Rd) is polyhedric at u0 ∈
K1

0(Ω,Rd) for F0 − u0 ∈ NK1
0(Ω,Rd)(u0) and one has

TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥ =
{
v ∈ H1

D(Ω,Rd) | vn ≤ 0 q.e. on Γu0n=0
S and ⟨F0 − u0, v⟩A = 0

}
,

where Γu0n=0
S := {s ∈ ΓS | u0n(s) = 0}.

We can now prove that the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) is differentiable at t = 0 under some

assumptions.

Theorem 6.1.3. Let ut ∈ H1
D(Ω,Rd) be the unique solution to the parameterized variational inequal-

ity (6.3), for all t ≥ 0. Assume that the map t ∈ R+ 7→ gt ∈ L2(ΓS) is differentiable at t = 0, with
its derivative denoted by g′

0 ∈ L2(ΓS). Then the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) is differentiable

at t = 0, and its derivative denoted by u′
0 ∈ TNK1

0(Ω,Rd)
(u0) ∩ (R (F0 − u0))⊥ is the unique solution to

the variational inequality

⟨u′
0, v − u′

0⟩A ≥
∫

Ω
f ′

0 · (v − u′
0) +

∫
ΓS

g′
0 (vn − u′

0n) − ⟨Ae(u0)n,M′
0 (v − u′

0)⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇(v − u′

0), (6.6)

for all v ∈ TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥.
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Proof. Using Lemma 6.1.2, one deduces from Proposition 3.2.9 that the Signorini indicator func-
tion ιK1

0(Ω,Rd) is twice epi-differentiable at u0 ∈ K1
0(Ω,Rd) for F0 − u0 ∈ NK1

0(Ω,Rd)(u0) and

d2
eιK1

0(Ω,Rd)(u0|F0 − u0) = ιTNK1
0(Ω,Rd)

(u0)∩(R(F0−u0))⊥ .

Thus, from Lemma 6.1.1 one can use Proposition 3.2.10 to deduce that the map t ∈ R+ 7→ ut ∈
H1

D(Ω,Rd) is differentiable at t = 0, and its derivative u′
0 ∈ H1

D(Ω,Rd) satisfies

u′
0 = proxd2

eιK1
0(Ω,Rd)(u0|F0−u0)(E′

0),

where E′
0 ∈ H1

D(Ω,Rd) is solution to the variational equality (6.5). Thus, one gets

⟨u′
0, v − u′

0⟩A ≥ ⟨E′
0, v − u′

0⟩A , ∀v ∈ TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥
.

The proof is complete since div (Ae(u0)) = −f0 ∈ L2(Ω,Rd).

Since ut = Mtut ∈ H1
D(Ω,Rd) it is now possible to characterize the derivative of the weak solution

to the parameterized general Signorini problem (GSPt).

Theorem 6.1.4. Consider the framework of Theorem 6.1.3. Then the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd)

is differentiable at t = 0 and its derivative, denoted by u′
0 ∈ TNK1

0(Ω,Rd)
(u0) ∩ (R (F0 − u0))⊥ + M′

0u0,
is the unique solution to the variational inequality∫

Ω
A∇u′

0 : ∇(v − u′
0) ≥

∫
Ω
f ′

0 · (v − u′
0) +

∫
ΓS

g′
0 (vn − u′

0n)

− ⟨Ae(u0)n,M′
0 (v − u′

0)⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0), (6.7)

for all v ∈ TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥ + M′
0u0, where

TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥ + M′
0u0 ={

v ∈ H1
D(Ω,Rd) | (v − M′

0u0)n ≤ 0 q.e. on Γu0n=0
S and ⟨F0 − u0, v − M′

0u0⟩A = 0
}
.

Proof. Since ut = Mtut ∈ H1
D(Ω,Rd), then u′

0 = u′
0 + M′

0u0 ∈ H1
D(Ω,Rd). Thus, using the variational

inequality satisfied by u′
0 (see (6.6)), one gets

⟨u′
0 − M′

0u0, v − u′
0 + M′

0u0⟩A ≥
∫

Ω
f ′

0 · (v − u′
0 + M′

0u0) +
∫

ΓS

g′
0 (vn − u′

0n + (M′
0u0)n)

− ⟨Ae(u0)n,M′
0 (v − u′

0 + M′
0u0)⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇(v − u′

0 + M′
0u0),
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for all v ∈ TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥. This is also

⟨u′
0 − M′

0u0, v − u′
0⟩A ≥

∫
Ω
f ′

0 · (v − u′
0) +

∫
ΓS

g′
0 (vn − u′

0n)

− ⟨Ae(u0)n,M′
0 (v − u′

0)⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇(v − u′

0)

for all v ∈ TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥ + M′
0u0, where

TNK1
0(Ω,Rd)

(u0) ∩ (R (F0 − u0))⊥ + M′
0u0 ={

v ∈ H1
D(Ω,Rd) | (v − M′

0u0)n ≤ 0 q.e. on Γu0n=0
S and ⟨F0 − u0, v − M′

0u0⟩A = 0
}
.

This concludes the proof.

In the same way as for the Theorem 5.1.4, is it possible to improve Theorem 6.1.4 under additional
assumptions. Indeed, as mentioned in [19, 47], it is possible to replace q.e. in the set TNK1

0(Ω,Rd)
(u0) ∩

(R (F0 − u0))⊥ by a.e. under some hypotheses, like, for instance, if Γu0n=0
S = intΓS(Γu0n=0

S ). Moreover,
if we assume that the decomposition ΓD∪ΓS of Γ is consistent (see Definition 4.2.8 with ΓS− := ΓS, w =
0 and M = I) and some regularity assumptions, then we can characterize u′

0 as weak solution to a
Signorini problem.

Corollary 6.1.5. Consider the framework of Theorem 6.1.4 with the additional assumptions:

1. div(A [∇u0] B′
0

⊤ + A [∇u0B′
0] + z′

0A∇u0) ∈ L2(Ω,Rd) with also (A [∇u0] B′
0

⊤ + A [∇u0B′
0] +

z′
0A∇u0)n ∈ L2(Γ,Rd) and Ae(u0)n ∈ L2(Γ,Rd);

2. the decomposition ΓD ∪ ΓS of Γ is consistent;

3. Γu0n=0
S = intΓS(Γu0n=0

S ).

Then u′
0 ∈ H1

D(Ω,Rd) is the unique weak solution to the Signorini problem

−div (Ae(u′
0)) = f̃ in Ω,
u′

0 = 0 on ΓD,

στ (u′
0) = hτ on ΓS,

σn(u′
0) = g′

0 + hn on Γu0,g0
SN

,

(u′
0 − M′

0u0)n = 0 on Γu0,g0
SD

,

(u′
0 − M′

0u0)n ≤ 0, σn(u′
0) ≤ g′

0 + hn and (u′
0 − M′

0u0)n (σn(u′
0) − g′

0 − hn) = 0 on Γu0,g0
S− ,

where
f̃ := f ′

0 + div
(

A [∇u0] B′
0

⊤ + A [∇u0B′
0] + z′

0A∇u0

)
∈ L2(Ω,Rd),

and
h := −

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
n − M′

0
⊤ (Ae(u0)n) ∈ L2(Γ,Rd),
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and where ΓS is decomposed, up to a null set, as Γu0,g0
SN

∪ Γu0,g0
SD

∪ Γu0,g0
S− , with

Γu0,g0
SN

:= {s ∈ ΓS | u0n(s) ̸= 0} ,
Γu0,g0

SD
:= {s ∈ ΓS | u0n(s) = 0 and σn(u0)(s) < g0(s)} ,

Γu0,g0
S− := {s ∈ ΓS | u0n(s) = 0 and σn(u0)(s) = g0(s)} .

Proof. From Hypothesis 1 one can apply divergence formula (see Proposition 2.1.1) in Inequality (6.7),
with (A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0) ∈ L2(Γ,Rd). Moreover, since Ae(u0)n ∈ L2(Γ,Rd) and the

decomposition ΓD ∪ ΓS of Γ is consistent, then u0 is a (strong) solution to the parameterized general
Signorini problem (GSPt) for the parameter t = 0 (see Proposition 4.2.9). Thus the rest of the proof is
similar to Corollary 5.1.5 since Γu0n=0

S = intΓS(Γu0n=0
S ) and H := {vn ∈ H1/2(ΓS,R) | v ∈ H1

D(Ω,Rd)}
is a Dirichlet space (see Example 2.2.7 and [19, Remark 3.12 p.13] for more details).

Remark 6.1.6. Note that Hypothesis 1 is, for instance, satisfied if u0 ∈ H2(Ω,Rd), B′
0 ∈ W1,∞(Ω,Rd)

and z′
0 ∈ W1,∞(Ω).

6.2 A general Tresca friction problem

In this section we assume that Γ is of class C1. In that case n ∈ C0(Γ) which will be used to compute
the convex subdifferential of the Tresca friction functional (see Lemma 6.2.1). We also assume that
almost every point of ΓS is in intΓ(ΓS) (see Remark 4.2.23) and, for all t ≥ 0, gt > 0 a.e. on ΓS

and we consider ht ∈ L2(ΓS). This section is separated in two subsections. In Subsection 6.2.1 the
unit normal vector n to the boundary is not perturbed, i.e. Mt = I on Ω, while in Subsection 6.2.2,
the normal n is perturbed but only in the two-dimensional case, since we are not able to perform the
sensitivity analysis in the three-dimensional case (see Remark 6.2.13). As mentioned at the beginning
of Chapter 6, the perturbation of the unit normal vector is important in order to take into account
a shape perturbation case in the Tresca friction problem. Let us emphasize that, in the following
subsections, the Tresca friction law is perturbed.

6.2.1 Without perturbation of the unit normal vector to the boundary

In this subsection, we assume that, for all t ≥ 0, Mt = I on Ω. Consider the parameterized general
Tresca friction problem given by

−div
(
ztA [∇utBt] B⊤

t

)
= ft in Ω,

ut = 0 on ΓD,((
ztA [∇utBt] B⊤

t

)
n
)

n = ht on ΓS,∥∥((ztA [∇utBt] B⊤
t

)
n
)
τ

∥∥ ≤ gt and utτ ·
((
ztA [∇utBt] B⊤

t

)
n
)
τ

+ gt ∥utτ∥ = 0 on ΓS,

(GTPt)

for all t ≥ 0. From Subsection 4.2.4, for all t ≥ 0, there exists a unique weak solution ut ∈ H1
D(Ω,Rd)

to (GTPt) which satisfies∫
Ω
ztA [∇utBt] B⊤

t : ∇(v − ut) +
∫

ΓS

gt ∥vτ∥ −
∫

ΓS

gt ∥utτ∥ ≥
∫

Ω
ft · (v − ut) +

∫
ΓS

ht (vn − utn) ,
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for all v ∈ H1
D(Ω,Rd). In the same way as Subsections 5.2.2 and 5.2.3, since the Tresca friction law is

perturbed, we define the parameterized Tresca friction functional given by

Φ : R+ × H1
D(Ω,Rd) −→ R

(t, v) 7−→ Φ(t, v) :=
∫

ΓS

gt ∥vτ∥ .

(6.8)

Thus ut ∈ H1
D(Ω,Rd) can be characterized as

ut = proxΦ(t,·)(Ft),

where Ft ∈ H1
D(Ω,Rd) is the unique solution to the parameterized general Dirichlet-Neumann problem

−div
(
ztA [(∇Ft)Bt] B⊤

t

)
= ft in Ω,

Ft = 0 on ΓD,(
ztA [(∇Ft)Bt] B⊤

t

)
n = htn on ΓS,

(6.9)

where proxΦ(t,·) stands for the proximal operator associated with the parameterized Tresca friction
functional Φ(t, ·) considered on the perturbed Hilbert space (H1(Ω), ⟨·, ·⟩zt,A,Bt

) (see the notations in
Section 4.2). Since the scalar product ⟨·, ·⟩zt,A,Bt

depends on t, we follow the same strategy already
described in Section 6.1, to deduce that ut is also characterized as

ut = proxΦ(t,·)(Et),

where Et ∈ H1(Ω) is the unique solution to the parameterized variational equality

⟨Et, v⟩A =
∫

Ω
ft · v +

∫
ΓS

htvn −
∫

Ω
ztA [∇utBt] B⊤

t : ∇v +
∫

Ω
A∇ut : ∇v, ∀v ∈ H1

D(Ω,Rd),

where proxΦ(t,·) is now considered on the Hilbert space (H1
D(Ω,Rd), ⟨·, ·⟩A) whose scalar product

is t-independent. Note that E0 ∈ H1
D(Ω,Rd) coincides with the solution F0 ∈ H1

D(Ω,Rd) to the
parameterized general Dirichlet-Neumann problem (6.9) for the parameter t = 0. Since Φ is a t-
dependent functional, we have to use the notion of twice epi-differentiability depending on a parameter
(see Definition 3.2.11) in order to apply Proposition 3.2.15. Thus let us start with the characterization
of the convex subdifferential of Φ(0, ·). For s ∈ ΓS, we define the tangential norm map as

∥∥·τ(s)
∥∥ : Rd −→ R

x 7−→
∥∥xτ(s)

∥∥ ,
and let us introduce an auxiliary problem defined, for all u ∈ H1

D(Ω,Rd), by
−div(Ae(w)) = 0 in Ω,

w = 0 on ΓD,

σn(w) = 0 on ΓS,

στ (w)(s) ∈ g0(s)∂
∥∥·τ(s)

∥∥ (u(s)) on ΓS,

(AP3u)
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where, for almost all s ∈ ΓS, ∂
∥∥·τ(s)

∥∥ (u(s)) stands for the convex subdifferential of the tangential
norm map

∥∥·τ(s)
∥∥ at u(s) ∈ Rd. For a given u ∈ H1

D(Ω,Rd), a solution to this problem (AP3u) is
a function w ∈ H1(Ω,Rd) such that −div(Ae(w)) = 0 in D′(Ω,Rd), w = 0 a.e. on ΓD, Ae(w)n ∈
L2(ΓS,Rd) with σn(w) = 0 a.e. on ΓS and στ (w)(s) ∈ g0(s)∂||·τ(s)||(u(s)) for almost all s ∈ ΓS.

Lemma 6.2.1. Let u ∈ H1
D(Ω,Rd). Then

∂Φ(0, ·)(u) = the set of solutions to Problem (AP3u).

Proof. Let u ∈ H1
D(Ω,Rd) and let us prove the two inclusions. Let w ∈ H1(Ω,Rd) be a solution to

Problem (AP3u). Then w ∈ H1
D(Ω,Rd), Ae(w)n ∈ L2(ΓS,Rd) with στ (w)(s) ∈ g0(s)∂||·τ(s)||(u(s)) for

almost all s ∈ ΓS. Hence one gets

στ (w)(s) · (vτ (s) − uτ (s)) ≤ g0(s)(∥vτ (s)∥ − ∥uτ (s)∥),

for all v ∈ H1
D(Ω,Rd) and for almost all s ∈ ΓS. It follows that∫

ΓS

στ (w) · (vτ − uτ ) ≤
∫

ΓS

g0 ∥vτ∥ −
∫

ΓS

g0 ∥uτ∥ ,

for all v ∈ H1
D(Ω,Rd). Moreover −div(Ae(w)) = 0 in D′(Ω,Rd), thus it holds −div(Ae(w)) = 0

in L2(Ω,Rd). Hence, from divergence formula (see Proposition 2.1.1), one gets

⟨w, v − u⟩A = ⟨Ae(w)n, v − u⟩H−1/2(Γ,Rd)×H1/2(Γ,Rd) ,

for all v ∈ H1
D(Ω,Rd). Moreover, for all v ∈ H1

D(Ω,Rd) one has v ∈ H1/2
00 (ΓS,Rd) which can be

identified to a linear subspace of H1/2(Γ,Rd), hence

⟨w, v − u⟩A = ⟨Ae(w)n, v − u⟩H−1/2
00 (ΓS,Rd)×H1/2

00 (ΓS,Rd) ,

for all v ∈ H1
D(Ω,Rd). Since Ae(w)n ∈ L2(ΓS,Rd) and σn(w) = 0 a.e. on ΓS, one deduces that

⟨w, v − u⟩A =
∫

ΓS

Ae(w)n · (v − u) =
∫

ΓS

στ (w) · (vτ − uτ ) ,

for all v ∈ H1
D(Ω,Rd). Therefore it follows that

⟨w, v − u⟩A ≤
∫

ΓS

g0 ∥vτ∥ −
∫

ΓS

g0 ∥uτ∥ ,

for all v ∈ H1
D(Ω,Rd). Thus w ∈ ∂Φ(0, ·)(u) and the first inclusion is proved. Conversely let w ∈

∂Φ(0, ·)(u). One has
⟨w, v − u⟩A ≤

∫
ΓS

g0 ∥vτ∥ −
∫

ΓS

g0 ∥uτ∥ , (6.10)

for all v ∈ H1
D(Ω,Rd). Considering the function v := u ± ψ ∈ H1

D(Ω,Rd) with any function ψ ∈
D(Ω,Rd), one deduces from Inequality (6.10) that −div(Ae(w)) = 0 in D′(Ω,Rd), thus it also
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holds −div(Ae(w)) = 0 in L2(Ω,Rd). Hence, from divergence formula and Inequality (6.10), it follows
that

⟨Ae(w)n, v − u⟩H−1/2
00 (ΓS,Rd)×H1/2

00 (ΓS,Rd) ≤
∫

ΓS

g0 ∥vτ∥ −
∫

ΓS

g0 ∥uτ∥ ,

for all v ∈ H1
D(Ω,Rd), and thus for all v ∈ H1/2

00 (ΓS,Rd). Now let us consider the function v = u+φ ∈
H1/2

00 (ΓS,Rd) for any φ ∈ H1/2
00 (ΓS,Rd). One gets

⟨Ae(w)n, φ⟩H−1/2
00 (ΓS,Rd)×H1/2

00 (ΓS,Rd) ≤
∫

ΓS

g0 ∥φτ∥ ≤ ∥g0∥L2(ΓS) ∥φ∥L2(ΓS,Rd) ,

for all φ ∈ H1/2
00 (ΓS,Rd). From Proposition 2.1.7 and 2.1.8, one deduces that Ae(w)n ∈ L2(ΓS,Rd)

and that∫
ΓS

Ae(w)n ·(v − u) =
∫

ΓS

στ (w) ·(vτ − uτ )+
∫

ΓS

σn(w) (vn − un) ≤
∫

ΓS

g0 ∥vτ∥−
∫

ΓS

g0 ∥uτ∥ , (6.11)

for all v ∈ H1/2
00 (ΓS,Rd), and, by density, for all v ∈ L2(ΓS,Rd). By considering the function v =

u± φn ∈ L2(ΓS,Rd), for any φ ∈ L2(ΓS) one gets in Inequality (6.11),∫
ΓS

σn(w)φ = 0.

Therefore σn(w) = 0 a.e. on ΓS, and Inequality (6.11) becomes∫
ΓS

στ (w) · (vτ − uτ ) ≤
∫

ΓS

g0 ∥vτ∥ −
∫

ΓS

g0 ∥uτ∥ , (6.12)

for all v ∈ L2(ΓS,Rd). Now let s0 ∈ ΓS be a Lebesgue point of στ (w) · uτ ∈ L1(ΓS), g0 ∈
L2(ΓS), g0 ∥uτ∥ ∈ L1(ΓS) and of στ (w)i ∈ L2(ΓS), for all i ∈ [[1, d]], such that s0 ∈ intΓ(ΓS).
Let us consider the function v ∈ L2(ΓS,Rd) defined by

v :=
{

x on BΓ(s0, ε),
u on ΓS\BΓ(s0, ε),

with x ∈ Rd and ε > 0 such that BΓ(s0, ε) ⊂ ΓS. Then, from Inequality (6.12), it follows that

1
|BΓ(s0, ε)|

∫
BΓ(s0,ε)

στ (w) · (xτ − uτ ) ≤ 1
|BΓ(s0, ε)|

∫
BΓ(s0,ε)

g0 ∥xτ∥ − 1
|BΓ(s0, ε)|

∫
BΓ(s0,ε)

g0 ∥uτ∥ .

Since n ∈ C0(ΓS), the map s ∈ ΓS 7→
∥∥xτ(s)

∥∥ ∈ R+ is continuous, thus s0 is a Lebesgue point
of g0 ∥xτ∥ ∈ L2(ΓS), and then στ (w)(s0) · (xτ(s0) − uτ (s0)) ≤ g0(s0)

∥∥xτ(s0)
∥∥ − g0(s0) ∥uτ (s0)∥ by

letting ε → 0+. This inequality is true for any x ∈ Rd, therefore στ (w)(s0) ∈ g0(s0)∂||·τ(s0)||(u(s0)).
Moreover, almost every point of ΓS is in intΓ(ΓS) and is a Lesbegue point of στ (w) · uτ ∈ L1(ΓS),
g0 ∈ L2(ΓS), g0 ∥uτ∥ ∈ L1(ΓS) and of στ (w)i ∈ L2(ΓS), for all i ∈ [[1, d]], hence one deduces that

στ (w)(s) ∈ g0(s)∂
∥∥·τ(s)

∥∥ (u(s)),
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for almost all s ∈ ΓS. The second inclusion is proved.

Now let us compute the second-order difference quotient functions of Φ

Proposition 6.2.2. For all t > 0, u ∈ H1
D(Ω,Rd) and w ∈ ∂Φ(0, ·)(u), it holds that

∆2
tΦ(u|w)(v) =

∫
ΓS

∆2
tH(s)(u(s)|στ (w)(s))(v(s))ds,

for all v ∈ H1
D(Ω,Rd), where, for almost all s ∈ ΓS, ∆2

tH(s)(u(s)|στ (w)(s)) stands for the second-
order difference quotient function of H(s) at u(s) ∈ Rd for στ (w)(s) ∈ g0(s)∂||·τ(s)||(u(s)), with H(s)
defined by

H(s) : R+ × Rd −→ R
(t, x) 7−→ H(s)(t, x) := gt(s)

∥∥xτ(s)
∥∥ .

Remark 6.2.3. Note that, for almost all s ∈ ΓS and all t ≥ 0, H(s)(t, ·) := gt(s)
∥∥·τ(s)

∥∥ is a proper
lower semi-continuous convex function on Rd. Moreover, since g0 > 0 a.e. on ΓS, it follows that

∂ [H(s)(0, ·)] (x) = g0(s)∂||·τ(s)||(x),

for all x ∈ Rd and for almost all s ∈ ΓS.

Proof of Proposition 6.2.2. Let t > 0, u ∈ H1
D(Ω,Rd) and w ∈ ∂Φ(0, ·)(u). From Lemma 6.2.1 and

divergence formula (see Proposition 2.1.1), one deduces that

⟨w, v⟩A =
∫

ΓS

στ (w) · v,

for all v ∈ H1
D(Ω,Rd). Thus it follows that

∆2
tΦ(u|w)(v) =

∫
ΓS

gt(s) ∥uτ (s) + tvτ (s)∥ − gt(s) ∥uτ (s)∥ − tστ (w)(s) · v(s)
t2

ds,

for all v ∈ H1
D(Ω,Rd). Moreover since στ (w)(s) ∈ g0(s)∂||·τ(s)||(u(s)) for almost all s ∈ ΓS, one

deduces that
∆2
tΦ(u|w)(v) =

∫
ΓS

∆2
tH(s)(u(s)|στ (w)(s))(v(s))ds,

for all v ∈ H1
D(Ω,Rd), which concludes the proof.

The twice epi-differentiability of the parameterized Tresca friction functional is related to the twice
epi-differentiability of the parameterized function H(s) for almost all s ∈ ΓS. Let us start with the
computation of the twice epi-differentiability of the tangential norm map.

Lemma 6.2.4. For all s ∈ ΓS, the map
∥∥·τ(s)

∥∥ is twice epi-differentiable at any x ∈ Rd for any y ∈
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∂
∥∥·τ(s)

∥∥(x), and its second-order epi-derivative is given by

d2
e

∥∥·τ(s)
∥∥ (x|y)(z) :=


1

2∥xτ(s)∥

(∥∥zτ(s)
∥∥2 −

∣∣∣∣zτ(s) · xτ(s)

∥xτ(s)∥

∣∣∣∣2
)

if xτ(s) ̸= 0,

ιNB(0,1)∩(Rn(s))⊥ (y)(z) if xτ(s) = 0,

for all z ∈ Rd, where NB(0,1)∩(Rn(s))⊥(y) is the normal cone to B(0, 1) ∩ (Rn(s))⊥ at y.

Proof. Let s ∈ ΓS. Let us notice that

∂
∥∥·τ(s)

∥∥(x) :=


{

xτ(s)

∥xτ(s)∥

}
if xτ(s) ̸= 0,

B(0, 1) ∩ (Rn(s))⊥ if xτ(s) = 0,

and that
∥∥·τ(s)

∥∥ = hB(0,1)∩(Rn(s))⊥ , where hB(0,1)∩(Rn(s))⊥ is the support function of B(0, 1) ∩ (Rn(s))⊥

which is a nonempty convex closed subset of Rd. Moreover since

(B(0, 1) ∩ (Rn(s))⊥)⊥ = Rn(s),

one can apply Proposition 3.2.8 to get, for all x ∈ Rn(s) and for all y ∈ B(0, 1) ∩ (Rn(s))⊥,

d2
e

∥∥·τ(s)
∥∥ (x|y) = ιNB(0,1)∩(Rn(s))⊥ (y).

In the case where x /∈ Rn(s) (i.e. xτ(s) ̸= 0) then
∥∥·τ(s)

∥∥ is twice Fréchet differentiable at x with its
twice Fréchet differential given by

D2 ∥∥·τ(s)
∥∥ (x)(z1, z2) =

1∥∥xτ(s)
∥∥
(
z1τ(s) · z2τ(s) −

(
xτ(s) · z2τ(s)

)
z1τ(s) ·

xτ(s)∥∥xτ(s)
∥∥2

)
, ∀ (z1, z2) ∈ Rd × Rd.

Thus one gets (see Remark 3.2.6),

d2
e

∥∥·τ(s)
∥∥ (x|

xτ(s)∥∥xτ(s)
∥∥ )(z) = 1

2D2 ∥∥·τ(s)
∥∥ (x)(z, z) = 1

2
∥∥xτ(s)

∥∥
∥∥zτ(s)

∥∥2 −

∣∣∣∣∣zτ(s) ·
xτ(s)∥∥xτ(s)

∥∥
∣∣∣∣∣
2
 ,

for all z ∈ Rd, which concludes the proof.

Proposition 6.2.5. Assume that, for almost all s ∈ ΓS, the map t ∈ R+ 7→ gt(s) ∈ R+ is differen-
tiable at t = 0, with its derivative denoted by g′

0(s). Then, for almost all s ∈ ΓS, the map H(s) is
twice epi-differentiable at any x ∈ Rd for all y ∈ g0(s)∂||·τ(s)||(x) with

D2
eH(s)(x|y)(z) :=


g0(s)

2∥xτ(s)∥

(∥∥zτ(s)
∥∥2 −

∣∣∣∣zτ(s) · xτ(s)

∥xτ(s)∥

∣∣∣∣2
)

+ g′
0(s) xτ(s)

∥xτ(s)∥ · z if xτ(s) ̸= 0,

ιNB(0,1)∩(Rn(s))⊥ ( y
g0(s) )(z) + g′

0(s) y
g0(s) · z if xτ(s) = 0,
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for all z ∈ Rd.

Proof. We use the same notations as in Definitions 3.2.5 and 3.2.11. Let x ∈ Rd. Then, for almost
all s ∈ ΓS, for all y ∈ g0(s)∂||·τ(s)||(x) and all z ∈ Rd, one has

∆2
tH(s)(x|y)(z) =

gt(s)
∥∥xτ(s) + tzτ(s)

∥∥− gt(s)
∥∥xτ(s)

∥∥− ty · z
t2

= gt(s)

∥∥xτ(s) + tzτ(s)
∥∥−

∥∥xτ(s)
∥∥− t y

g0(s) · z
t2

+ (gt(s) − g0(s))
tg0(s) y · z,

that is
∆2
tH(s)(x|y)(z) = gt(s)δ2

t ||·τ(s)||
(
x| y

g0(s)

)
(z) + (gt(s) − g0(s))

tg0(s) y · z,

with y
g0(s) ∈ ∂||·τ(s)||(x), and where δ2

t ||·τ(s)||(x| y
g0(s) ) is the second-order difference quotient function

of ||·τ(s)|| at x for y
g0(s) (see Definition 3.2.5 since ||·τ(s)|| is t-independent function). Using the

characterization of Mosco epi-convergence (see Proposition 3.2.4) and Lemma 6.2.4, one gets

D2
eH(s)(x|y)(z) = g0(s)d2

e

∥∥·τ(s)
∥∥ (x| y

g0(s) ) + g′
0(s) y

g0(s) · z,

which concludes the proof.

Before to characterize the derivative of the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) at t = 0, let us

detail NB(0,1)∩(Rn(s))⊥(y) the normal cone to B(0, 1) ∩ (Rn(s))⊥ at y, for almost all s ∈ ΓS.

Proposition 6.2.6. Let s ∈ ΓS. Then for all y ∈ B(0, 1) ∩ (Rn(s))⊥,

NB(0,1)∩(Rn(s))⊥(y) =
{

Rn(s) if y ∈ B(0, 1) ∩ (Rn(s))⊥
,

Rn(s) + R+y if y ∈ ∂B(0, 1) ∩ (Rn(s))⊥
.

Proof. Let s ∈ ΓS and y ∈ B(0, 1) ∩ (Rn(s))⊥
.

(i) First, let y be in B(0, 1) ∩ (Rn(s))⊥. If v ∈ Rn(s), then

v · (y − z) = 0, ∀z ∈ B(0, 1) ∩ (Rn(s))⊥
,

thus v ∈ NB(0,1)∩(Rn(s))⊥(y). Since this is true for any v ∈ Rn(s) one deduces that

Rn(s) ⊂ NB(0,1)∩(Rn(s))⊥(y).

Let us consider v ∈ NB(0,1)∩(Rn(s))⊥(y), then

v · (z − y) ≤ 0, ∀z ∈ B(0, 1) ∩ (Rn(s))⊥
.

Moreover it exists ε > 0 such that B(y, ε) ∩ (Rn(s))⊥ ⊂ B(0, 1) ∩ (Rn(s))⊥. Therefore by
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considering z = y + ε w
2∥w∥ , for all w ∈ (Rn(s))⊥ one deduces that

v · w = 0, ∀w ∈ (Rn(s))⊥
.

Thus v ∈ ((Rn(s))⊥)⊥ = Rn(s). This is true for any v ∈ NB(0,1)∩(Rn(s))⊥(y), therefore

NB(0,1)∩(Rn(s))⊥(y) ⊂ Rn(s).

(ii) Let y ∈ ∂B(0, 1) ∩ (Rn(s))⊥. If v ∈ Rn(s) + R+y then

v · (z − y) = vτ(s) · (z − y) ≤
∥∥vτ(s)

∥∥ ∥z∥ − vτ(s) · y ≤
∥∥vτ(s)

∥∥−
∥∥vτ(s)

∥∥ = 0,

for all z ∈ B(0, 1) ∩ (Rn(s))⊥. Thus it follows that

Rn(s) + R+y ⊂ NB(0,1)∩(Rn(s))⊥(y).

Let us consider v ∈ NB(0,1)∩(Rn(s))⊥(y), then by considering z = 1
2

(
vτ(s)

∥vτ(s)∥ ∥y∥ + y

)
∈ B(0, 1) ∩

(Rn(s))⊥ one deduces that

0 ≥ v · (z − y) = vτ(s) · 1
2

(
vτ(s)∥∥vτ(s)

∥∥ ∥y∥ − y

)
= 1

2
(∥∥vτ(s)

∥∥ ∥y∥ − vτ(s) · y
)

≥ 0,

thus
∥∥vτ(s)

∥∥ ∥y∥ = vτ(s) · y, hence vτ(s) ∈ R+y. Since this is true for any v ∈ NB(0,1)∩(Rn(s))⊥(y),
one deduces

NB(0,1)∩(Rn(s))⊥(y) ⊂ Rn(s) + R+y.

The proof is complete.

We can now prove the main result of this subsection.

Theorem 6.2.7. Let ut ∈ H1
D(Ω,Rd) be the unique solution to the parameterized general Tresca

problem (GTPt), for all t ≥ 0. Assume that:

1. the map t ∈ R+ 7→ ht ∈ L2(ΓS) is differentiable at t = 0, with its derivative denoted by h′
0 ∈

L2(ΓS);

2. for almost all s ∈ ΓS, the map t ∈ R+ 7→ gt(s) ∈ R+ is differentiable at t = 0, with its derivative
denoted by g′

0(s), and also g′
0 ∈ L2(ΓS);

3. the map s ∈ ΓSu0,g0
R

7→ g0(s)
∥u0τ (s)∥ ∈ R∗

+ is in L4(ΓSu0,g0
R

) (see below for the set ΓSu0,g0
R

);

4. the parameterized Tresca friction functional Φ defined in (6.8) is twice epi-differentiable at u0

for F0 − u0 ∈ ∂Φ(0, ·)(u0), with

D2
eΦ(u0|F0 − u0)(v) =

∫
ΓS

D2
eH(s)(u0(s)|στ (F0 − u0)(s))(v(s))ds,
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for all v ∈ H1
D(Ω,Rd), where F0 ∈ H1

D(Ω,Rd) is the unique solution to the parameterized general
Dirichlet-Neumann problem (6.9) for the parameter t = 0.

Then the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) is differentiable at t = 0, and its derivative denoted

by u′
0 ∈ K

u0,
στ (F0−u0)

g0
⊂ H1

D(Ω,Rd) is the unique solution to the variational inequality

⟨u′
0, v − u′

0⟩A ≥
∫

Ω
f ′

0 · (v − u′
0) +

∫
ΓS

h′
0 (vn − u′

0n) +
∫

ΓSu0,g0
S

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0)

+
∫

ΓSu0,g0
R

(
−g′

0
u0τ

∥u0τ
∥

− g0

∥u0τ
∥

(
u′

0τ
−
(
u′

0τ
· u0τ

∥u0τ
∥

)
u0τ

∥u0τ
∥

))
·
(
vτ − u′

0τ

)
, (6.13)

for all v ∈ K
u0,

στ (F0−u0)
g0

, where K
u0,

στ (F0−u0)
g0

is the nonempty closed convex subset of H1
D(Ω,Rd)

defined by

K
u0,

στ (F0−u0)
g0

:=
{
v ∈ H1

D(Ω,Rd) | vτ = 0 a.e. on ΓSu0,g0
D

and vτ ∈ R−
στ (u0)
g0

a.e. on ΓSu0,g0
S

}
,

and where ΓS is decomposed, up to a null set, as ΓSu0,g0
R

∪ ΓSu0,g0
D

∪ ΓSu0,g0
S

with

ΓSu0,g0
R

:= {s ∈ ΓS | u0τ (s) ̸= 0} ,
ΓSu0,g0

D
:=
{
s ∈ ΓS | u0τ (s) = 0 and στ (u0)(s)

g0(s) ∈ B(0, 1) ∩ (Rn(s))⊥
}
,

ΓSu0,g0
S

:=
{
s ∈ ΓS | u0τ

(s) = 0 and στ (u0)(s)
g0(s) ∈ ∂B(0, 1) ∩ (Rn(s))⊥

}
.

Proof. From Hypothesis (H4), (H5), (H7) and that the map t ∈ R+ 7→ ht ∈ L2(ΓS) is differentiable
at t = 0, one can prove similarly to Lemma 6.1.1, that the map t ∈ R+ 7→ Et ∈ H1

D(Ω,Rd) is
differentiable at t = 0 and its derivative, denoted by E′

0 ∈ H1
D(Ω,Rd), is the unique solution to the

variational equality

⟨E′
0, v⟩A =

∫
Ω
f ′

0 · v +
∫

ΓS

h′
0vn −

∫
Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇v,

for all v ∈ H1
D(Ω,Rd). Moreover from Hypothesis 2, 4 and Proposition 6.2.5, it follows that

D2
eΦ(u0|F0 − u0)(v) =

∫
ΓSu0,g0

R

(
g0

2 ∥u0τ ∥

(
∥vτ∥2 −

∣∣∣∣vτ · u0τ

∥u0τ ∥

∣∣∣∣2
)

+ g′
0
u0τ

∥u0τ ∥
· v

)
+

∫
ΓS\ΓSu0,g0

R

ιNB(0,1)∩(Rn(s))⊥ ( στ (F0−u0)(s)
g0(s) )(v(s))ds+

∫
ΓS\ΓSu0,g0

R

g′
0
στ (F0 − u0)

g0
· v,
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for all v ∈ H1
D(Ω,Rd). This is also

D2
eΦ(u0|F0−u0)(v) = Ψ(v)+

∫
ΓSu0,g0

R

g′
0
u0τ

∥u0τ
∥

·vτ+ιK
u0,

στ (F0−u0)
g0

(v)+
∫

ΓS\ΓSu0,g0
R

g′
0
στ (F0 − u0)

g0
·vτ ,

for all v ∈ H1
D(Ω,Rd), where Ψ is defined by

Ψ : H1
D(Ω,Rd) −→ R

v 7−→ Ψ(v) :=
∫

ΓSu0,g0
R

g0

2 ∥u0τ
∥

(
∥vτ∥2 −

∣∣∣∣vτ · u0τ

∥u0τ
∥

∣∣∣∣2
)
,

which is well defined from Hypothesis 3 and from the continuous embedding H1(Ω,Rd)↪→L4(Γ,Rd)
(see Proposition 2.1.7), and where K

u0,
στ (F0−u0)

g0
is the nonempty closed convex subset of H1

D(Ω,Rd)
defined by

K
u0,

στ (F0−u0)
g0

:=
{
v ∈ H1

D(Ω,Rd) | v(s) ∈ NB(0,1)∩(Rn(s))⊥

(
στ (F0 − u0)(s)

g0(s)

)
for almost all s ∈ ΓS\ΓSu0,g0

R

}
.

Moreover, since F0 ∈ H1
D(Ω,Rd) is the solution to the parameterized general Dirichlet-Neumann

problem (6.9) for the parameter t = 0, then στ (F0) = 0 a.e. on ΓS, thus it follows that

K
u0,

στ (F0−u0)
g0

=
{
v ∈ H1

D(Ω,Rd) | vτ = 0 a.e. on ΓSu0,g0
D

and vτ ∈ R−
στ (u0)
g0

a.e. on ΓSu0,g0
S

}
.

Since g0
||u0τ || > 0 a.e. on ΓSu0,g0

R
and Hypothesis 3, then from Lemma 4.2.17 one deduces that Ψ is con-

vex and Fréchet differentiable on H1
D(Ω,Rd) endowed with the scalar product ⟨·, ·⟩A, thus D2

eΦ(u0|F0 −
u0) is a proper lower semi-continuous convex function on H1

D(Ω,Rd). Therefore the assumptions of
Proposition 3.2.15 are satisfied and we deduce that the map t ∈ R+ 7→ ut ∈ H1

D(Ω,Rd) is differentiable
at t = 0, and its derivative u′

0 ∈ H1
D(Ω,Rd) satisfies

u′
0 = proxD2

eΦ(u0|F0−u0)(E′
0),

which, from the definition of the proximal operator leads to

E′
0 − u′

0 ∈ ∂D2
eΦ(u0|F0 − u0)(u′

0),

which means that

⟨E′
0 − u′

0, v − u′
0⟩A ≤ D2

eΦ(u0|F0 − u0)(v) − D2
eΦ(u0|F0 − u0)(u′

0),
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for all v ∈ H1
D(Ω,Rd). Hence we get

⟨E′
0 − u′

0, v − u′
0⟩A ≤ Ψ(v) − Ψ(u′

0) + ιK
u0,

στ (F0−u0)
g0

(v) − ιK
u0,

στ (F0−u0)
g0

(u′
0)

+
∫

ΓSu0,g0
R

g′
0
u0τ

∥u0τ ∥
·
(
vτ − u′

0τ

)
+
∫

ΓS\ΓSu0,g0
R

g′
0
στ (F0 − u0)

g0
·
(
vτ − u′

0τ

)
,

for all v ∈ H1
D(Ω,Rd). Thus u′

0 ∈ K
u0,

στ (F0−u0)
g0

and since, for all v ∈ K
u0,

στ (F0−u0)
g0

, vτ = 0 a.e.
on ΓSu0,g0

D
, one deduces that

⟨u′
0, v − u′

0⟩A + Ψ(v) − Ψ(u′
0) ≥

∫
Ω
f ′

0 · (v − u′
0) +

∫
ΓS

h′
0 (vn − u′

0n) +
∫

ΓSu0,g0
S

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0) −
∫

ΓSu0,g0
R

g′
0
u0τ

∥u0τ ∥
·
(
vτ − u′

0τ

)
,

for all v ∈ K
u0,

στ (F0−u0)
g0

. Moreover ∇Ψ(u′
0) ∈ H1

D(Ω,Rd) is the unique solution to the Dirichlet-
Neumann problem

−div (Ae(∇Ψ(u′
0))) = 0 in Ω,

∇Ψ(u′
0) = 0 on ΓD,

Ae(∇Ψ(u′
0))n = 0 on ΓSu0,g0

D
∪ ΓSu0,g0

S
,

σn(∇Ψ(u′
0)) = 0 on ΓSu0,g0

R
,

στ (∇Ψ(u′
0)) = g0

∥u0τ ∥

(
u′

0τ
−
(
u′

0τ
· u0τ

∥u0τ ∥

)
u0τ

∥u0τ ∥

)
on ΓSu0,g0

R
.

Thus one gets from Proposition 3.1.7,

⟨∇Ψ(u′
0), v − u′

0⟩A ≥ − ⟨u′
0, v − u′

0⟩A +
∫

Ω
f ′

0 · (v − u′
0) +

∫
ΓS

h′
0 (vn − u′

0n)

+
∫

ΓSu0,g0
S

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0)

−
∫

ΓSu0,g0
R

g′
0
u0τ

∥u0τ
∥

·
(
vτ − u′

0τ

)
,

for all v ∈ K
u0,

στ (F0−u0)
g0

. Finally using the variational formulation satisfied by ∇Ψ(u′
0) ∈ H1

D(Ω,Rd),
it follows that

⟨u′
0, v − u′

0⟩A ≥
∫

Ω
f ′

0 · (v − u′
0) +

∫
ΓS

h′
0 (vn − u′

0n) +
∫

ΓSu0,g0
S

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0)

+
∫

ΓSu0,g0
R

(
−g′

0
u0τ

∥u0τ
∥

− g0

∥u0τ
∥

(
u′

0τ
−
(
u′

0τ
· u0τ

∥u0τ
∥

)
u0τ

∥u0τ
∥

))
·
(
vτ − u′

0τ

)
,
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for all v ∈ K
u0,

στ (F0−u0)
g0

. The proof is complete.

With some additional assumptions one can characterize u′
0 ∈ H1

D(Ω,Rd) as weak solution to a
tangential Signorini problem.

Corollary 6.2.8. Consider the framework of Theorem 6.2.7, and assume that div(A [∇u0] B′
0

⊤ +
A [∇u0B′

0]+z′
0A∇u0) ∈ L2(Ω,Rd) and (A [∇u0] B′

0
⊤ +A [∇u0B′

0]+z′
0A∇u0)n ∈ L2(Γ,Rd). Then u′

0 ∈
H1

D(Ω,Rd) is the unique weak solution to the tangential Signorini problem

−div(Ae(u′
0)) = f̃ in Ω,
u′

0 = 0 on ΓD,

σn(u′
0) = h′

0 + ξn on ΓS,

στ (u′
0) + g0

∥u0τ ∥

(
u′

0τ
−
(
u′

0τ
· u0τ

∥u0τ ∥

)
u0τ

∥u0τ ∥

)
= −g′

0
u0τ

∥u0τ ∥ + ξτ on ΓSu0,g0
R

,

u′
0τ

= 0 on ΓSu0,g0
D

,

u′
0τ

∈ R−
στ (u0)
g0

,
(
στ (u′

0) − g′
0
στ (u0)
g0

− ξτ

)
· στ (u0)

g0
≤ 0 and

u′
0τ

·
(
στ (u′

0) − g′
0
στ (u0)
g0

− ξτ

)
= 0 on ΓSu0,g0

S
,

where
f̃ := f ′

0 + div
(

A [∇u0] B′
0

⊤ + A [∇u0B′
0] + z′

0A∇u0

)
∈ L2(Ω,Rd),

and
ξ := −

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
n ∈ L2(Γ,Rd).

Proof. From the assumption div(A [∇u0] B′
0

⊤ + A [∇u0B′
0] + z′

0A∇u0) ∈ L2(Ω,Rd), one can apply the
divergence formula in Inequality (6.13), and since (A [∇u0] B′

0
⊤ +A [∇u0B′

0]+z′
0A∇u0)n ∈ L2(Γ,Rd),

this concludes the proof from Subsection 4.2.3.

Remark 6.2.9. Note that the assumptions in Corollary 6.2.8 are, for instance, satisfied if u0 ∈
H2(Ω,Rd), B′

0 ∈ W1,∞(Ω,Rd) and z′
0 ∈ W1,∞(Ω), or if B′

0 = 0 and z′
0 = 0 a.e. on Ω.

6.2.2 With perturbation of the unit normal vector to the boundary in the
two-dimensional case

In this subsection, the framework is considered in the two-dimensional case d = 2. Thus if τ is
the orthonormal vector to n, i.e. τ · n = 0 on Γ, then M−1

t

⊤
τ · Mtn = 0 on Γ. Let us consider the

parameterized general Tresca friction problem given by

−div
(
ztA [∇utBt] B⊤

t

)
= ft in Ω,

ut = 0 on ΓD,(
ztA [∇utBt] B⊤

t

)
n · Mtn

∥Mtn∥2 = ht on ΓS,∣∣∣∣(ztA [∇utBt] B⊤
t

)
n · M−1

t

⊤
τ

||M−1
t

⊤
τ ||2

∣∣∣∣ ≤ gt and((
ztA [∇utBt] B⊤

t

)
n · M−1

t

⊤
τ

||M−1
t

⊤
τ ||2

)
M−1
t

⊤
τ · ut + gt

∣∣∣ut · M−1
t

⊤
τ
∣∣∣ = 0 on ΓS,

(GTP2dt)
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for all t ≥ 0. From Subsection 4.2.4, for all t ≥ 0, there exists a unique weak solution ut ∈ H1
D(Ω,Rd)

to (GTP2dt) which satisfies

∫
Ω
ztA [∇utBt] B⊤

t : ∇(v − ut) +
∫

ΓS

gt

∣∣∣v · M−1
t

⊤
τ
∣∣∣−
∫

ΓS

gt

∣∣∣ut · M−1
t

⊤
τ
∣∣∣ ≥

∫
Ω
ft · (v − ut)

+
∫

ΓS

htMtn · (v − ut) , ∀v ∈ H1
D(Ω,Rd), (6.14)

and it can be expressed as
ut = proxϕt

(Ft),

where Ft ∈ H1
D(Ω,Rd) is the unique solution to the parameterized general Dirichlet-Neumann problem

−div
(
ztA [(∇Ft)Bt] B⊤

t

)
= ft in Ω,

Ft = 0 on ΓD,(
ztA [(∇Ft)Bt] B⊤

t

)
n = htMtn on ΓS,

(6.15)

where proxϕt
stands for the proximal operator associated with the Tresca friction functional ϕt defined

by
ϕt : H1

D(Ω,Rd) −→ R

v 7−→ ϕt(v) :=
∫

ΓS

gt

∣∣∣v · M−1
t

⊤
τ
∣∣∣ ,

considered on the perturbed Hilbert space (H1(Ω), ⟨·, ·⟩zt,A,Bt
). Nevertheless, in order to avoid the

computation of the twice epi-differentiability of the t-dependent tangential norm (t, x) ∈ R+ × Rd 7→
|x · M−1

t

⊤
τ | ∈ R+ (see Remark 6.2.13), we follow the same strategy as Section 6.1. Since Mt ∈

C1,∞(Ω,GLd(R)) then ut := M−1
t ut ∈ H1

D(Ω,Rd) satisfies

∫
Ω
ztA [∇(Mtut)Bt] B⊤

t : ∇(Mt (v − ut)) +
∫

ΓS

gt |v · τ | −
∫

ΓS

gt |ut · τ | ≥
∫

Ω
Mt

⊤ft · (v − ut)

+
∫

ΓS

htMt
⊤Mtn · (v − ut) , ∀v ∈ H1

D(Ω,Rd), (6.16)

and is characterized as
ut = proxΦ(t,·)(Et),

where Et ∈ H1
D(Ω,Rd) stands for the unique solution to the parameterized variational equality

⟨Et, v⟩A =
∫

Ω
M⊤
t ft · v +

∫
ΓS

htMt
⊤Mtn · v −

∫
Ω
ztA [∇(Mtut)Bt] B⊤

t : ∇(Mtv)

+
∫

Ω
A∇ut : ∇v,

for all v ∈ H1
D(Ω,Rd), and where proxΦ(t,·) stands for the proximal operator associated with Φ(t, ·)

(already defined in (6.8) with, in our case, vτ = (v ·τ)τ for all v ∈ H1
D(Ω,Rd)) considered on the Hilbert

space (H1
D(Ω,Rd), ⟨·, ·⟩A) whose scalar product is t-independent. Note that u0 (resp. E0) coincides

with the solution u0 (resp. F0) to the parameterized general Tresca friction problem (GTP2dt) (resp.
to the parameterized general Dirichlet-Neumann problem (6.15)) for the parameter t = 0. Since we
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have already investigated the twice epi-differentiability of Φ on the Hilbert space (H1
D(Ω,Rd), ⟨·, ·⟩A)

in Subsection 6.2.1, we can directly prove that the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) is differentiable

at t = 0.

Theorem 6.2.10. Let ut ∈ H1
D(Ω,Rd) be the unique solution to the parameterized variational in-

equality (6.16), for all t ≥ 0. Assume that:
1. the map t ∈ R+ 7→ ht ∈ L2(ΓS) is differentiable at t = 0, with its derivative denoted by h′

0 ∈
L2(ΓS);

2. for almost all s ∈ ΓS, the map t ∈ R+ 7→ gt(s) ∈ R+ is differentiable at t = 0, with its derivative
denoted by g′

0(s), and also g′
0 ∈ L2(ΓS);

3. the parameterized Tresca friction functional Φ is twice epi-differentiable at u0 for F0 − u0 ∈
∂Φ(0, ·)(u0), with

D2
eΦ(u0|F0 − u0)(v) =

∫
ΓS

D2
eH(s)(u0(s)|στ (F0 − u0)(s))(v(s))ds,

for all v ∈ H1
D(Ω,Rd), where F0 ∈ H1

D(Ω,Rd) is the unique solution to the parameterized general
Dirichlet-Neumann problem (6.15) for the parameter t = 0, and D2

eH(s) is defined in Proposi-
tion 6.2.5 for almost all s ∈ ΓS.

Then the map t ∈ R+ 7→ ut ∈ H1
D(Ω,Rd) is differentiable at t = 0, and its derivative denoted

by u′
0 ∈ K

u0,
στ (F0−u0)

g0
⊂ H1

D(Ω,Rd) is the unique solution to the variational inequality

⟨u′
0, v − u′

0⟩A ≥
∫

Ω

(
M′

0
⊤
f0 + f ′

0

)
· (v − u′

0) +
∫

ΓS

(
h′

0I + h0

(
M′

0
⊤ + M′

0

))
n · (v − u′

0)

−
∫

Ω
A∇u0 : ∇(M′

0 (v − u′
0)) −

∫
Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇(v − u′

0)

+
∫

ΓSu0,g0
S−

∪ΓSu0,g0
S+

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

ΓSu0,g0
R

g′
0
u0τ

∥u0τ ∥
·
(
vτ − u′

0τ

)
,

for all v ∈ K
u0,

στ (F0−u0)
g0

, where

K
u0,

στ (F0−u0)
g0

=
{
v ∈ H1

D(Ω,Rd) | v · τ = 0 a.e. on ΓSu0,g0
D

, v · τ ≤ 0 a.e. on ΓSu0,g0
S−

and v · τ ≥ 0 a.e. on ΓSu0,g0
S+

}
,

is a nonempty closed convex subset of H1
D(Ω,Rd), and where ΓS is decomposed (up to a null set)

as ΓSu0,g0
R

∪ ΓSu0,g0
D

∪ ΓSu0,g0
S−

∪ ΓSu0,g0
S+

with

ΓSu0,g0
R

:= {s ∈ ΓS | u0(s) · τ(s) ̸= 0} ,
ΓSu0,g0

D
:= {s ∈ ΓS | u0(s) · τ(s) = 0 and στ (u0)(s) · τ(s) ∈ (−g0(s), g0(s))} ,

ΓSu0,g0
S−

:= {s ∈ ΓS | u0(s) · τ(s) = 0 and στ (u0)(s) · τ(s) = g0(s)} ,
ΓSu0,g0

S+
:= {s ∈ ΓS | u0(s) · τ(s) = 0 and στ (u0)(s) · τ(s) = −g0(s)} .
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Proof. From Hypothesis (H4), (H5), (H6), (H7) and that the map t ∈ R+ 7→ ht ∈ L2(ΓS) is differen-
tiable at t = 0, one can prove similarly to Lemma 6.1.1, that the map t ∈ R+ 7→ Et ∈ H1

D(Ω,Rd) is
differentiable at t = 0 and its derivative, denoted by E′

0 ∈ H1
D(Ω,Rd), is the unique solution to the

variational equality

⟨E′
0, v⟩A =

∫
Ω

(
M′

0
⊤
f0 + f ′

0

)
· v +

∫
ΓS

(
h′

0I + h0

(
M′

0
⊤ + M′

0

))
n · v −

∫
Ω

A∇u0 : ∇(M′
0v)

−
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + A∇(M′
0u0) + z′

0A∇u0

)
: ∇v,

for all v ∈ H1
D(Ω,Rd). Moreover since d = 2, one deduces that

∫
ΓSu0,g0

R

(
g0

2 ∥u0τ ∥

(
∥vτ∥2 −

∣∣∣∣vτ · u0τ

∥u0τ ∥

∣∣∣∣2
))

= 0,

for all v ∈ H1
D(Ω,Rd), thus from Hypothesis 2 and 3, it follows that

D2
eΦ(u0|F0 − u0)(v) =

∫
ΓSu0,g0

R

g′
0
u0τ

∥u0τ ∥
· vτ +

∫
ΓS\ΓSu0,g0

R

g′
0
στ (F0 − u0)

g0
· vτ + ιK

u0,
στ (F0−u0)

g0

(v),

for all v ∈ H1
D(Ω,Rd), where K

u0,
στ (F0−u0)

g0
defined in Theorem 6.2.7 is also given, for d = 2, by

K
u0,

στ (F0−u0)
g0

=
{
v ∈ H1

D(Ω,Rd) | v · τ = 0 a.e. on ΓSu0,g0
D

, v · τ ≤ 0 a.e. on ΓSu0,g0
S−

and v · τ ≥ 0 a.e. on ΓSu0,g0
S+

}
.

The rest of the proof is similar to Theorem 6.2.7.

Since ut = Mtut ∈ H1
D(Ω,Rd), one can prove in the same way as Theorem 6.1.4 the following

result. Note that we have assumed at the beginning of Section 6.2, that almost every point of ΓS is
in intΓ(ΓS), thus u0 ∈ H1

D(Ω,Rd) is a (strong) solution to the parameterized general Tresca friction
problem (GTP2dt) for the parameter t = 0 (see Subsection 4.2.4), and therefore Ae(u0)n ∈ L2(Γ,Rd).

Theorem 6.2.11. Consider the framework of Theorem 6.2.10. Let ut ∈ H1
D(Ω,Rd), be the unique

solution to the parameterized general Tresca friction problem (GTP2dt). Then the map t ∈ R+ 7→
ut ∈ H1

D(Ω,Rd) is differentiable at t = 0, and its derivative denoted by u′
0 ∈ K

u0,
στ (F0−u0)

g0
+ M′

0u0 is
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the unique solution to the variational inequality

⟨u′
0, v − u′

0⟩A ≥
∫

Ω
f ′

0 · (v − u′
0) +

∫
ΓS

(
h′

0I + h0

(
M′

0
⊤ + M′

0

))
n · (v − u′

0)

−
∫

ΓS

A∇u0n · M′
0 (v − u′

0) −
∫

Ω

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
: ∇(v − u′

0)

+
∫

ΓSu0,g0
S−

∪ΓSu0,g0
S+

g′
0
στ (u0)
g0

·
(
vτ − u′

0τ

)
−
∫

ΓSu0,g0
R

g′
0
u0τ

∥u0τ
∥

·
(
vτ − u′

0τ

)
,

for all v ∈ K
u0,

στ (F0−u0)
g0

+ M′
0u0, where

K
u0,

στ (F0−u0)
g0

+ M′
0u0 :={

v ∈ H1
D(Ω,Rd) | v · τ = M′

0u0 · τ a.e. on ΓSu0,g0
D

, (v − M′
0u0) · τ ≤ 0 a.e. on ΓSu0,g0

S−

and (v − M′
0u0) · τ ≥ 0 a.e. on ΓSu0,g0

S+

}
.

As we did in Corollary 6.2.8, one can characterize u′
0 ∈ H1

D(Ω,Rd) as weak solution to a tangential
Signorini problem.

Corollary 6.2.12. Consider the framework of Theorem 6.2.11. Assume that div(A [∇u0] B′
0

⊤ +
A [∇u0B′

0]+z′
0A∇u0) ∈ L2(Ω,Rd) and (A [∇u0] B′

0
⊤ +A [∇u0B′

0]+z′
0A∇u0)n ∈ L2(Γ,Rd). Then u′

0 ∈
H1

D(Ω,Rd) is the unique weak solution to the tangential Signorini problem

−div(Ae(u′
0)) = f̃ in Ω,
u′

0 = 0 on ΓD,

σn(u′
0) = ξn on ΓS,

στ (u′
0) · τ = −g′

0
u0·τ

|u0·τ | + ξ · τ on ΓSu0,g0
R

,

u′
0 · τ = M′

0u0 · τ on ΓSu0,g0
D

,

(u′
0 − M′

0u0) · τ ≤ 0, στ (u′
0) · τ ≤ g′

0 + ξ · τ and
(u′

0 − M′
0u0) · τ (στ (u′

0) · τ − g′
0 − ξ · τ) = 0 on ΓSu0,g0

S−
,

(u′
0 − M′

0u0) · τ ≥ 0, στ (u′
0) · τ ≥ −g′

0 + ξ · τ and
(u′

0 − M′
0u0) · τ (στ (u′

0) · τ + g′
0 − ξ · τ) = 0 on ΓSu0,g0

S+
.

where f̃ := f ′
0 + divA [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0) ∈ L2(Ω,Rd), and

ξ := h′
0n+h0

(
M′

0
⊤ + M′

0

)
n−M′

0
⊤ (A∇u0n)−

(
A [∇u0] B′

0
⊤ + A [∇u0B′

0] + z′
0A∇u0

)
n ∈ L2(ΓS,Rd).

Remark 6.2.13. Note that, in the three-dimensional case, the parameterized Tresca friction func-
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tional is given by

Φ : R+ × H1
D(Ω,Rd) −→ R

(t, v) 7−→ Φ(t, v) :=
∫

ΓS

gt

∥∥∥v(Mtn)⊥

∥∥∥ ,
where v(Mtn)⊥ := v− (v · Mtn

||Mtn||2 )Mtn. Unlike the two-dimensional case, to the best of our knowledge,
we cannot make disappear the t-dependance of the norm. Therefore, for almost all s ∈ ΓS, we have to
deal with the twice epi-differentiability of the t-dependent map (t, x) ∈ R+ × Rd 7→ ||x(Mtn)⊥ || ∈ R+,
which is an a highly nontrivial work and an interesting topic for future research.
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Chapter 7

NUMERICAL SIMULATIONS FOR THE

SENSITIVITY ANALYSIS OF THE SCALAR

TRESCA FRICTION PROBLEM

In the two previous chapters of this part, we have investigated the sensitivity analysis of a general
(scalar) Signorini/Tresca friction problem. Roughly speaking, the main theorems obtained claim that,
the first-order approximation of the solution ut to the problem are given by u0 + tu′

0 for small values
of t ≥ 0, where u′

0 is the solution to a boundary value problem involving (scalar) Signorini unilateral
conditions or tangential Signorini unilateral conditions.

In this chapter, we focus on the scalar Tresca friction problem studied in Subsection 5.2.2, and
we illustrate Theorem 5.2.12 with some numerical simulations. Thus, the same notations are pre-
served and, for an explicit two-dimensional example described in Section 7.1, we compare in H1-norm
the solution ut to the parameterized Tresca friction problem (STP2t) with its first-order approxima-
tion u0 + tu′

0 for small values of t ≥ 0, where u′
0 is the solution to the Signorini problem (5.18).

Numerical simulations are performed using Freefem++ software (see [44]) and iterative switch-
ing algorithms (see [4] or Appendix B for details). The results are presented in Section 7.2. In a
nutshell, let us recall that those iterative switching algorithms operate by checking at each iteration
if the boundary conditions are satisfied, and if they are not, by imposing them and restarting the
computation. The convergence proof of these algorithms is not established yet but their performance
are experimentally validated. Let us emphasize that our aim in this section is not to study these
algorithms rigorously but only to illustrate the main result of Section 5.2.2 with a simple and easily
implementable method to solve the Signorini problem and the Tresca friction problem. Let us mention
that there exist other algorithms, like for instance Nitsche methods (see, e.g., [21, 22, 23, 64]) which
will be used in Chapter 9, hybrid methods (see, e.g., [12]), mixed methods (see, e.g., [41]) and more,
that are not used here, but could be more efficient for future investigations.

7.1 Mathematical framework

In this section we describe the example used for numerical simulations. This example is inspired
from the one introduced in the paper [3]. Let d = 2 and Ω be the unit disk of R2, and let f ∈ L2(Ω)
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be the function defined by

f : Ω −→ R

(x, y) 7−→ 1
2
(
x2 + y2 − 5

)
ξ(x) − 2xξ′(x) − 1

2(x2 + y2 − 1)ξ′′(x),

where ξ is given by

ξ : [−1, 1] −→ R

x 7−→ ξ(x) :=


−1 if −1 ≤ x ≤ − 1

2 ,

sin(πx) if − 1
2 ≤ x ≤ 1

2 ,

1 if 1
2 ≤ x ≤ 1.

Let us introduce, for all t ≥ 0, the function ft ∈ L2(Ω) defined by

ft : Ω −→ R
(x, y) 7−→ ft(x, y) := exp(t)f(x, y),

the function gt ∈ L2(Γ) defined by

gt : Γ −→ R
(x, y) 7−→ gt(x, y) := 1 + t.

This choice of functions is justified by the fact that we are able to determinate explicitly the
solution u0 to the parameterized Tresca friction problem (STP2t) for t = 0, which is given by

u0(x, y) = 1
2
(
x2 + y2 − 1

)
ξ(x),

for all (x, y) ∈ Ω. The knowledge of the solution u0 reduces errors due to the approximations for the
numerical computations of u′

0 and u0 + tu′
0. Indeed, since ∂nu = ξ and u0 = 0 a.e. on Γ, we can

directly express the decomposition

Γ = Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− ∪ Γu0,g0

S+ ,

which is given by
Γu0,g0

N = ∅,
Γu0,g0

D =
{

(x, y) ∈ Γ, − 1
2 < x < 1

2
}
,

Γu0,g0
S− =

{
(x, y) ∈ Γ, x ≥ 1

2
}
,

Γu0,g0
S+ =

{
(x, y) ∈ Γ | x ≤ − 1

2
}
,

(see Figure 7.1). Moreover, since f ′
0 = f in L2(Ω) and g′

0 = 1 in L2(Γ), we are now in a position to
compute numerically u′

0 and ut, and then to compare ut with its first-order approximation u0 + tu′
0

in H1-norm for several small values of t ≥ 0.
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Ω

Γu0,g0
D

Γu0,g0
S−Γu0,g0

S+

Figure 7.1 – Unit disk Ω and its boundary Γ = Γu0,g0
N ∪ Γu0,g0

D ∪ Γu0,g0
S− ∪ Γu0,g0

S+ .

7.2 Numerical results

Here we present the numerical results obtained for the two-dimensional example described in Sec-
tion 7.1. Numerical simulations have been made using P2 finite element method and with a discretiza-
tion of the boundary of 190 points. We concatenate in Table 7.1 some values of ∥ut − u0 − tu′

0∥H1(Ω)
for several small values of t ≥ 0. Figure 7.2 gives the representation in logarithmic scale of the
maps t ∈ R+ 7→ ∥ut − u0 − tu′

0∥H1(Ω) ∈ R+ and t ∈ R+ 7→ t2 ∈ R+. Finally, Figure 7.3 is the
illustration of ut and its first-order approximation u0 + tu′

0 for t = 0.1.
Roughly speaking, we observe from Figure 7.2 that∥∥∥∥ut − u0

t
− u′

0

∥∥∥∥
H1(Ω)

= O(t),

where O stands for the standard Bachmann–Landau notation, which is in accordance with Theo-
rem 5.2.12.

Paramètre t 0.60 0.40 0.20 0.1 0.075 0.05 0.025 0.01
∥ut − u0 − tu′

0∥H1(Ω) 0.5254 0.2135 0.0484 0.0114 0.0065 0.0033 0.0021 0.0021

Table 7.1 – H1-norm of the difference between ut and its first-order approximation u0 + tu′
0 for several

small values of t.

Remark 7.2.1. Note that the representation of ∥ut − u0 − tu′
0∥H1(Ω) with respect to t in logarithmic

scale got a threshold for t ≈ 0.03. This is a classical phenomenon due to the numerical approximations
we made and the numerical algorithms we used.
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7.2. Numerical results

Figure 7.2 – The representation in logarithmic scale of the map t ∈ R+ 7→ ∥ut − u0 − tu′
0∥H1(Ω) ∈ R+

(red) and of the map t ∈ R+ 7→ t2 ∈ R+ (blue).

Figure 7.3 – The first figure is the representation of ut and the second its first-order approxima-
tion u0 + tu′

0 for t = 0.1.
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Applications
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In this last part, we present several applications of the sensitivity analysis investigated in Part II.
More precisely, in Chapter 8, we investigate a shape optimization problem involving the scalar Tresca
friction law. Thus, the results obtained in Subsection 5.2.3 are used in order to characterize the
material and shape directional derivatives as solutions to a scalar Signorini problem. Then, using the
material/shape directional derivative, we explicitly characterize the shape gradient of the correspond-
ing energy functional and we exhibit a descent direction in order to perform numerical simulations.
In Chapter 9, we investigate a shape optimization problem involving a Signorini problem in the linear
elastic model. Thus, the results from Section 6.1 are used in order to prove that the material and shape
directional derivatives are solutions to Signorini problems, and we characterize the shape gradient of
the corresponding energy functional. Then some numerical simulations are performed to illustrate
our result. We mention that the shape optimization problems in Chapter 8 and Chapter 9 are investi-
gated using the Hadamard’s boundary variation method (see, e.g., [6, 39]). Finally in Chapter 10, an
optimal control problem is studied, which involves the Tresca friction law in the linear elastic model,
and we search for a control that minimizes the cost functional defined in (10.2).

The characterizations of the material and shape directional derivative as the solutions to a (scalar)
Signorini problems, with also a suitable characterization of the shape gradient of the corresponding
energy functional are the main novelties in shape optimization, while the suitable characterization of
the gradient of the cost functional defined in (10.2) is the main novelty in optimal control. To the
best of my knowledge, those results are new and have never been obtained in the literature.
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Chapter 8

SHAPE OPTIMIZATION FOR

VARIATIONAL INEQUALITIES: THE

TRESCA FRICTION PROBLEM IN THE

SCALAR MODEL

Let d ∈ N∗ be a positive integer and let f ∈ H1(Rd) and g ∈ H2(Rd) be such that g > 0 a.e.
on Rd. In this chapter we consider the shape optimization problem given by

minimize
Ω∈U

|Ω|=λ

J (Ω), (8.1)

where

U := {Ω ⊂ Rd | Ω nonempty connected bounded open subset of Rd with Lipschitz boundary},

with the volume constraint |Ω| = λ > 0, where J : U → R is the Tresca energy functional defined by

J (Ω) := 1
2

∫
Ω

(
∥∇uΩ∥2 + |uΩ|2

)
+
∫

Γ
g|uΩ| −

∫
Ω
fuΩ,

where Γ := ∂Ω is the boundary of Ω and where uΩ ∈ H1(Ω) stands for the unique solution to the
scalar Tresca friction problem given by{

−∆u+ u = f in Ω,
|∂nu| ≤ g and u∂nu+ g|u| = 0 on Γ,

(STPΩ)

for all Ω ∈ U , where n is the outward-pointing unit normal vector to Γ. Note that we focus here on
minimizing the energy functional (as in [36, 45, 81]) which corresponds to maximize the compliance
(see [8]). From Subsection 4.1.3, note that J can also be expressed as

J (Ω) = −1
2

∫
Ω

(
∥∇uΩ∥2 + |uΩ|2

)
,

for all Ω ∈ U .
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In the whole section let us fix Ω0 ∈ U . We denote by id : Rd → Rd the identity operator. Our aim
here is to prove that, under appropriate assumptions, the functional J is shape differentiable at Ω0,
in the sense that the map

C1,∞(Rd,Rd) −→ R
θ 7−→ J (id + θ)(Ω0)),

where C1,∞(Rd,Rd) := C1(Rd,Rd) ∩ W1,∞(Rd,Rd), is Gateaux differentiable at 0, and to give an
expression of the Gateaux differential, denoted by J ′(Ω0), which is called the shape gradient of J
at Ω0. To this aim we have to perform the sensitivity analysis of the scalar Tresca friction prob-
lem (STPΩ) with respect to the shape, and then we characterize the material and shape directional
derivatives. For better organization, this chapter will be done in the following three separate sections
below. In Section 8.1 we perturb the scalar Tresca friction problem (TPΩ0) with respect to the shape,
and under appropriate assumptions, we characterize the material directional derivative as solution to
a variational inequality (see Theorem 8.1.1). Moreover, with additional assumptions we characterize
the material and shape directional derivatives as being weak solutions to scalar Signorini problems
(see Corollaries 8.1.3 and 8.1.5). In Section 8.2 we prove that, under appropriate assumptions, the
functional J is shape differentiable at Ω0 and we provide an expression of the shape gradient J ′(Ω0)
(see Theorem 8.2.1 and Corollary 8.2.2). Finally in Section 8.3 numerical simulations are performed
to solve the shape optimization problem (8.1) on a two-dimensional example.

8.1 Setting of the shape perturbation and derivatives

Consider θ ∈ C1,∞(Rd,Rd) and, for all t ≥ 0 sufficiently small such that id+tθ is a C1-diffeomorphism
of Rd, consider the shape perturbed scalar Tresca friction problem given by{

−∆ut + ut = f in Ωt,
|∂nut| ≤ g and ut∂nut + g|ut| = 0 on Γt,

(PSTPt)

where Ωt := (id + tθ)(Ω0) ∈ U and Γt := ∂Ωt = (id + tθ)(Γ0). From Subsection 4.1.3, there exists a
unique solution ut ∈ H1(Ωt) to (PSTPt) which satisfies∫

Ωt

∇ut · ∇(v − ut) +
∫

Ωt

ut(v − ut) +
∫

Γt

g|v| −
∫

Γt

g|ut| ≥
∫

Ωt

f(v − ut), ∀v ∈ H1(Ωt).

Following the usual strategy in shape optimization literature (see, e.g., [8, 46]) and using the change
of variables id + tθ, we prove that ut := ut ◦ (id + tθ) ∈ H1(Ω0) satisfies

∫
Ω0

Mt∇ut · ∇(v − ut) +
∫

Ω0

ut(v − ut)Jt +
∫

Γ0

gtJTt |v| −
∫

Γ0

gtJTt |ut|

≥
∫

Ω0

ftJt(v − ut), ∀v ∈ H1(Ω0),

where ft := f ◦ (id + tθ) ∈ H1(Rd), gt := g ◦ (id + tθ) ∈ H2(Rd), Jt := det(I + t∇θ) ∈ L∞(Rd)
is the Jacobian determinant, Mt := det(I + t∇θ)(I + t∇θ)−1(I + t∇θ⊤)−1 ∈ L∞(Rd,Rd×d), JTt

:=
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det(I+t∇θ)∥(I+t∇θ⊤)−1n∥ ∈ C0(Γ0) is the tangential Jacobian, and where ∇θ stands for the standard
Jacobian matrix of θ. Therefore, we deduce from Subsection 4.1.3 that ut ∈ H1(Ω0) is the unique
solution to the perturbed general scalar Tresca friction problem{

−div (Mt∇ut) + utJt = ftJt in Ω0,

|Mt∇ut · n| ≤ gtJTt
and utMt∇ut · n + gtJTt

|ut| = 0 on Γ0,
(PGSTPt)

and thus can be characterized as
ut = proxΦ(t,·)(Ft),

where Ft ∈ H1(Ω0) stands for the unique solution to the perturbed general scalar Neumann problem
given by {

−div(Mt∇Ft) + FtJt = ftJt in Ω,
Mt∇Ft · n = 0 on Γ,

and where proxΦ(t,·) : H1(Ω0) → H1(Ω0) is the proximal operator associated with the parameterized
Tresca friction functional defined by

Φ : R+ × H1(Ω0) −→ R

(t, v) 7−→ Φ(t, v) :=
∫

Γ0

gtJTt
|v|,

considered on the perturbed Hilbert space (H1(Ω), ⟨·, ·⟩Mt,Jt
) (see the notations in Section 4.1). Let

us recall that (see [46]):

(i) the map t ∈ R+ 7→ Jt ∈ L∞(Rd) is differentiable at t = 0 with derivative given by div(θ);

(ii) the map t ∈ R+ 7→ ftJt ∈ L2(Rd) is differentiable at t = 0 with derivative given by fdiv(θ) +
∇f · θ;

(iii) the map t ∈ R+ 7→ Mt ∈ L∞(Rd,Rd×d) is differentiable at t = 0 with derivative given by M′
0 :=

−∇θ − ∇θ⊤ + div(θ)I;

(iv) the map t ∈ R+ 7→ gtJTt
∈ L2(Γ0) is differentiable at t = 0 with derivative given by ∇g · θ +

gdivτ (θ);

where divτ is the tangential divergence (see Proposition 2.1.4). In particular, if we assume that for
almost all s ∈ Γ0, g has a directional derivative at s in any direction, then the map t ∈ R+ 7→
gtJTt(s) ∈ R+ is differentiable at t = 0. Therefore one can apply Theorem 5.2.14 to characterize the
material derivative.

Theorem 8.1.1 (Material directional derivative). Let ut ∈ H1(Ω0) be the unique solution to the
perturbed general scalar Tresca friction problem (PGSTPt). Assume that

(i) for almost all s ∈ Γ0, g has a directional derivative at s in any direction;

(ii) Φ is twice epi-differentiable at u0 for F0 − u0 ∈ ∂Φ(0, ·)(u0) with

D2
eΦ(u0|F0 − u0)(w) =

∫
Γ0

D2
eG(s)(u0(s)|∂n(F0 − u0)(s))(v(s)) ds,
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for all v ∈ H1(Ω).

Then the map t ∈ R+ 7→ ut ∈ H1(Ω0) is differentiable at t = 0, and its derivative (that is the
material directional derivative), denoted by u′

0 ∈ K
u0,

∂n(F0−u0)
g

⊂ H1(Ω0), is the unique solution to the
variational inequality

⟨u′
0, v − u′

0⟩H1(Ω0) ≥
∫

Ω0

θ · ∇u0 (v − u′
0) −

∫
Ω0

div (∆u0θ) (v − u′
0)

−
∫

Ω0

((
−∇θ − ∇θ⊤ + div(θ)I

)
∇u0

)
· ∇(v − u′

0)

+
∫

Γ0

(
∇g
g

· θ + divτ (θ)
)
∂nu0 (v − u′

0) , ∀v ∈ K
u0,

∂n(F0−u0)
g

, (8.2)

where K
u0,

∂n(F0−u0)
g

is the nonempty closed convex subset of H1(Ω0) defined by

K
u0,

∂n(F0−u0)
g

:=
{
v ∈ H1(Ω0) | v ≤ 0 a.e. on Γu0,g

S− , v ≥ 0 a.e. on Γu0,g
S+ , v = 0 a.e. on Γu0,g

D
}
,

where Γ0 is decomposed, up to a null set, as Γu0,g
N ∪ Γu0,g

D ∪ Γu0,g
S− ∪ Γu0,g

S+ , where

Γu0,g
N := {s ∈ Γ0 | u0(s) ̸= 0} ,

Γu0,g
D := {s ∈ Γ0 | u0(s) = 0 and ∂nu0(s) ∈ (−g(s), g(s))} ,

Γu0,g
S− := {s ∈ Γ0 | u0(s) = 0 and ∂nu0(s) = g(s)} ,

Γu0,g
S+ := {s ∈ Γ0 | u0(s) = 0 and ∂nu0(s) = −g(s)} .

Proof. From Theorem 5.2.14 it follows that u′
0 ∈ K

u0,
∂n(F0−u0)

g

is the unique solution to the variational
inequality

⟨u′
0, v − u′

0⟩H1(Ω0) ≥
∫

Ω0

div(fθ) (v − u′
0) −

∫
Ω0

div(θ)u0 (v − u′
0)

−
∫

Ω0

(
−∇θ − ∇θ⊤ + div(θ)I

)
∇u0 · ∇(v − u′

0) +
∫

Γ0

(∇g · θ + gdivτ (θ)) ∂nu0

g
(v − u′

0) ,

for all v ∈ K
u0,

∂n(F0−u0)
g

. Using the equality −∆u0 + u0 = f in H1(Ω0), we obtain the result.

Remark 8.1.2. Consider the framework of Theorem 8.1.1 which is dependent on θ ∈ C1,∞(Rd,Rd)
and let us denote by u′

0(θ) := u′
0. One can easily see that

u′
0(α1θ1 + α2θ2) = α1u

′
0(θ1) + α2u

′
0(θ2).

for any θ1, θ2 ∈ C1,∞(Rd,Rd) and for any nonnegative real numbers α1 ≥ 0, α2 ≥ 0. However, this is
not true for negative real numbers and justify why, in the present work, we call u′

0 as material direc-
tional derivative (instead of simply material derivative as usually in the literature). This nonlinearity
is standard in shape optimization for variational inequalities (see, e.g., [47] or [78, Section 4]).

The presentation of Theorem 8.1.1 can be improved under additional regularity assumptions.
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Corollary 8.1.3. Consider the framework of Theorem 8.1.1 with the additional assumptions that u0 ∈
H3(Ω0) and θ ∈ C2,∞(Rd,Rd) := C2(Rd,Rd) ∩ W2,∞(Rd,Rd). Then the material derivative u′

0 ∈
H1(Ω0) is the unique weak solution to the scalar Signorini problem given by

−∆u′
0 + u′

0 = −∆ (θ · ∇u0) + θ · ∇u0 in Ω0,

u′
0 = 0 on Γu0,g

D ,

∂nu
′
0 = hm(θ) on Γu0,g

N ,

u′
0 ≤ 0, ∂nu

′
0 ≤ hm(θ) and u′

0 (∂nu
′
0 − hm(θ)) = 0 on Γu0,g

S− ,

u′
0 ≥ 0, ∂nu

′
0 ≥ hm(θ) and u′

0 (∂nu
′
0 − hm(θ)) = 0 on Γu0,g

S+ ,

where hm(θ) := ( ∇g
g · θ − ∇θn · n)∂nu0 + (∇θ + ∇θ⊤)∇u0 · n ∈ L2(Γ0).

Proof. Since u0 ∈ H2(Ω0) and θ ∈ C2,∞(Rd,Rd), we deduce that div((−∇θ − ∇θ⊤ + div(θ)I)∇u0) ∈
L2(Ω0) and that (−∇θ− ∇θ⊤ + div(θ)I)∇u0 · n ∈ L2(Γ0). Thus, in the same way as Corollary 5.2.15,
using the divergence formula in Inequality (8.2), we get that

⟨u′
0, v − u′

0⟩H1(Ω0) ≥
∫

Ω0

θ · ∇u0 (v − u′
0) −

∫
Ω0

div (∆u0θ) (v − u′
0)

+
∫

Ω0

div
((

−∇θ − ∇θ⊤ + div(θ)I
)

∇u0
)

(v − u′
0)

+
∫

Γ0

((
∇θ + ∇θ⊤)∇u0 · n +

(
∇g
g

· θ − ∇θn · n
)
∂nu0

)
(v − u′

0) , (8.3)

for all v ∈ K
u0,

∂n(F0−u0)
g

. Furthermore, one has ∆(θ · ∇u0) ∈ L2(Ω0) from u0 ∈ H3(Ω0), thus, using
Proposition 2.1.3, it follows that

⟨u′
0, v − u′

0⟩H1(Ω0) ≥
∫

Ω0

−∆ (θ · ∇u0) (v − u′
0) +

∫
Ω0

θ · ∇u0 (v − u′
0) +

∫
Γ0

hm(θ) (v − u′
0) ,

for all v ∈ K
u0,

∂n(F0−u0)
g

which concludes the proof from Subsection 4.1.2.

Remark 8.1.4. As mentioned in Remark 5.2.16, if Γ0 is sufficiently regular, then u0 ∈ H2(Ω0), and
this is the best regularity result that can be obtained. We refer to [14, Chapter 1, Theorem I.10 p.43]
and [14, Chapter 1, Remark I.26 p.47] for details. It does not mean that u0 /∈ H3(Ω0) in general. It
just means that, in this reference, there is a counterexample in which u0 /∈ H3(Ω0) even if Γ0 is very
smooth. Note that, from Corollary 5.2.15, one can get, under the weaker assumption u0 ∈ H2(Ω0),
that the material directional derivative u′

0 is the weak solution to a scalar Signorini problem, and more
precisely, the solution to the variational inequality (8.3) which is, from Subsection 4.1.2, the weak
formulation of a scalar Signorini problem with the source term given by −div((∆u0) θ− div(θ)∇u0 +
(∇θ + ∇θ⊤)∇u0) + θ · ∇u0 ∈ L2(Ω0).

Thanks to Corollary 8.1.3, we are now in a position to characterize the shape directional derivative.

Corollary 8.1.5 (Shape directional derivative). Consider the framework of Corollary 8.1.3 with the
additional assumption that Γ0 is of class C3. Then the shape directional derivative, defined by u′

0 :=

113



Part III, Chapter 8 – Shape optimization for variational inequalities: the Tresca friction problem in the
scalar model

u′
0 − ∇u0 · θ ∈ H1(Ω0), is the unique weak solution to the scalar Signorini problem given by

−∆u′
0 + u′

0 = 0 in Ω0,

u′
0 = −θ · ∇u0 on Γu0,g

D ,

∂nu
′
0 = hs(θ) on Γu0,g

N ,

u′
0 ≤ −θ · ∇u0, ∂nu

′
0 ≤ hs(θ) and (u′

0 + θ · ∇u0) (∂nu
′
0 − hs(θ)) = 0 on Γu0,g

S− ,

u′
0 ≥ −θ · ∇u0, ∂nu

′
0 ≥ hs(θ) and (u′

0 + θ · ∇u0) (∂nu
′
0 − hs(θ)) = 0 on Γu0,g

S+ ,

where hs(θ) := θ · n(∂n(∂nu0) − ∂2u0
∂n2 ) + ∇τu0 · ∇τ (θ · n) − g∇(∂nu0

g ) · θ ∈ L2(Γ0).

Proof. From the weak variational formulation of u′
0 given in Corollary 8.1.3 and using the divergence

formula, one can easily obtain that

⟨u′
0, v − θ · ∇u0 − u′

0⟩H1(Ω0) ≥
∫

Γ0

(hm(θ) − ∇(θ · ∇u0) · n) (v − θ · ∇u0 − u′
0) ,

for all v ∈ K
u0,

∂n(F0−u0)
g

, which can be rewritten as

⟨u′
0, w − u′

0⟩H1(Ω0) ≥
∫

Γ0

(hm(θ) − ∇(θ · ∇u0) · n) (w − u′
0) ,

for all w ∈ K
u0,

∂n(F0−u0)
g

− θ · ∇u0. Since Γ0 is of class C3 and u0 ∈ H3(Ω0), the normal derivative
of u0 can be extended into a function defined in Ω0 such that ∂nu0 ∈ H2(Ω0). Thus, it holds
that v∂nu0 ∈ W2,1(Ω0) for all v ∈ C∞(Ω0), and one can use Propositions 2.1.3 and 2.1.4 to obtain
that∫

Γ0

(hm(θ) − ∇(θ · ∇u0) · n) v

=
∫

Γ0

θ · n (−∇u0 · ∇v − u0v + fv +Hv∂nu0 + ∂n (v∂nu0)) −
∫

Γ0

gv∇
(
∂nu0

g

)
· θ,

for all v ∈ C∞(Ω0). Then, by using Proposition 2.1.6, one deduces that

∫
Γ0

(hm(θ) − ∇(θ · ∇u0) · n) v

=
∫

Γ0

(
θ · n

(
∂n (∂nu0) − ∂2u0

∂n2

)
+ ∇τu0 · ∇τ (θ · n) − g∇

(
∂nu0

g

)
· θ
)
v,

for all v ∈ C∞(Ω0), and also for all v ∈ H1(Ω0) by density. Thus it follows that

⟨u′
0, w − u′

0⟩H1(Ω0)

≥
∫

Γ0

(
θ · n

(
∂n (∂nu0) − ∂2u0

∂n2

)
+ ∇τu0 · ∇τ (θ · n) − g∇

(
∂nu0

g

)
· θ
)

(w − u′
0) ,

for all w ∈ K
u0,

∂n(F0−u0)
g

− θ · ∇u0, which concludes the proof from Subsection 4.1.2.
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8.2 Shape gradient of the Tresca energy functional

Thanks to the characterization of the material directional derivative obtained in Theorem 8.1.1,
we can now prove the shape differentiability of the Tresca energy functional.

Theorem 8.2.1. Consider the framework of Theorem 8.1.1. Then the Tresca energy functional J
admits a shape gradient at Ω0 in any direction θ ∈ C1,∞(Rd,Rd) given by

J ′(Ω0)(θ) = 1
2

∫
Ω0

div(θ) ∥∇u0∥2 −
∫

Ω0

∇u0 · (∇θ∇u0 + ∆u0θ)

+
∫

Γ0

(
θ · n

(
|u0|2

2 − fu0

)
−
(

∇g
g

· θ + divτ (θ)
)
u0∂nu0

)
. (8.4)

Proof. By following the usual strategy developed in the shape optimization literature (see, e.g., [8, 46])
to compute the shape gradient of J at Ω0 in a direction θ ∈ C1,∞(Rd,Rd), one gets

J ′(Ω0)(θ) = −1
2

∫
Ω0

(
∥∇u0∥2 + |u0|2

)
div(θ) +

∫
Ω0

∇u0 · ∇θ∇u0 − ⟨u′
0, u0⟩H1(Ω0) .

On the other hand, since u′
0 ± u0 ∈ K

u0,
∂n(F0−u0)

g

, we deduce from the weak variational formulation
of u′

0 that

⟨u′
0, u0⟩H1(Ω0) =

∫
Ω0

u0θ · ∇u0 −
∫

Ω0

div (∆u0θ)u0

−
∫

Ω0

((
−∇θ − ∇θ⊤ + div(θ)I

)
∇u0

)
· ∇u0 +

∫
Γ0

(
∇g
g

· θ + divτ (θ)
)
u0∂nu0.

The proof is complete thanks to the divergence formula.

As we did in Corollary 8.1.3 for the material directional derivative, the presentation of Theo-
rem 8.2.1 can be improved under additional assumptions.

Corollary 8.2.2. Consider the framework of Theorem 8.2.1 with the additional assumptions that d ∈
{1, 2, 3, 4, 5}, Γ0 is of class C3 and u0 ∈ H3(Ω0). Then the shape gradient of the Tresca energy
functional J at Ω0 in any direction θ ∈ C1,∞(Rd,Rd) is given by

J ′(Ω0)(θ) =
∫

Γ0

θ · n
(

∥∇u0∥2 + |u0|2

2 − fu0 +Hg |u0| − ∂n (u0∂nu0) + gu0∇
(
∂nu0

g

)
· n
)
,

where H is the mean curvature of Γ0.

Proof. Let θ ∈ C1,∞(Rd,Rd). Since u0 ∈ H2(Ω0) ⊂ H3(Ω0), it holds that∫
Ω0

div(θ) ∥∇u0∥2 = −
∫

Ω0

θ · ∇
(

∥∇u0∥2
)

+
∫

Γ0

θ · n ∥∇u0∥2
,

and ∫
Ω0

∆u0θ · ∇u0 = −
∫

Ω0

∇u0 · ∇(θ · ∇u0) +
∫

Γ0

∂nu0θ · ∇u0.
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One deduces from (8.4) that

J ′(Ω0)(θ) =
∫

Γ0

θ · n
(

∥∇u0∥2 + |u0|2

2 − fu0

)

−
∫

Γ0

(
∂nu0θ · ∇u0 +

(
∇g
g

· θ + divτ (θ)
)
u0∂nu0

)
. (8.5)

Moreover, since Γ0 is of class C3 and u0 ∈ H3(Ω0), the normal derivative of u0 can be extended into a
function defined in Ω0 such that ∂nu0 ∈ H2(Ω0). Therefore, using Proposition 2.1.4 with v = u0∂nu0 ∈
W2,1(Ω0), one gets

J ′(Ω0)(θ) =
∫

Γ0

θ · n
(

∥∇u0∥2 + |u0|2

2 − fu0 −Hu0∂nu0 − ∂n (u0∂nu0)
)

+
∫

Γ0

gu0∇
(
∂nu0

g

)
· θ.

From the scalar Tresca friction law, one has Hu0∂nu0 = −Hg|u0| a.e. on Γ0. Now let us focus on the
last term. Since u0 = 0 on Γu0,g

D ∪ Γu0,g
S− ∪ Γu0,g

S+ , we have∫
Γ0

gu0∇
(
∂nu0

g

)
· θ =

∫
Γu0,g

N

gu0∇
(
∂nu0

g

)
· θ.

Let us introduce two disjoint subsets of Γ0 given by

Γu0,g
N+ := {s ∈ Γ0 | u0(s) > 0} and Γu0,g

N− := {s ∈ Γ0 | u0(s) < 0} .

Hence it follows that Γu0,g
N = Γu0,g

N+ ∪ Γu0,g
N− , with ∂nu0 = −g a.e. on Γu0,g

N+ , and ∂nu0 = g a.e.
on Γu0,g

N− . Moreover, since u0 ∈ H3(Ω) and d ∈ {1, 2, 3, 4, 5}, we get from Sobolev embeddings (see,
e.g., [1, Chapter 4, p.79]) that u0 is continuous over Γ0, thus Γu0,g

N+ and Γu0,g
N− are open subsets of Γ0.

Hence ∇τ (∂nu0
g ) = 0 a.e. on Γu0,g

N+ ∪ Γu0,g
N− , and one deduces that

∫
Γu0,g

N

gu0∇
(
∂nu0

g

)
· θ =

∫
Γu0,g

N

θ · n
(
gu0∇

(
∂nu0

g

)
· n
)
,

which concludes the proof.

Remark 8.2.3. Under the weaker condition u0 ∈ H2(Ω0) (satisfied if Γ0 is sufficiently regular, see
Remark 8.1.4), one can follow the proof of Corollary 8.2.2 and obtain that the shape gradient of J is
given by Equality (8.5).

Remark 8.2.4. Consider the framework of Theorem 8.2.1. We have seen in Remark 8.1.2 that the
expression of the material directional derivative u′

0 is not linear with respect to θ. However one
can observe that the scalar product ⟨u′

0, u0⟩H1(Ω0), that appears in the proof of Theorem 8.2.1, is
linear. This leads to an expression of the shape gradient J ′(Ω0)(θ) in Theorem 8.2.1 that is linear
with respect to θ. Hence we deduce that the Tresca energy functional J is shape differentiable
at Ω0. Furthermore note that the shape gradient J ′(Ω0)(θ) depends only on u0 (and not on u′

0)
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and therefore does not require the introduction of an appropriate adjoint problem to be computed
explicitly. The linear explicit expression of J ′(Ω0)(θ) with respect to the direction θ will allow us
in the next Section 8.3 to exhibit a descent direction for numerical simulations in order to solve the
shape optimization problem (8.1) on a two-dimensional example. It is worth noting that all previous
comments are specific to the Tresca energy functional J .

Remark 8.2.5. Let us recall that the standard Neumann energy functional is

JN(Ω) := 1
2

∫
Ω

(
∥∇wN,Ω∥2 + |wN,Ω|2

)
+
∫

Γ
gwN,Ω −

∫
Ω
fwN,Ω,

for all Ω ∈ U , where wN,Ω ∈ H1(Ω) is the unique solution to the standard Neumann problem{
−∆wN,Ω + wN,Ω = f in Ω,

∂nwN,Ω = −g on Γ.
(SNPΩ)

One can prove (see, e.g., [8, 46]) that the shape gradient of the Neumann energy functional JN

at Ω0 ∈ U in any direction θ ∈ C1,∞(Rd,Rd) is given by

J ′
N(Ω0)(θ) =

∫
Γ0

θ · n
(

∥∇wN,Ω0∥2 + |wN,Ω0 |2

2 − fwN,Ω0 +HgwN,Ω0 + ∂n (gwN,Ω0)
)
.

Thus the shape gradient of the Tresca energy functional J obtained in Corollary 8.2.2 is close to the
one of JN with the additional term ∫

Γ0

gu0∇
(
∂nu0

g

)
· θ.

Note that, if ∂nu0 = −g a.e. on Γ0, then they coincide.

Remark 8.2.6. Let us recall that the standard Dirichlet energy functional is

JD(Ω) := 1
2

∫
Ω

(
∥∇wD,Ω∥2 + |wD,Ω|2

)
−
∫

Ω
fwD,Ω,

for all Ω ∈ U , where wD,Ω ∈ H1(Ω) is the unique solution to the Dirichlet problem{
−∆wD,Ω + wD,Ω = f in Ω,

wD,Ω = 0 on Γ.
(SDPΩ)

One can prove (see, e.g., [8, 46]) that the shape gradient of JD at Ω0 ∈ U in any direction θ ∈
C1,∞(Rd,Rd) is given by

J ′
D(Ω0)(θ) = −

∫
Γ0

θ · n
(

∥∇wD,Ω0∥2 + |wD,Ω0 |2

2

)
.

Note that, if u0 = 0 a.e. on Γ0, then ∇τu0 = 0 a.e. on Γ0, thus (∂nu0)2 = ||∇u0||2 a.e. on Γ0 and
thus the shape gradient of J obtained in Corollary 8.2.2 coincides with the one of JD.

117



Part III, Chapter 8 – Shape optimization for variational inequalities: the Tresca friction problem in the
scalar model

8.3 Numerical simulations

In this section we numerically solve an example of the shape optimization problem (8.1) in the
two-dimensional case d = 2, by making use of our theoretical results obtained in Section 8.2. The
numerical simulations have been performed using Freefem++ software [44] with P1-finite elements
and standard affine mesh. We could use the expression of the shape gradient of J obtained in
Theorem 8.2.1 but, for the purpose of simplifying the computations, we chose to use the expression
provided in Corollary 8.2.2 under additional assumptions (such as u0 ∈ H3(Ω0) that we assumed to
be true at each iteration). The C3 regularity of the shapes required in Corollary 8.2.2 is not satisfied
since we use a classical affine mesh and thus the discretized domains have boundaries that are only
Lipschitz. Nevertheless it could be possible to impose more regularity by using curved mesh for
example. However the use of such numerical techniques falls outside the scope of this work in which
the numerical simulations are intended to illustrate our theoretical results.

8.3.1 Numerical methodology

Consider an initial shape Ω0 ∈ U (see the beginning of Section 8 for the definition of U). Note
that Corollary 8.2.2 allows to exhibit a descent direction θ0 of the Tresca energy functional J at Ω0

as the unique solution to the Neumann problem{
−∆θ0 + θ0 = 0 in Ω0,

∇θ0n = −
(

∥∇u0∥2+|u0|2

2 − fu0 +Hg |u0| − ∂n (u0∂nu0) + gu0∇
(
∂nu0
g

)
· n
)

n on Γ0,

since it satisfies J ′(Ω0)(θ0) = − ∥θ0∥2
H1(Ω0,Rd) ≤ 0.

In order to numerically solve the shape optimization problem (8.1) on a given example, we also
have to deal with the volume constraint |Ω| = λ > 0. To this aim, the Uzawa algorithm (see, e.g., [8,
Chapter 3 p.64] or [20]) is used. In a nutshell it consists in augmenting the Tresca energy functional J
by adding an initial Lagrange multiplier p0 ∈ R multiplied by the standard volume functional minus λ.
From [8, Chapter 6, Section 6.5], we know that the shape gradient of the volume functional at Ω0 is
given by

θ ∈ C1,∞(Rd,Rd) 7→
∫

Γ0

θ · n ∈ R,

and thus one can easily obtain a descent direction θ0(p0) of the augmented Tresca energy functional
at Ω0 by adding p0n in the Neumann boundary condition of θ0. This descent direction leads to a new
shape Ω1 := (id + τθ0(p0))(Ω0), where τ > 0 is a fixed parameter. Finally the Lagrange multiplier is
updated as follows

p1 := p0 + η (|Ω1| − λ) ,

where η > 0 is a fixed parameter, and the algorithm restarts with Ω1 and p1, and so on.
Let us mention that the scalar Tresca friction problem is numerically solved using an adaptation

of iterative switching algorithm (see Appendix B for detailed explanations). We also precise that,
for all i ∈ N∗, the difference between the Tresca energy functional J at the iteration 20 × i and
at the iteration 20 × (i − 1) is computed. The smallness of this difference is used as a stopping
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criterion for the algorithm. Finally the curvature term H is numerically computed by extending the
normal n into a function ñ which is defined on the whole domain Ω0. Then the curvature is given
by H = div(ñ) − ∇(ñ)n · n (see, e.g., [46, Proposition 5.4.8 p.194]).

8.3.2 Example and numerical results

In this subsection, take d = 2 and f ∈ H1(R2) given by

f : R2 −→ R

(x, y) 7−→ f(x, y) = 5 − x2 − y2 + xy

4 η(x, y),

and, for a given parameter β > 0, let gβ ∈ H2(R2) be given by

gβ : R2 −→ R

(x, y) 7−→ g(x, y) = β

(
1 + (sin x)2

0.8

)
η(x, y),

where η ∈ C∞
0 (R2) is a cut-off function chosen appropriately so that f and g satisfy the assumptions

of the present chapter. The volume constraint considered is λ = π and the initial shape Ω0 ⊂ R2 is
an ellipse centered at (0, 0) ∈ R2, with semi-major axis a = 1.3 and semi-minor axis b = 1/a.

In what follows, we present the numerical results obtained for this two-dimensional example using
the methodology described in Subsection 8.3.1, and for different values of β:

— Figure 8.1 shows on the left the shape which solves Problem (8.1) for β = 0.49, and on the right
the one when the Tresca problem and its energy functional are replaced by Dirichlet ones (see
Remark 8.2.6). We observe that both shapes are very close. Indeed, with β ≥ 0.49, one can
check numerically that the solution wD,Ω to the Dirichlet problem (SDPΩ) satisfies |∂nwD,Ω| < gβ

on Γ, and thus is also the solution to the scalar Tresca friction problem (STPΩ). One deduces
from Remark 8.2.6 that the shape gradient of J and the one of JD coincide. Therefore, since
the shape minimizing the Dirichlet energy functional JD under the volume constraint λ = π is
a critical shape of the augmented Dirichlet energy functional, it is also a critical shape of the
augmented Tresca energy functional.

— Figure 8.2 shows the shapes which solve Problem (8.1) for β = 0.46, 0.43, 0.37, 0.31. The shapes
are different from the one obtained on the left of Figure 8.1. In that context, note that the
normal derivative of the solution u to the scalar Tresca friction problem (STPΩ) reaches the
friction threshold gβ on some parts of the boundary.

— Figure 8.3 shows on the left the shapes which solve Problem (8.1) for β = 0.28, 0.1, 0.01. Here
the normal derivative of the solution u to the scalar Tresca friction problem (STPΩ) reaches
the friction threshold gβ on the entire boundary. Moreover we can notice that these shapes are
very close to the ones (presented on the right of Figure 8.3) that minimize JN with g = gβ

(see Remark 8.2.5) under the same volume constraint λ = π. Indeed, for these values of β, one
can check numerically that the solution wN,Ω to the Neumann problem (SNPΩ) with g = gβ
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Figure 8.1 – Shapes minimizing J (left) and JD (right), under the volume constraint λ = π, and
with β = 0.49.

Figure 8.2 – Shapes minimizing J under the volume constraint λ = π. From top-left to bottom-
right, β = 0.46, 0.43, 0.37, 0.31. The red boundary shows where u = 0 and the black/blue boundary
shows where |∂nu| = gβ .

satisfies wN,Ω > 0 on Γ, and thus is also the solution to the scalar Tresca friction problem (STPΩ).
One deduces from Remark 8.2.5 that the shape gradient of J and the one of JN coincide.
Therefore, since the shape minimizing the Neumann energy functional JN under the volume
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constraint λ = π is a critical shape of the augmented Neumann energy functional, it is also a
critical shape of the augmented Tresca energy functional.

Figure 8.3 – Shapes minimizing J (left) and JN (right), under the volume constraint λ = π. From
top to bottom, β = 0.28, 0.1, 0.01.

For more details and an animated illustration, we would like to suggest to the reader to watch
the video https://youtu.be/_MufZx3zsew presenting all numerical results we obtained for different
values of β from 0.7 to 0.01.

To conclude this chapter, we would like to bring to the attention of the reader that, in the above
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numerical simulations, it seems that there is a kind of transition from optimal shapes associated with
the Neumann energy functional to optimal shapes associated with the Dirichlet energy functional. This
transition is carried out by optimal shapes associated with the Tresca energy functional, continuously
with respect to the friction threshold (precisely with respect to the parameter β). However, we do
not have a proof of such a highly nontrivial result. This may constitute an interesting topic for future
investigations.
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Chapter 9

SHAPE OPTIMIZATION FOR

VARIATIONAL INEQUALITIES: THE

SIGNORINI PROBLEM IN THE LINEAR

ELASTIC MODEL

Let d ∈ {2, 3}, f be a function in H1(Rd,Rd), Ωref be a nonempty connected bounded open subset
of Rd with Lipschitz boundary Γref := ∂Ωref , such that Γref = ΓD ∪ ΓSref , where ΓD and ΓSref are two
measurable pairwise disjoint subsets of Γref , and ΓD has a positive measure.

In this chapter we consider the shape optimization problem given by

minimize
Ω∈Uref

|Ω|=|Ωref |

J (Ω), (9.1)

where

Uref :=
{

Ω ⊂ Rd | Ω nonempty connected bounded open subset of Rd

with Lipschitz boundary Γ := ∂Ω such that ΓD ⊂ Γ},

with the volume constraint |Ω| = |Ωref | > 0, Ω is an elastic solid satisfying the linear elastic model
(see Chapter 1), and where J : Uref → R is the Signorini energy functional defined by

J (Ω) := 1
2

∫
Ω

Ae (uΩ) : e (uΩ) −
∫

Ω
f · uΩ, (9.2)

where uΩ ∈ H1
D(Ω,Rd) stands for the unique solution to the Signorini problem given by

−div(Ae(u)) = f in Ω,
u = 0 on ΓD,

στ (u) = 0 on ΓS,

un ≤ 0, σn(u) ≤ 0 and unσn(u) = 0 on ΓS,

(SPΩ)

where, for all Ω ∈ Uref , Γ := ∂Ω, ΓS := Γ\ΓD, n is the outward-pointing unit normal vector to Γ.
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Recall that A is the stiffness tensor, e is the infinitesimal strain tensor, σn is the normal stress, στ
is the shear stress, and f models volume forces (see Chapter1 for details). From Subsection 4.2.2,
note that the Signorini energy functional J , given by (9.2), can also be expressed as

J (Ω) = −1
2

∫
Ω

Ae (uΩ) : e (uΩ) ,

for all Ω ∈ Uref .
In the whole section let us fix Ω0 ∈ Uref . Similarly to Chapter 8, our aim here is to prove that,

under appropriate assumptions, the functional J is shape differentiable at Ω0, in the sense that the
map

C2,∞
D (Rd,Rd) −→ R

θ 7−→ J ((id + θ)(Ω0)),

is Gateaux differentiable at 0, and to give an expression of the Gateaux differential, denoted by J ′(Ω0),
where

C2,∞
D (Rd,Rd) :=

{
θ ∈ C2(Rd,Rd) ∩ W2,∞(Rd,Rd) | θ = 0 on ΓD

}
.

This chapter is separated as follows. In Section 9.1 we perturb the Signorini problem with respect
to the shape and we characterize the material derivative as solution to a variational inequality (see
Theorem 9.1.2). Then, with additional regularity assumptions, we characterize the material and
shape derivatives as being weak solutions to Signorini problems (see Corollaries 9.1.3 and 9.1.5).
In Section 9.2 we prove under appropriate assumptions, that the Signorini functional J is shape
differentiable at Ω0, and we provide an expression of its shape gradient (see Theorem 9.2.1 and Corol-
lary 9.2.2). Finally in Section 9.3 numerical simulations are performed to solve the shape optimization
problem (9.1) on a two-dimensional example.

In the sequel we denote, for all (x, y) ∈ Rd × Rd, by xy⊤ the matrix whose the i-th line is given
by the vector xiy, for all i ∈ [[1, d]], and by ⟨·, ·⟩A,Ω0

the scalar product given in (4.1) and defined
on H1

D(Ω0,Rd). We also recall that we denote (when it is necessary to avoid any confusion) A[S] the
stiffness tensor A applied to a matrix S ∈ Rd×d.

9.1 Setting of the shape perturbation and derivatives

Consider θ ∈ C2,∞
D (Rd,Rd) and, for all t ≥ 0 sufficiently small such that id+tθ is a C2-diffeomorphism

of Rd, consider the shape perturbed Signorini problem given by
−div(Ae(ut)) = f in Ωt,

ut = 0 on ΓD,

στt
(ut) = 0 on ΓSt

,

ut,nt
≤ 0, σnt

(ut) ≤ 0 and ut,nt
σnt

(ut) = 0 on ΓSt
,

(PSPt)

where Ωt := (id + tθ)(Ω0) ∈ Uref and Γt := (id + tθ)(Γ0) and nt is the outward-pointing unit normal
vector to Γt. From Subsection 4.2.2, there exists a unique weak solution ut ∈ H1(Ωt,Rd) to (PSPt)
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which satisfies ∫
Ωt

Ae(ut) : e(v − ut) ≥
∫

Ωt

f · (v − ut), ∀v ∈ K1(Ωt,Rd),

where
K1(Ωt,Rd) :=

{
v ∈ H1

D(Ωt,Rd) | vnt
≤ 0 a.e. on ΓSt

}
.

Using the change of variables id + tθ and the equality

nt ◦ (id + tθ) = (I + t∇θ⊤)−1n
∥(I + t∇θ⊤)−1n∥

,

where n := n0 (see, e.g., [78, Chapter 2, Proposition 2.48 p.79]), we prove that ut := ut ◦ (id + tθ) ∈
K1
t (Ω0,Rd) ⊂ H1

D(Ω0,Rd) satisfies∫
Ω0

JtA
[
∇ut (I + t∇θ)−1

]
: ∇(v − ut) (I + t∇θ)−1 ≥

∫
Ω0

ftJt · (v − ut) , ∀v ∈ K1
t (Ω0,Rd),

where K1
t (Ω0,Rd) := {v ∈ H1

D(Ω0,Rd) | v · (I + t∇θ⊤)−1n ≤ 0 a.e. on ΓS0}, ft := f ◦ (id + tθ) ∈
H1(Rd,Rd) and Jt := det(I + t∇θ) ∈ L∞(Rd,R) is the Jacobian determinant. Therefore, we deduce
from Subsection 4.2.2 that ut ∈ K1

t (Ω0,Rd) is the unique weak solution to the perturbed general
Signorini problem

−div
(
JtA [∇utBt] B⊤

t

)
= ftJt in Ω0,

ut = 0 on ΓD,((
JtA [∇utBt] B⊤

t

)
n
)(

M−1
t

⊤n
)⊥ = 0 on ΓS0 ,

ut · M−1
t

⊤n ≤ 0,
(
JtA [∇utBt] B⊤

t

)
n · M−1

t

⊤n ≤ 0 and
ut · M−1

t

⊤n
((

JtA [∇utBt] B⊤
t

)
n · M−1

t

⊤n
)

= 0 on ΓS0 ,

(PGSPt)

where Mt := (I + t∇θ) and Bt := (I + t∇θ)−1, and thus can be characterized as

ut = proxιK1
t

(Ω0,Rd)
(Ft),

where Ft ∈ H1
D(Ω0,Rd) is the unique solution to the perturbed general Dirichlet-Neumann problem

−div
(
JtA [(∇Ft)Bt] B⊤

t

)
= ftJt in Ω0,

Ft = 0 on ΓD,(
JtA [(∇Ft)Bt] B⊤

t

)
n = 0 on ΓS0 .

and where proxιK1
t

(Ω0,Rd)
stands for the proximal operator associated with the Signorini indicator func-

tion ιK1
t (Ω0,Rd) considered on the perturbed Hilbert space (H1

D(Ω0,Rd), ⟨·, ·⟩Jt,A,Bt
) (see the notations

in Section 4.2).
Let us recall that (see, e.g., [46]):

(i) the map t ∈ R+ 7→ ftJt ∈ L2(Rd,Rd) is differentiable at t = 0 with derivative given by fdiv(θ)+
∇fθ = div(fθ⊤);

(ii) the map t ∈ R+ 7→ Jt ∈ L∞(Rd) is differentiable at t = 0 with derivative given by div(θ);
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(iii) the map t ∈ R+ 7→ I + t∇θ ∈ C1,∞(Rd,Rd×d) is differentiable at t = 0 with derivative given
by ∇θ;

(iv) the map t ∈ R+ 7→ (I + t∇θ)−1 ∈ L∞(Rd,Rd×d) is differentiable at t = 0 with derivative given
by −∇θ.

From those differentiability results we can apply Theorem 6.1.3 to obtain the differentiability of the
map t ∈ R+ 7→ ut := M−1

t ut ∈ H1
D(Ω0,Rd) at t = 0, and then to deduce, from Theorem 6.1.4, the

material directional derivative.

Theorem 9.1.1. Let ut ∈ H1
D(Ω0,Rd) be the unique weak solution to the perturbed general Signorini

problem (PGSPt). Then the map t ∈ R+ 7→ ut := M−1
t ut ∈ H1

D(Ω0,Rd) is differentiable at t = 0
and its derivative, denoted by u

′
0 ∈ TNK1

0(Ω0,Rd)
(u0) ∩ (R (F0 − u0))⊥, is the unique solution to the

variational inequality

〈
u

′
0, v − u

′
0

〉
A,Ω0

≥ −
∫

Ω0

div
(
div (Ae(u0)) θ⊤) ·

(
v − u

′
0

)
−
〈

Ae(u0)n,∇θ
(
v − u

′
0

)〉
H−1/2(Γ0,Rd)×H1/2(Γ0,Rd)

+
∫

Ω0

(
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇θu0) − div(θ)Ae(u0)

)
: ∇
(
v − u

′
0

)
, (9.3)

for all v ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥, where

TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ ={
v ∈ H1

D(Ω0,Rd) | vn ≤ 0 q.e. on Γu0n=0
S0

and ⟨F0 − u0, v⟩A,Ω0
= 0
}
,

and Γu0n=0
S0

:= {s ∈ ΓS0 | u0n(s) = 0}.

Proof. From Theorem 6.1.3 it follows that u′
0 ∈ TNK1

0(Ω0,Rd)
(u0)∩(R (F0 − u0))⊥ is the unique solution

to the variational inequality

〈
u

′
0, v − u

′
0

〉
A,Ω0

≥
∫

Ω0

div
(
fθ⊤) ·

(
v − u

′
0

)
−
〈

Ae(u0)n,∇θ
(
v − u

′
0

)〉
H−1/2(Γ0,Rd)×H1/2(Γ0,Rd)

+
∫

Ω0

(
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇θu0) − div(θ)Ae(u0)

)
: ∇
(
v − u

′
0

)
,

for all v ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥. Using the equality div (Ae(u0)) = −f in H1(Ω0,Rd), we
obtain the result.

Theorem 9.1.2 (Material directional derivative). Let ut ∈ H1
D(Ω0,Rd) be the unique weak solution

to the perturbed general Signorini problem (PGSPt). Then the map t ∈ R+ 7→ ut ∈ H1
D(Ω0,Rd)

is differentiable at t = 0 and its derivative (that is, the material directional derivative), denoted
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by u′
0 ∈ TNK1

0(Ω0,Rd)
(u0) ∩ (R (F0 − u0))⊥ + ∇θu0, is the unique solution to the variational inequality

⟨u′
0, v − u′

0⟩A,Ω0
≥ −

∫
Ω0

div
(
div (Ae(u0)) θ⊤) · (v − u′

0)

− ⟨Ae(u0)n,∇θ (v − u′
0)⟩H−1/2(Γ0,Rd)×H1/2(Γ0,Rd)

+
∫

Ω0

(
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
: ∇(v − u′

0), (9.4)

for all v ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0, where

TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0 ={
v ∈ H1

D(Ω0,Rd) | (v − ∇θu0)n ≤ 0 q.e. on Γu0n=0
S0

and ⟨F0 − u0, v − ∇θu0⟩A,Ω0
= 0
}
.

In [19, 57, 78], the authors get the same result using the conical differentiability of the projection
operator since the projection operator on K1

0(Ω0,Rd) is conically differentiable at u0 for F0 − u0, and
its conical derivative is given by projTNK1

0(Ω0,Rd)
(u0)∩(R(F0−u0))⊥(E′

0). Nevertheless, to the best of our

knowledge, no one notices that it was possible to improve this result under additional assumptions,
in order to characterize the material derivative as weak solution to a Signorini problem.

Corollary 9.1.3. Consider the framework of Theorem 9.1.2 with the additional assumptions that the
decomposition ΓD ∪ ΓS0 of Γ0 is consistent, u0 ∈ H3(Ω0,Rd) and Γu0n=0

S0
= intΓS0

(Γu0n=0
S0

). Then
the material directional derivative u′

0 ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0 is the unique weak
solution to the Signorini problem

−div(Ae(u′
0)) = −div(Ae(∇u0θ)) in Ω0,

u′
0 = 0 on ΓD,

στ (u′
0) = hm(θ)τ on ΓS0 ,

σn(u′
0) = hm(θ)n on Γu0n

S0N
,

(u′
0 − ∇θu0)n = 0 on Γu0n

S0D
,

(u′
0 − ∇θu0)n ≤ 0, σn(u′

0) ≤ hm(θ)n and (u′
0 − ∇θu0)n (σn(u′

0) − hm(θ)n)) = 0 on Γu0n
S0−,

where hm(θ) := ((Ae(u0))∇θ⊤ + A(∇u0∇θ) − σn(u0)(div(θ)I + ∇θ⊤))n ∈ L2(ΓS0 ,Rd), and ΓS0 is
decomposed, up to a null set, as Γu0n

S0N
∪ Γu0n

S0D
∪ Γu0n

S0−, where

Γu0n
S0N

:= {s ∈ ΓS0 | u0n(s) ̸= 0} ,
Γu0n

S0D
:= {s ∈ ΓS0 | u0n(s) = 0 and σn(u0)(s) < 0} ,

Γu0n
S0− := {s ∈ ΓS0 | u0n(s) = 0 and σn(u0)(s) = 0} .

Proof. Since u0 ∈ H2(Ω0,Rd) and θ ∈ C2,∞
D (Rd,Rd), one deduces that

div
(
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
∈ L2(Ω0,Rd),

and that (
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
n ∈ L2(Γ0,Rd).
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Moreover, since the decomposition ΓD ∪ ΓS0 of Γ0 is consistent and Ae(u0)n ∈ L2(Γ0,Rd), then u0 is
a (strong) solution to the Signorini problem (PSPt) for the parameter t = 0 (see Proposition 4.2.9).
Thus στ (u0) = 0 a.e. on ΓS0 , and using the divergence in Inequality (9.4), we get that

⟨u′
0, v − u′

0⟩A,Ω0
≥
∫

ΓS0

hm · (v − u′
0)

−
∫

Ω0

div
(
div(Ae(u0))θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
· (v − u′

0) , (9.5)

for all v ∈ TNK1
0(Ω0,Rd)

(u0)∩(R (F0 − u0))⊥+∇θu0. Furthermore, one has div (Ae (∇u0θ)) ∈ L2(Ω0,Rd)
from u0 ∈ H3(Ω0,Rd). Thus, using the equality

div (Ae (∇u0θ)) = div
(
div(Ae(u0))θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
,

in L2(Ω0,Rd), we can conclude similarly to the proof of Corollary 6.1.5, and also from Subsection 4.2.2.

Remark 9.1.4. Note that, from Corollary 6.1.5, one can get under the weaker assumption u0 ∈
H2(Ω0,Rd), that the material directional derivative u′

0 is the weak solution to a Signorini problem,
and more precisely, the solution to the variational inequality (9.5) which is, from Subsection 4.2.2,
the weak formulation of a Signorini problem with the source term given by

−div
(
div(Ae(u0))θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
∈ L2(Ω0,Rd).

It is important to note that, to the best of our knowledge, there is no regularity result for the solution
to the Signorini problem in the linear elastic model, with respect to the data. To obtain this regularity
result in our case is a highly nontrivial work. However, we can mention the works [71, 72] which deal
with regularity results for variational inequalities concerning the Stokes equations.

Thanks to Corollary 9.1.3, we are now in a position to characterize the shape directional derivative.

Corollary 9.1.5 (Shape directional derivative). Consider the framework of Corollary 9.1.3 with the
additional assumption that Γ0 is of class C3. Then the shape directional derivative, defined by u′

0 :=
u′

0 − ∇u0θ ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0 − ∇u0θ is the unique weak solution to the
Signorini problem

−div(Ae(u′
0)) = 0 in Ω0,

u′
0 = 0 on ΓD,

στ (u′
0) = hs(θ)τ on ΓS0 ,

σn(u′
0) = hs(θ)n on Γu0n

S0N
,

(u′
0 − W (θ))n = 0 on Γu0n

S0D
,

(u′
0 − W (θ))n ≤ 0, σn(u′

0) ≤ hs(θ)n and (u′
0 − W (θ))n (σn(u′

0) − hs(θ)n) = 0 on Γu0n
S0−,
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where W (θ) := (∇θu0) − (∇u0θ) ∈ H1/2(Γ0,Rd),

hs(θ) := θ · n (∂n (Ae(u0)n) − ∂n (Ae(u0)) n) + Ae(u0)∇τ (θ · n)

− ∇(Ae(u0)n)θ − σn(u0)
(
divτ (θ)I + ∇θ⊤) n ∈ L2(ΓS0 ,Rd),

and where divτ (θ) := div(θ) − (∇θn · n) ∈ L∞(Γ0) is the tangential divergence of θ, ∂n (Ae(u0)n) :=
∇(Ae(u0)n)n stands for the normal derivative of Ae(u0)n, and ∂n (Ae(u0)) is the matrix whose the i-th
line is given by the vector ∂n (Ae(u0)i) := ∇(Ae(u0)i)n, for all i ∈ [[1, d]].

Proof. Since u′
0 := u′

0 − ∇u0θ, one deduces from the weak formulation of u′
0 and using the divergence

formula that,

⟨u′
0, v − u′

0⟩A,Ω0
≥∫

Ω0

(
div (Ae(u0)) θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇u0θ)

)
: ∇(v − u′

0)

−
∫

Ω0

div(θ)Ae(u0) : e (v − u′
0) −

∫
ΓS0

Ae(u0)n · ∇θ (v − u′
0) +

∫
ΓS0

(θ · n) f · (v − u′
0) ,

for all v ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0 − ∇u0θ. Moreover, one has

∫
Ω0

div (Ae(u0)) θ⊤ : ∇φ =
∫

Ω0

div (Ae(u0))·(∇φ) θ = −
∫

Ω0

Ae(u0) : ∇((∇φ) θ)+
∫

Γ0

Ae(u0)n·(∇φ) θ,

and also

−
∫

Ω0

div(θ)Ae(u0) : e(φ) =
∫

Ω0

θ · ∇(Ae(u0) : e(φ)) −
∫

Γ0

θ · n (Ae(u0) : e(φ)) ,

for all φ ∈ C∞(Ω0,Rd). Therefore, using the equality

(
(Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇u0θ)

)
: ∇φ+ θ · ∇(Ae(u0) : e(φ)) − Ae(u0) : ∇((∇φ) θ) = 0,

a.e. on Ω0, one deduces using the divergence formula that∫
Ω0

(
div (Ae(u0)) θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇u0θ)

)
: ∇φ

−
∫

Ω0

div(θ)Ae(u0) : e (φ) −
∫

Γ0

∇θ⊤ (Ae(u0)n) · φ+
∫

Γ0

(θ · n) f · φ

=
∫

Γ0

θ · n (−Ae(u0) : e(φ) + f · φ) + ∇φ⊤Ae(u0)n · θ − ∇θ⊤Ae(u0)n · φ,

for all φ ∈ C∞(Ω0,Rd). Furthermore, since Γ0 is of class C3 and u0 ∈ H3(Ω0,Rd), Ae(u0)n can be
extended into a function defined in Ω0 such that Ae(u0)n ∈ H2(Ω0,Rd). Thus it holds that Ae(u0)n ·
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φ ∈ W2,1(Ω0,Rd), and one can use Proposition 2.1.4 to get that

∫
Γ0

θ · n (−Ae(u0) : e(φ) + f · φ) + ∇φ⊤Ae(u0)n · θ − ∇θ⊤Ae(u0)n · φ

=
∫

Γ0

θ · n (−Ae(u0) : e(φ) + f · φ+ ∂n (Ae(u0)n · φ) +HAe(u0)n · φ)

−
∫

Γ0

(
∇(Ae(u0)n)θ + ∇θ⊤Ae(u0)n + divτ (θ)Ae(u0)n

)
· φ,

for all φ ∈ C∞(Ω0,Rd). Moreover, since −div(Ae(u0)) = f ∈ H1(Ω0,Rd), one deduces from Proposi-
tion 2.1.5 that∫

Γ0

θ · n (f +HAe(u0)n) · φ =
∫

Γ0

Ae(u0) : ∇τ (φ (θ · n)) − (θ · n) ∂n (Ae(u0)) n · φ,

for all φ ∈ C∞(Ω0,Rd). Therefore, using the following equalities

Ae(u0) : ∇τ (φ (θ · n)) = θ · n (Ae(u0) : ∇τφ) + (Ae(u0))∇τ (θ · n) · φ, a.e. on Γ0,

and
Ae(u0) : ∇τφ = Ae(u0) : e(φ) − ∇φ⊤(Ae(u0)n) · n a.e on Γ0,

one gets∫
Γ0

θ · n (−Ae(u0) : e(φ) + f · φ+ ∂n (Ae(u0)n · φ) +HAe(u0)n · φ)

−
∫

Γ0

(
∇(Ae(u0)n)θ + ∇θ⊤Ae(u0)n + divτ (θ)Ae(u0)n

)
· φ

=
∫

Γ0

(θ · n (∂n (Ae(u0)n) − ∂n (Ae(u0)) n) + Ae(u0)∇τ (θ · n)) · φ

−
∫

Γ0

(
∇(Ae(u0)n)θ +

(
divτ (θ)I + ∇θ⊤)Ae(u0)n

)
· φ,

for all φ ∈ C∞(Ω0,Rd). Thus it follows that

∫
Ω0

(
div (Ae(u0)) θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − Ae (∇u0θ)

)
: ∇φ

−
∫

Ω0

div(θ)Ae(u0) : e (φ) −
∫

Γ0

∇θ⊤ (Ae(u0)n) · φ+
∫

Γ0

(θ · n) f · φ

=
∫

Γ0

(θ · n (∂n (Ae(u0)n) − ∂n (Ae(u0)) n) + Ae(u0)∇τ (θ · n)) · φ

−
∫

Γ0

(
∇(Ae(u0)n)θ +

(
divτ (θ)I + ∇θ⊤)Ae(u0)n

)
· φ,
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for all φ ∈ C∞(Ω0,Rd), and one deduces by density of C∞(Ω0,Rd) in H1(Ω0,Rd) that

⟨u′
0, v − u′

0⟩A,Ω0
≥
∫

ΓS0

(θ · n (∂n (Ae(u0)n) − ∂n (Ae(u0)) n) + Ae(u0)∇τ (θ · n)) · (v − u′
0)

−
∫

ΓS0

(
∇(Ae(u0)n)θ + σn(u0)

(
divτ (θ)I + ∇θ⊤) n

)
· (v − u′

0) ,

for all v ∈ TNK1
0(Ω0,Rd)

(u0) ∩ (R (F0 − u0))⊥ + ∇θu0 − ∇u0θ, which concludes the proof from Subsec-
tion 4.2.2.

9.2 Shape gradient of the Signorini energy functional

Thanks to the characterization of the material and shape directional derivatives we can now prove
the shape differentiability of the Signorini energy functional (9.2).

Theorem 9.2.1. Consider the framework of Theorem 9.1.2. Then the Signorini energy functional J
admits a shape gradient at Ω0 in the direction θ ∈ C2,∞

D (Rd,Rd) given by

J ′(Ω0)(θ) =
∫

Ω0

div (θ) Ae (u0) : e (u0)
2 −

∫
Ω0

div (Ae (u0)) · ∇u0θ −
∫

Ω0

Ae (u0) : ∇u0∇θ

−
∫

ΓS0

θ · n (f · u0) + ⟨Ae(u0)n,∇θu0⟩H−1/2(Γ0,Rd)×H1/2(Γ0,Rd) .

Proof. By following the usual strategy developed in the shape optimization literature (see, e.g., [8, 46])
to compute the shape gradient of J at Ω0 in the direction θ ∈ C2,∞

D (Rd,Rd), one gets

J ′(Ω0)(θ) = −1
2

∫
Ω0

div(θ)Ae(u0) : e(u0) +
∫

Ω0

Ae(u0) : ∇u0∇θ − ⟨u′
0, u0⟩

A,Ω0
.

Moreover, one has
⟨u′

0, u0⟩
A,Ω0

=
〈
u

′
0, u0

〉
A,Ω0

+ ⟨∇θu0, u0⟩
A,Ω0

,

and, since u′
0 ± u0 ∈ TNK1

0(Ω0,Rd)
(u0) ∩ (R (F0 − u0))⊥, one deduces from the variational formulation

of u′
0 (see Inequality (9.3)) and the divergence formula that

⟨u′
0, u0⟩A,Ω0

=
∫

Ω0

(
div (Ae(u0)) θ⊤ + (Ae(u0)) ∇θ⊤ + A (∇u0∇θ) − div(θ)Ae(u0)

)
: ∇u0

+
∫

ΓS0

θ · n(f · u0) − ⟨Ae(u0)n,∇θu0⟩H−1/2(Γ0,Rd)×H1/2(Γ0,Rd) .

Then, using the equality div (Ae(u0)) θ⊤ : ∇u0 = div (Ae(u0)) · ∇u0θ a.e. on Ω0, one concludes the
proof.

This result can be improved with additional regularity assumption.
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Corollary 9.2.2. Consider the framework of Theorem 9.2.1 and assume that u0 ∈ H2(Ω0,Rd). Then
the Signorini energy functional J admits a shape gradient at Ω0 in the direction θ ∈ C2,∞

D (Rd,Rd)
given by

J ′(Ω0)(θ) =
∫

ΓS0

(
θ · n

(
Ae(u0) : e(u0)

2 − f · u0

)
+ Ae(u0)n · (∇θu0 − ∇u0θ)

)
.

Proof. Let θ ∈ C2,∞
D (Rd,Rd). Since u0 ∈ H2(Ω0,Rd), it follows from Theorem 9.2.1 that

J ′(Ω0)(θ) = −1
2

∫
Ω0

θ · ∇(Ae(u0) : e(u0)) +
∫

Γ0

θ · nAe(u0) : e(u0)
2 +

∫
Ω0

Ae (u0) : e (∇u0θ)

−
∫

Γ0

Ae (u0) n · ∇u0θ −
∫

Ω0

Ae (u0) : ∇u0∇θ −
∫

ΓS0

θ · n (f · u0) +
∫

ΓS0

Ae(u0)n · ∇θu0.

Moreover, since

Ae(u0) : e (∇u0θ) = Ae(u0) : ∇u0∇θ + 1
2θ · ∇(Ae(u0) : e(u0)) a.e. on Ω0,

one deduces

J ′(Ω0)(θ) =
∫

Γ0

θ ·n
(

Ae(u0) : e(u0)
2

)
−
∫

Γ0

Ae(u0)n·∇u0θ−
∫

ΓS0

θ ·n(f ·u0)+
∫

Γ0

Ae(u0)n·∇θu0,

which completes the proof since θ = 0 on ΓD.

Remark 9.2.3. Consider the framework of Theorem 9.2.1. In the same way as Remark 8.2.4, note
that the scalar product ⟨u′

0, u0⟩A,Ω0
is linear with respect to the direction θ, while u′

0 is not. This
leads to an expression of the shape gradient J ′(Ω0)(θ) in Theorem 9.2.1 that is linear with respect to
the direction θ, thus to the shape differentiability of the Signorini energy functional J at Ω0.

9.3 Numerical simulations

In this section we numerically solve an example of the shape optimization problem (9.1) in the
two-dimensional case d = 2, by making use of our theoretical results obtained in Section 9.2. The
numerical simulations have been performed using Freefem++ software [44] with P1-finite elements and
standard affine mesh, and we use the expression of the shape gradient of J obtained in Corollary 9.2.2.

9.3.1 Numerical methodology

Consider an initial shape Ω0 ∈ Uref . Note that Corollary 9.2.2 allows to exhibit a descent di-
rection θ0 of the Signorini energy functional J at Ω0 by finding the solution θ0 to the variational
equality

⟨θ0, θ⟩A,Ω0
= −J ′(Ω0)(θ), ∀θ ∈ H1

D(Ω0,Rd),

since it satisfies J ′(Ω0)(θ0) = − ∥θ0∥2
A,Ω0

≤ 0.
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In order to numerically solve the shape optimization problem (9.1) on a given example, we have
to deal with the volume constraint |Ω| = |Ωref | > 0. To this aim, as Chapter 8, the Uzawa algorithm
is used and one refers to Subsection 8.3.1 for methodological details.

Let us mention that the Signorini problem is numerically solved using the Nitsche method (see,
e.g., [21, 23, 64]). In a nutshell, the solution u0 ∈ H1

D(Ω0,Rd) is approximated by uh0 ∈ Vh which is
the solution to the Nitsche formulation∫

Ω0

Ae(uh0 ) : e(vh) − γ

∫
ΓS0

σn(uh0 )σn(vh) + 1
γ

∫
ΓS0

[
u0
h
n − γσn(uh0 )

]
+

[
vhn − γσn(vh)

]
=
∫

Ω0

f · vh, ∀vh ∈ Vh,

where Vh is the classical P1-finite elements space whose elements are null on ΓD (see [23] for numerical
analysis details). We also precise that, for all i ∈ N∗, the difference between the Signorini energy
functional J at the iteration 20× i and at the iteration 20× (i−1) is computed. The smallness of this
difference is used as a stopping criterion for the algorithm. Note that we have also used the iterative
switching algorithm (as we did in Section 8.3) instead of the Nitsche method to solve numerically
the solution to the Signorini problem. Both show similar results, however a comparative study of
these methods to determine their advantages and drawbacks would be interesting, but has not been
performed in this thesis.

9.3.2 Example and numerical results

In this subsection, let d = 2 and f ∈ H1(R2,R2) given by

f : R2 −→ R2

(x, y) 7−→ f(x, y) :=
(

1
2 exp(x2)η(x, y) 0

)
,

where η ∈ C∞
0 (R2,R) is a cut-off function chosen appropriately so that f satisfies the assumptions of

the present chapter. The reference shape Ωref is the unit disk of R2, and the fixed part ΓD is given by

ΓD =
{

(cosα, sinα) ∈ Γref | α ∈
[
π

6 ,
5π
6

]
∪
[

7π
6 ,

11π
6

]}
,

(see Figure 9.1). The volume constraint is |Ωref | = π and the initial shape is Ω0 := Ωref . We assume
that all shapes in Uref are isotropic, which means that their mechanical properties are identical in all
directions (see Remark 1.0.1). In that case, for all Ω ∈ Uref , the Cauchy stress tensor is given, for
all v ∈ H1

D(Ω,Rd), by
σ(v) = 2µe(v) + λtr (e(v)) I,

where tr (e(v)) is the trace of the matrix e(v), and µ ≥ 0, λ ≥ 0 are Lamé parameters (see, e.g., [73]).
In what follows, we consider µ = 0.3846 and λ = 0.5769 that correspond to a Young’s modulus equal
to 1 and of Poisson’s ratio equal to 0.3 which is a typical value for a large variety of materials, and
one presents the numerical results obtained for this two-dimensional example using the methodology
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described in Subsection 9.3.1.

Ωref

ΓD

ΓSref

Figure 9.1 – Unit disk Ωref and its boundary Γref = ΓD ∪ ΓSref .

In Figure 9.2 is represented the initial shape (left) and the shape which solves Problem (9.1) (right).
On top are the vector values of the solution u to the Signorini problem (SPΩ). Note that the black
boundary shows where σn(u) = 0, while the yellow boundary shows where un = 0. At the bottom is
shown the values of the integrand of J . It seems that the area where the integrand of J is the lowest
(in orange) has been shifted to the left by "pushing" the left boundary (which corresponds to the part
where there is no compressive stress), while in return, the right boundary (which corresponds to the
contact part) has been pulled.

Figure 9.3 shows the values of J (left) and the volume of the shape (right) with respect to the
iteration. We observe that J is lower at the final shape than at the initial shape, with some oscillations
due to the Lagrange multiplier in order to satisfy the volume constraint.

134



9.3. Numerical simulations

Figure 9.2 – Initial shape (left) and the shape minimizing J (right), under the volume con-
straint |Ωref | = π. On top is shown the vector values of the Signorini solution, while at bottom
is shown the values of the integrand of J .

Figure 9.3 – Values of the energy functional (left) and the volume (right) with respect to the iterations.
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Chapter 10

OPTIMAL CONTROL FOR VARIATIONAL

INEQUALITIES: THE TRESCA PROBLEM

IN THE LINEAR ELASTIC MODEL

Let d ∈ {2, 3} and assume that Ω has a C1-boundary. We consider the decomposition Γ =: ΓD ∪ΓS,
where ΓD and ΓS are two measurable (with positive measure) pairwise disjoint subsets of Γ such
that almost every point of ΓS belongs to intΓ(ΓS) (see Remark 4.2.23 for comments on this last
assumption). We assume that Ω is an elastic solid satisfying the linear elastic model (see Chapter 1),
and we consider f ∈ L2(Ω,Rd), h ∈ L2(ΓS), g1 ∈ L∞(ΓS) such that g1 ≥ m a.e. on ΓS for some
positive constant m > 0 and g2 ∈ L∞(ΓS) such that ||g2||L∞(ΓS) > 0. In this chapter we consider the
optimal control problem given by

minimize
z∈U

J (z), (10.1)

where J is the cost functional defined by

J : V −→ R
z 7−→ J (z) := 1

2 ∥u(ℓ(z))∥2
A + β

2 ∥ℓ(z)∥2
L2(ΓS) ,

(10.2)

where || · ||A is the norm associated with the scalar product ⟨·, ·⟩A (see (4.1)), V is the open subset
of L∞(ΓS) defined by

V := {z ∈ L∞(ΓS) | ∃C(z) > 0, ℓ(z) > C(z) a.e. on ΓS} ,

where ℓ is the map defined by z ∈ L∞(ΓS) 7→ ℓ(z) := g1 + zg2 ∈ L∞(ΓS), and where u(ℓ(z)) ∈
H1

D(Ω,Rd) stands for the unique solution to the Tresca friction problem
−div(Ae(u)) = f in Ω,

u = 0 on ΓD,

σn(u) = h on ΓS,

∥στ (u)∥ ≤ ℓ(z) and uτ · στ (u) + ℓ(z) ∥uτ∥ = 0 on ΓS,

(CTPℓ(z))

where β > 0 is a positive constant and where U is a given nonempty convex subset of V such that U
is a bounded closed subset of L2(ΓS). Note that the first term in the cost functional J corresponds to
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the compliance, while the second term is the energy consumption which is standard in optimal control
problems (see, e.g., [55]).

This chapter is organized as follows. In Section 10.1 we prove the existence of a solution to
Problem (10.1). In Section 10.2 we prove, under some assumptions, that J is Gateaux differentiable
on V and we characterize its gradient. Finally, in Section 10.3, numerical simulations are performed
to solve Problem (10.1) on a two-dimensional example.

10.1 Existence

This section is dedicated to the following existence result.

Proposition 10.1.1. There exists z∗ ∈ U such that J (z∗) ≤ J (z) for all z ∈ U .

Proof. In this proof the strong (resp. weak) convergence in Hilbert spaces is denoted by → (resp. ⇀)
and all limits with respect to the index i will be considered for i → +∞. Since 0 ≤ J (z) < +∞
for all z ∈ U , we get that infz∈U J (z) ∈ R+. Considering a minimizing sequence (zi)i∈N, there
exists N ∈ N such that J (zi) ≤ 1 + inf

z∈U
J (z) for all i ≥ N , that is

1
2 ∥u(ℓ(zi))∥2

A + β

2 ∥ℓ(zi)∥2
L2(ΓS) ≤ 1 + inf

z∈U
J (z),

for all i ≥ N . Thus the sequence (ℓ(zi))i∈N is bounded in L2(ΓS) and thus, up to a subsequence that
we do not relabel, weakly converges to some g∗ ∈ L2(ΓS). Moreover, since U is a bounded closed
convex subset of L2(ΓS) (and thus weakly closed in L2(ΓS)), we know that, up to a subsequence that
we do not relabel, the sequence (zi)i∈N weakly converges to some z∗ ∈ U . Moreover one has∣∣∣∣∫

ΓS

(ℓ(zi) − g1 − z∗g2) v
∣∣∣∣ =

∫
ΓS

(zi − z∗) g2v,

for all v ∈ L2(ΓS), and, since g2 ∈ L∞(ΓS), it holds that g2v ∈ L2(ΓS) and one deduces that ℓ(zi) ⇀
g1+z∗g2 in L2(ΓS) and thus g∗ = g1+z∗g2. In a similar way, up to a subsequence that we do not relabel,
the sequence (u(ℓ(zi)))i∈N weakly converges in H1

D(Ω,Rd) to some u∗ ∈ H1
D(Ω,Rd) and thus u(ℓ(zi)) →

u∗ in L2(Γ,Rd) from the compact embedding H1
D(Ω,Rd) ↪→→ L2(Γ,Rd) (see Proposition 2.1.7). Let

us prove that u(ℓ(zi)) → u∗ in H1
D(Ω,Rd). It holds that

∥u∗ − u(ℓ(zi))∥2
A = ⟨u∗, u∗ − u(ℓ(zi))⟩A − ⟨u(ℓ(zi)), u∗ − u(ℓ(zi))⟩A ,
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for all i ∈ N. Using the weak formulation satisfies by u(ℓ(zi)), we get that

∥u∗ − u(ℓ(zi))∥2
A ≤ ⟨u∗, u∗ − u(ℓ(zi))⟩A −

∫
Ω
f · (u∗ − u(ℓ(zi)))

−
∫

ΓS

h (u∗
n − u(ℓ(zi))n) +

∫
ΓS

ℓ(zi) (∥u∗
τ∥ − ∥u(ℓ(zi))τ∥)

≤ ⟨u∗, u∗ − u(ℓ(zi))⟩A −
∫

Ω
f · (u∗ − u(ℓ(zi))) −

∫
ΓS

h (u∗
n − u(ℓ(zi))n)

+ C ∥u∗ − u(ℓ(zi))∥L2(Γ,Rd) −→ 0,

where C > 0 is a constant (depending only on Ω and on maxi∈N ||ℓ(zi)||L2(ΓS)). Now let us prove
that u∗ = u(g1 + z∗g2). For v ∈ H1

D(Ω,Rd) fixed, it holds that

⟨u(ℓ(zi)), v − u(ℓ(zi))⟩A +
∫

ΓS

ℓ(zi) ∥vτ∥ −
∫

ΓS

ℓ(zi) ∥u(ℓ(zi))τ∥

≥
∫

Ω
f · (v − u(ℓ(zi))) +

∫
ΓS

h (vn − u(ℓ(zi))n) , (10.3)

for all i ∈ N. Note that:

(i) |⟨u(ℓ(zi)), v − u(ℓ(zi))⟩A − ⟨u∗, v − u∗⟩A| ≤ D ∥u∗ − u(ℓ(zi))∥A −→ 0;

(ii)
∣∣∣∣∫

Ω
f · (v − u(ℓ(zi))) −

∫
Ω
f · (v − u∗)

∣∣∣∣ ≤ D ∥f∥L2(Ω,Rd) ∥u∗ − u(ℓ(zi))∥A −→ 0;

(iii)
∣∣∣∣∫

ΓS

h (vn − u(ℓ(zi))n) −
∫

ΓS

h (vn − u∗
n)
∣∣∣∣ ≤ D ∥h∥L2(ΓS) ∥u∗ − u(ℓ(zi))∥L2(Γ,Rd) −→ 0;

(iv)
∣∣∣∣∫

ΓS

ℓ(zi) (∥vτ∥ − ∥u(ℓ(zi))τ∥) −
∫

ΓS

g∗ (∥vτ∥ − ∥u∗
τ∥)
∣∣∣∣ ≤∣∣∣∣∫

ΓS

(ℓ(zi) − g∗) ∥vτ∥
∣∣∣∣+
∣∣∣∣∫

ΓS

(ℓ(zi) − g∗) ∥u∗
τ∥
∣∣∣∣+D ∥u∗ − u(ℓ(zi))∥L2(Γ,Rd) −→ 0;

where D ≥ 0 is a constant (depending only on Ω, A and v). Therefore it follows in (10.3) when i → +∞
that,

⟨u∗, v − u∗⟩A +
∫

ΓS

g∗ ∥vτ∥ −
∫

ΓS

g∗ ∥u∗
τ∥ ≥

∫
Ω
f · (v − u∗) +

∫
ΓS

h (vn − u∗
n) .

Since this inequality is true for all v ∈ H1
D(Ω,Rd) and g∗ = g1 + z∗g2, one deduces that u∗ =

u(g1 + z∗g2), and then

J (z∗) = 1
2 ∥u(g1 + z∗g2)∥2

A + β

2 ∥g1 + z∗g2∥2
L2(ΓS) ≤

lim inf
i→+∞

(
1
2 ∥u(ℓ(zi))∥2

A + β

2 ∥ℓ(zi)∥2
L2(ΓS)

)
≤ lim inf

i→+∞
J (zi) = inf

z∈U
J (z),

which concludes the proof.

Remark 10.1.2. Since the solution to the Tresca friction problem is not linear with respect to the
friction term, note that J is not a strictly convex functional (and thus the uniqueness of the solution
to Problem (10.1) is not guaranteed).
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10.2 Gateaux differentiability of the cost functional

Consider the auxiliary functional

J : H1
D(Ω,Rd) × L∞(ΓS) −→ R

(v, g) 7−→ J(v, g) := 1
2 ∥v∥2

A + β
2 ∥g∥2

L2(ΓS).

One can easily prove that J is Fréchet differentiable on H1
D(Ω,Rd)×L∞(ΓS) and its Fréchet differential

at some (v, g) ∈ H1
D(Ω,Rd) × L∞(ΓS), denoted by dJ(v, g), is given by

dJ(v, g)(ṽ, g̃) = ⟨v, ṽ⟩A + β ⟨g, g̃⟩L2(ΓS) ,

for all (ṽ, g̃) ∈ H1
D(Ω,Rd) × L∞(ΓS). Now let us introduce the map

F : V −→ H1
D(Ω,Rd) × L∞(ΓS)

z 7−→ F(z) := (u(ℓ(z)), ℓ(z)) ,

where u(ℓ(z)) ∈ H1
D(Ω,Rd) is the unique solution to the Tresca friction problem (CTPℓ(z)). Hence

the cost functional J is given by the composition J = J ◦ F .

Theorem 10.2.1. Let z0 ∈ V be fixed and let us denote by u0 := u(ℓ(z0)). Assume that:

(i) the map s ∈ ΓSu0,ℓ(z0)
R

7→ ℓ(z0)(s)
∥u0τ (s)∥ ∈ R∗

+ belongs to L4(ΓSu0,ℓ(z0)
R

) (see below for the set ΓSu0,ℓ(z0)
R

);

(ii) the parameterized Tresca friction functional Φ defined in (6.8) is twice epi-differentiable at u0

for F − u0 ∈ ∂Φ(0, ·)(u0), with

D2
eΦ(u0)|F − u0)(v) =

∫
ΓS

D2
eH(s)(u0(s)|στ (F − u0)(s))(v(s))ds, ∀v ∈ H1

D(Ω,Rd),

where, for almost all s ∈ ΓS, the map H(s) is defined in Proposition 6.2.2, and F ∈ H1
D(Ω,Rd)

is the unique solution to the Dirichlet-Neumann problem
−div(Ae(F )) = f in Ω,

F = 0 on ΓD,

Ae(F )n = hn on ΓS.

(10.4)

Then the cost functional J is Gateaux differentiable at z0 and its differential dGJ (z0) is given by

dGJ (z0)(z) =
∫

Γ
Su0,ℓ(z0)

R

zg2 (β (g1 + z0g2) − ∥u0τ
∥) +

∫
Γ

Su0,ℓ(z0)
D

∪Γ
Su0,ℓ(z0)

S

βzg2 (g1 + z0g2) ,
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for all z ∈ L∞(ΓS), where ΓS is decomposed (up to a null set) as ΓSu0,ℓ(z0)
R

∪ ΓSu0,ℓ(z0)
D

∪ ΓSu0,ℓ(z0)
S

with

ΓSu0,ℓ(z0)
R

:= {s ∈ ΓS | u0τ (s) ̸= 0} ,

ΓSu0,ℓ(z0)
D

:=
{
s ∈ ΓS | u0τ

(s) = 0 and στ (u0)(s)
ℓ(z0)(s) ∈ B(0, 1) ∩ (Rn(s))⊥

}
,

ΓSu0,ℓ(z0)
S

:=
{
s ∈ ΓS | u0τ

(s) = 0 and στ (u0)(s)
ℓ(z0)(s) ∈ ∂B(0, 1) ∩ (Rn(s))⊥

}
.

Proof. Let z ∈ L∞(ΓS) and t > 0 be sufficiently small such that zt := z0 + tz ∈ V. We denote
by ut := u(ℓ(zt)) ∈ H1

D(Ω,Rd). From Subsection 4.2.4, ut ∈ H1
D(Ω,Rd) is given by ut = proxΦ(t,·)(F ),

where Φ is the parameterized Tresca friction functional defined in (6.8) and F is the unique solution
to the Dirichlet-Neumann problem (10.4). From Hypotheses (i), (ii) and since the map t ∈ R+ 7→
ℓ(zt) ∈ L∞(ΓS) is differentiable at t = 0, with its derivative given by ℓ′(z0) := zg2, one can apply
Theorem 6.2.7 to deduce that the map t ∈ R+ 7→ ut ∈ H1

D(Ω,Rd) is differentiable at t = 0 and
its derivative, denoted by u′

0 ∈ K
u0,

στ (F0−u0)
ℓ(z0)

⊂ H1
D(Ω,Rd), is the unique solution to the variational

inequality (which is the weak formulation of a tangential Signorini problem) given by

⟨u′
0, v − u′

0⟩A ≥
∫

Γ
Su0,ℓ(z0)

S

ℓ′(z0)στ (u0)
ℓ(z0) · (vτ − u′

0τ )

+
∫

Γ
Su0,ℓ(z0)

R

(
−ℓ′(z0) u0τ

∥u0τ
∥

− ℓ(z0)
∥u0τ

∥

(
u′

0τ −
(
u′

0τ · u0τ

∥u0τ
∥

)
u0τ

∥u0τ
∥

))
· (vτ − u′

0τ ) ,

for all v ∈ K
u0,

στ (F0−u0)
ℓ(z0)

, where

K
u0,

στ (F0−u0)
ℓ(z0)

:=
{
v ∈ H1

D(Ω,Rd) | vτ = 0 a.e. on ΓSu0,ℓ(z0)
D

and vτ ∈ R−
στ (u0)
ℓ(z0) a.e. on ΓSu0,ℓ(z0)

S

}
.

Since J = J ◦ F , with J Fréchet differentiable on H1
D(Ω,Rd) × V, and

∥F(z0 + tz) − F(z0) − t (u′
0, ℓ

′(z0))∥H1
D(Ω,Rd)×L∞(ΓS)

t
=

∥ut − u0 − tu′
0∥A

t
−→ 0,

when t → 0+, we deduce that J has a right derivative at z0 in the direction z given by

J ′(z0)(z) = ⟨u′
0, u0⟩A + β ⟨ℓ(z0), ℓ′(z0)⟩L2(ΓS) .

Furthermore, since u′
0 ± u0 ∈ K

u0,
στ (F −u0)

ℓ(z0)
, one deduces that

⟨u′
0, u0⟩A =

∫
Γ

Su0,ℓ(z0)
R

(
−ℓ′(z0) u0τ

∥u0τ
∥

− ℓ(z0)
∥u0τ

∥

(
u′

0τ −
(
u′

0τ · u0τ

∥u0τ
∥

)
u0τ

∥u0τ
∥

))
· u0τ .

Since ∫
Γ

Su0,ℓ(z0)
R

ℓ(z0)
∥u0τ ∥

(
u′

0τ −
(
u′

0τ · u0τ

∥u0τ ∥

)
u0τ

∥u0τ ∥

)
· u0τ = 0,
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we get that
⟨u′

0, u0⟩A = −
∫

Γ
Su0,ℓ(z0)

R

ℓ′(z0) ∥u0τ ∥ ,

and we can rewrite the right derivative of J at z0 in the direction z as

J ′(z0)(z) = −
∫

Γ
Su0,ℓ(z0)

R

ℓ′(z0) ∥u0τ
∥ +

∫
ΓS

βℓ′(z0)ℓ(z0)

=
∫

Γ
Su0,ℓ(z0)

R

ℓ′(z0) (βℓ(z0) − ∥u0τ
∥) +

∫
Γ

Su0,ℓ(z0)
D

∪Γ
Su0,ℓ(z0)

S

βℓ′(z0)ℓ(z0),

and thus

J ′(z0)(z) =
∫

Γ
Su0,ℓ(z0)

R

zg2 (β (g1 + z0g2) − ∥u0τ
∥) +

∫
Γ

Su0,ℓ(z0)
D

∪Γ
Su0,ℓ(z0)

S

βzg2 (g1 + z0g2) .

Note that J ′(z0) is linear and continuous on L∞(ΓS). Thus J is Gateaux differentiable at z0 with its
Gateaux differential given by dGJ (z0) := J ′(z0). The proof is complete.

Remark 10.2.2. In the proof of Theorem 10.2.1, note that the derivative u′
0 depends on the

pair (ℓ(z0), ℓ′(z0)) = (g1 + z0g2, zg2) and thus on the term z ∈ L∞(ΓS). Therefore let us denote
by u′

0 := u′
0(z). Note that u′

0(z) is not linear with respect to z. However one can observe that the
scalar product ⟨u′

0(z), u0⟩A, that appears in the proof of Theorem 10.2.1, is linear with respect to z.
Therefore it leads to an expression of J ′(z0) that is linear with respect to z, and thus to the Gateaux
differentiability of J at z0.

10.3 Numerical simulations

In this section we assume that ||g2||L∞(ΓS) < m, where m > 0 is the constant introduced at the
beginning of Chapter 10 and we take the admissible set U given by

U :=
{
z ∈ L2(ΓS) | −1 ≤ z ≤ 1 a.e. on ΓS

}
,

which is a nonempty convex subset of V and is a bounded closed subset of L2(ΓS). In this section
our aim is to numerically solve an example of Problem (10.1) in the two-dimensional case d = 2, by
making use of our theoretical result obtained in Theorem 10.2.1.

10.3.1 Numerical methodology

Starting with an initial control z0 ∈ U , we compute zd ∈ L∞(ΓS) given by

zd :=

 −g2 (β (g1 + z0g2) − ∥u0τ∥) on ΓSu0,ℓ(z0)
R

,

−βg2 (g1 + z0g2) on ΓSu0,ℓ(z0)
D

∪ ΓSu0,ℓ(z0)
S

,
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which is, from Theorem 10.2.1, a descent direction of the functional J at z0 since it satisfies

dGJ (z0)(zd) = −||g2 (β (g1 + z0g2) − ∥u0τ∥) ||2L2(Γ
Su0,ℓ(z0)

R
)

− ||βg2 (g1 + z0g2) ||2L2(Γ
Su0,ℓ(z0)

D
∪Γ

Su0,ℓ(z0)
S

) ≤ 0.

Then the control is updated as z1 = projU (z0 + ηzd), where η > 0 is a fixed parameter and projU is
the classical projection operator onto U considered in L2(ΓS). Then the algorithm restarts with z1,
and so on.

Let us mention that the numerical simulations have been performed using Freefem++ software [44]
with P1-finite elements and standard affine mesh. The Tresca friction problem is numerically solved
using an adaptation of iterative switching algorithms (this adaptation is close to the one described in [3,
Appendix C] which concerns a scalar Tresca friction problem). We also precise that, for all i ∈ N∗,
the difference between the cost functional J at the iteration 20 × i and at the iteration 20 × (i − 1)
is computed. The smallness of this difference is used as a stopping criterion for the algorithm.

10.3.2 Example and numerical results

In this subsection take d = 2 and let Ω be the unit disk of R2 with its boundary Γ := ∂Ω
decomposed as Γ = ΓD ∪ ΓS (see Figure 10.1), where

ΓD :=
{

(cos θ, sin θ) ∈ Γ | 0 ≤ θ ≤ π
2
}
,

ΓS :=
{

(cos θ, sin θ) ∈ Γ | π2 < θ < 2π
}
.

Ω

ΓD

ΓS

Figure 10.1 – Unit disk Ω and its boundary Γ = ΓD ∪ ΓS.

We assume that Ω is isotropic, in the sense that the Cauchy stress tensor is given by

σ(v) = 2µe(v) + λtr (e(v)) I,

for all v ∈ H1
D(Ω,Rd), where tr (e(v)) is the trace of the matrix e(v) and where µ ≥ 0 and λ ≥ 0

are Lamé parameters (see, e.g., [73]). In what follows we take µ = 0.3846 and λ = 0.5769. This
corresponds to a Young’s modulus equal to 1 and to a Poisson’s ratio equal to 0.3, which is a typical
value for a large variety of materials. Let us consider the arbitrary functions h := 0 a.e. on ΓS, g1 := 2

142



10.3. Numerical simulations

a.e. on ΓS, g2 ∈ L2(ΓS) be the function defined by

g2 : ΓS −→ R
(x, y) 7−→ g2(x, y) := x2 − y2,

and f ∈ L2(Ω,R2) be the function defined by

f : Ω −→ R2

(x, y) 7−→ f(x, y) :=
(

5−x2−y2+xy
4

5−x2−y2+xy
4

)
.

With m := 2, one has g1 ≥ m a.e. on ΓS and 0 < ||g2||L∞(ΓS) < m, thus the assumptions from the
beginning of Chapter 10 and from Section 10.3 are satisfied. We consider the initial control z0 ∈ U
given by

z0 : ΓS −→ R
(x, y) 7−→ z0(x, y) := cos (x2 − y2).

We present now the numerical results obtained for the above two-dimensional example using the
numerical methodology described in Subsection 10.3.1. Figure 10.2 depicts the control which solves
Problem (10.1). It is a bang–bang optimal control, that takes exclusively the two values −1 and 1 on
the boundary ΓS. Figure 10.3 shows the evolution of the value of J with respect to the iteration. We
observe an usual decreasing of the cost functional J with respect to the iterations.

Figure 10.2 – Values of the optimal control on the boundary ΓS :=
{

(cos θ, sin θ) ∈ Γ | π2 < θ < 2π
}

.
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Figure 10.3 – Values of the cost functional J with respect to the iterations.
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CONCLUSIONS AND PERSPECTIVES

This PhD thesis investigated the sensitivity analysis of two mechanical contact problems: the
Signorini problem and the Tresca friction problem, both in the scalar model and in the linear elastic
model. Using a new methodology based on the theory of variational inequalities and on tools from
convex and variational analyses such as the notion of proximal operator and the notion of twice epi-
differentiability, we proved that, under appropriate assumptions, the derivative of a Signorini/Tresca
friction problem with respect to the data can be characterized as solution to a boundary value prob-
lem involving (tangential) Signorini unilateral conditions. Then we apply those results to study shape
optimization problems and optimal control problems in which we were able to characterize the (shape)
gradient of an appropriate cost functional. An important point and novelty of this manuscript is that
we did not use any penalization or regularization procedure to deal with such optimization problems.

In Part III we presented some applications but our method is applicable to other shape optimization
problems and optimal control problems. In particular, note that the work in Subsection 6.2.2 could
allow us to consider also a shape optimization problem involving the Tresca friction law in the linear
elastic model and in the two-dimensional case. Nevertheless, in the three-dimensional case, since the
norm in the parameterized Tresca friction functional is a t-dependent map (see Remark 6.2.13), we
have not been able to study further a shape optimization problem in this framework. Nevertheless,
maybe it would be possible to continue the investigation by computing the twice epi-differentiability
of the t-dependent norm, which is a highly nontrivial work. We summarize in the following tables
the shape otimization problems (resp. the optimal control problems) that can be solved with our
methodology for the corresponding energy functional (resp. the cost functional defined by (10.2)).

Shape optimization problems Scalar model Elasticity model d = 2 Elasticity model d = 3
Signorini unilateral conditions ✓ ✓ ✓

Tresca friction law ✓ ✓ ?

Optimal control problems Scalar model Elasticity model d = 2 Elasticity model d = 3
Signorini unilateral conditions ✓ ✓ ✓

Tresca friction law ✓ ✓ ✓

In this manuscript we have minimized a self-adjoint functional. Other cost functionals, such as
the least-square functional, can pose challenges to correctly define an adjoint problem due to nonlin-
earities in shape gradients. Note that these difficulties do not appear in the literature when using
penalization or regularization procedures (see, e.g., [47]). We do not address this challenge yet, and
we believe that it is an interesting area for future research.
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Conclusions and perspectives

In this work we did not have considered the Coulomb friction law. Indeed, the main difficulty
of this model comes from the friction threshold which depends on the normal stress, thus leads to a
nonvariational problem. Nevertheless, the Tresca model can be seen as a simplified Coulomb friction
law with a given friction threshold (see Section 1.2), thus can be considered as a first step towards the
treatment of the more complicated mathematical formulation of the Coulomb friction law (for details,
see, e.g., [32, 74]).

The inversion of the symbols ME-lim and
∫

Γ on the H1(Ω)-space (see Remark 5.2.5) remains an
open question in the literature and a challenge for a future research project. We refer to the work [65] in
which the author studied the inversion of the ME-lim symbol and the

∫
Ω symbol over the L2(Ω)-space.

Concerning the numerical point, we have used different algorithms to perform our numerical sim-
ulations: the iterative switching algorithms and Nitsche methods. The iterative switching algorithms
are easily implementable and seem efficient, but the convergence proof of these algorithms is not es-
tablished yet, while Nitsche methods have been studied rigorously in [21, 22, 23]. These two methods
were used to compare them, at least briefly. However, this comparison has not been pursued in depth
and some investigations need to be carried out in order to study their advantages and drawbacks,
which is an interesting prospect for further work.

To conclude note that, in the shape optimization problems considered all along this manuscript,
we do not prove theoretically the existence of an optimal shape. It would be an interesting subject
for future investigations. Let us mention some related results that can be found in the literature,
e.g, [42, 43, 62, 63, 66].
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Appendix A

SUFFICIENT CONDITIONS FOR THE

TWICE EPI-DIFFERENTIABILITY OF THE

PARAMETERIZED TRESCA FRICTION

FUNCTIONAL

In this first appendix our aim is to prove, in some particular cases which correspond to practical
situations, that the parameterized Tresca friction functional is twice epi-differentiable. More precisely,
we focus here on the parameterized Tresca friction functional Φ defined in (5.15), thus we preserve
the notations introduced in Subsection 5.2.2 and we assume that, for almost all s ∈ Γ, the map t ∈
R+ 7→ gt(s) ∈ R+ is differentiable at t = 0, with its derivative denoted by g′

0(s) and also g′
0 ∈ L2(Γ).

We now want to prove that Φ is twice epi-differentiable at u0 for F0 − u0 ∈ ∂Φ(0, ·)(u0), with its
second-order epi-derivative given by

D2
eΦ(u0|F0 − u0)(w) =

∫
Γ

D2
eG(s)(u0(s)|∂n(F0 − u0)(s))(w(s))ds,

for all w ∈ H1(Ω). From the characterization of Mosco epi-convergence (see Proposition 3.2.4), it is
sufficient to prove that, for all w ∈ H1(Ω), the two conditions:

(i) for all (wt)t>0 ⊂ H1(Ω) such that (wt)t>0 ⇀ w in H1(Ω), then

lim inf ∆2
tΦ(u0|F0 − u0)(wt) ≥ ιK

u0,
∂n(F0−u0)

g0

(w) +
∫

Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds;

(ii) there exists (wt)t>0 ⊂ H1(Ω) such that (wt)t>0 → w in H1(Ω) and

lim sup ∆2
tΦ(u0|F0 − u0)(wt) ≤ ιK

u0,
∂n(F0−u0)

g0

(w) +
∫

Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds;

are satisfied.
The condition (i) is always satisfied. Indeed, from Proposition 5.2.8, this condition can be rewritten
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friction functional

as

lim inf
∫

Γ
∆2
tG(s)(u(s)|∂n(F0 − u0)(s))(wt(s))ds ≥

∫
Γ

D2
eG(s)(u0(s)|∂n(F0 − u0)(s))(w(s))ds,

which is true thanks to the dense and compact embedding H1(Ω) ↪→→ L2(Γ), to the twice epi-
differentiability of the function G(s) for almost all s ∈ Γ (see Proposition 5.2.10) and to the classical
Fatou’s lemma (see, e.g., [16, Lemma 4.1 p.90]).

The condition (ii) is obviously satisfied if w /∈ K
u0,

∂n(F0−u0)
g0

. Thus one has only to prove the
following assertion:

(ii′) for all w ∈ K
u0,

∂n(F0−u0)
g0

, there exists (wt)t>0 ⊂ H1(Ω) such that (wt)t>0 → w in H1(Ω) and

lim sup ∆2
tΦ(u0|F0 − u0)(wt) ≤

∫
Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds.

Unfortunately we are not able to prove this assertion in a general setting yet, that is without any
additional assumptions on u0 and on Γ, and in any dimension d ≥ 1. Nevertheless, in this appendix,
we prove this assertion in some particular cases which correspond to practical situations, providing
sufficient conditions. In particular, in the next sections, we consider the additional assumption

(A) the map t ∈ R+ 7→ gt ∈ L2(Γ) is differentiable at t = 0.

A.1 First example of sufficient condition: u = 0 almost every-
where on Γ

In this first example, we assume that u0 = 0 almost everywhere on Γ, therefore Γu0,g0
N has a null

measure. Let w ∈ K
u0,

∂n(F0−u0)
g0

. Then, taking the sequence wt = w for all t > 0, one gets

∆2
tΦ(u0|F0 − u0)(w) =

∫
Γu0,g0

S+ ∪Γu0,g0
S−

gt(s)|u0(s) + tw(s)| − gt(s)|u0(s)| + t∂n(F0 − u0)(s)w(s)
t2

ds

=
∫

Γu0,g0
S+

gt(s) − g0(s)
t

w(s)ds−
∫

Γu0,g0
S−

gt(s) − g0(s)
t

w(s)ds

−→
∫

Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds,

when t → 0+ from Assumption (A). Therefore Condition (ii′) is satisfied.

A.2 Second example of sufficient condition: truncature

In this second example, we introduce two disjoint subsets of Γ given by

Γu0,g0
N+ := {s ∈ Γ | u0(s) > 0} and Γu0,g0

N− := {s ∈ Γ | u0(s) < 0} .
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A.3. Third example of sufficient condition: truncature and dilatation

Hence it follows that Γu0,g0
N = Γu0,g0

N+ ∪ Γu0,g0
N− , ∂nu0 = −g0 a.e. on Γu0,g0

N+ and that ∂nu0 = g0 a.e.
on Γu0,g0

N− . Now let us assume that there exists C > 0 such that |u0| ≥ C on Γu0,g0
N+ ∪ Γu0,g0

N− . Let us
consider w ∈ K

u0,
∂n(F0−u0)

g0
and the truncature wt ∈ H1(Ω) of w defined by

wt(x) :=


1√
t

if w(x) ≥ 1√
t
,

w(x) if |w(x)| ≤ 1√
t
,

− 1√
t

if w(x) ≤ − 1√
t
,

for almost all x ∈ Ω and for all t > 0. One deduces from Marcus-Mizel theorem (see [56]) that wt → w

in H1(Ω) when t → 0+. Moreover, for all t ≤ C2, one gets

∆2
tΦ(u0|F0 − u0)(wt) =∫

Γu0,g0
S+ ∪Γu0,g0

N+

gt(s) − g0(s)
t

wt(s)ds−
∫

Γu0,g0
S− ∪Γu0,g0

N−

gt(s) − g0(s)
t

wt(s)ds

−→
∫

Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds,

when t → 0+ from Assumption (A), therefore Condition (ii′) is satisfied.

A.3 Third example of sufficient condition: truncature and di-
latation

In this third example, we take d = 2 and we assume that u0 and ∂nu0 are continuous on Γ, and
that Γ is diffeomorphic to the circle S1 :=

{
(x, y) ∈ R2 | x2 + y2 = 1

}
. From this last assumption,

for simplicity, we assume in the sequel that Γ = S1. Let us assume that Γ = Γu0,g0
S+ ∪ Γu0,g0

N+ (in this
particular case, the hypothesis on the continuity of ∂nu0 is useless, see Remark A.3.1) where Γu0,g0

N+
has already been defined in the previous example, and with the following parameterizations

Γu0,g0
N+ = {(cos θ, sin θ) ∈ Γ | θ ∈ ]γ1, γ2[} ,

Γu0,g0
S+ = {(cos θ, sin θ) ∈ Γ | θ ∈ [γ2, γ1 + 2π]} ,

such that −π < γ1 < γ2 < π (see Figure A.1). From the continuity of u0, there exists c > 0 such
that u0 ≥ c on the set {(cos θ, sin θ) ∈ Γ, θ ∈ [χ1, χ2]} ⊂ Γu0,g0

N+ , with γ1 < χ1 < χ2 < γ2. Let us
consider ω1 ∈ ]−π, γ1[, ω2 ∈ ]γ2, π[, and also αt, βt defined, for t > 0 such that

√
t ≤ c, by

αt := inf
{
α ∈ [γ1, χ1] | ∀θ ∈ [α, χ1] , u0(cos θ, sin θ) ≥

√
t
}
,

βt := inf
{
β ∈ [χ2, γ2] | ∀θ ∈ [χ2, β] , u0(cos θ, sin θ) ≥

√
t
}
.

From the continuity of u0, ones deduces that αt → γ1 and βt → γ2 when t → 0+.

149



Appendix A - Sufficient conditions for the twice epi-differentiability of the parameterized Tresca
friction functional

Ω

Γu0,g0
N+

×ατ

×
βτ

×χ2

×χ1

×
γ2

Γu0,g0
S+

× γ1

×
ω2

×
ω1

Figure A.1 – Illustration of the boundary Γ

Let w ∈ K
u0,

∂n(F0−u0)
g0

, and let yt ∈ H1(Ω) be the truncature of w given by

yt(x) :=


1√
t

if w(x) ≥ 1√
t
,

w(x) if |w(x)| ≤ 1√
t
,

− 1√
t

if w(x) ≤ − 1√
t
,

for almost all x ∈ Ω and for all t > 0. As in the previous section, one gets yt → w in H1(Ω),
and thus yt|Γ → w|Γ in H1/2(Γ) when t → 0+. Let us consider, for t > 0 sufficiently small, the
dilatation zt := yt|Γ ◦ dt of yt|Γ, with dt given by

dt : Γ −→ Γ

(x1, x2) 7−→



(x1, x2) if (x1, x2) ∈ Γu0,g0
S+ \ {(cos θ, sin θ) , θ ∈ [ω1, ω2]} ,

dω1,αt(x1, x2) if 2 arctan
(

x2
x1+1

)
∈ [ω1, αt] ,

dαt,χ1(x1, x2) if 2 arctan
(

x2
x1+1

)
∈ [αt, χ1] ,

(x1, x2) if 2 arctan
(

x2
x1+1

)
∈ [χ1, χ2] ,

dχ2,βt(x1, x2) if 2 arctan
(

x2
x1+1

)
∈ [χ2, βt] ,

dβt,ω2(x1, x2) if 2 arctan
(

x2
x1+1

)
∈ [βt, ω2] ,

where

dω1,αt(x1, x2) = (cos θω1,αt , sin θω1,αt) , with θω1,αt =
(γ1 − ω1) 2 arctan

(
x2
x1+1

)
+ w1 (αt − γ1)

αt − ω1
,

dαt,χ1(x1, x2) = (cos θαt,χ1 , sin θαt,χ1) , with θαt,χ1 =
(χ1 − γ1) 2 arctan

(
x2
x1+1

)
+ χ1 (γ1 − αt)

χ1 − αt
,

dχ2,βt(x1, x2) =
(
cos θχ2,βt , sin θχ2,βt

)
, with θχ2,βt =

(γ2 − χ2) 2 arctan
(

x2
x1+1

)
+ χ2 (βt − γ2)

βt − χ2
,
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dβt,ω2(x1, x2) =
(
cos θβt,ω2 , sin θβt,ω2

)
, with θβt,ω2 =

(ω2 − γ2) 2 arctan
(

x2
x1+1

)
+ ω2 (γ2 − βt)

ω2 − βt
.

Note that, since −π < ω1 < ω2 < π, then dt is a well-defined bijective Lipschitz continuous map,
and its inverse is also a bijective Lipschitz continuous map. Thus it follows that zt ∈ H1/2(Γ) and
also zt → w|Γ in H1/2(Γ) when t → 0+. Then, for t > 0 sufficiently small, we denote by wt ∈ H1(Ω) a
lift of zt ∈ H1/2(Γ), such that wt → w in H1(Ω) when t → 0+. Therefore, by denoting

mt(s) = gt(s)|u0(s) + twt(s)| − gt(s)|u0(s)| − t∂n(F0 − u0)(s)wt(s)
t2

,

for t > 0 sufficiently small and for almost all s ∈ Γ, it follows that

∆2
tΦ(u0|F0 − u0)(wt) =

∫
{(cos θ,sin θ), θ∈[−π,ω1]}

mt(s)ds

+
∫

{(cos θ,sin θ), θ∈[ω1,αt]}
mt(s)ds+

∫
{(cos θ,sin θ), θ∈[αt,χ1]}

mt(s)ds

+
∫

{(cos θ,sin θ), θ∈[χ1,χ2]}
mt(s)ds+

∫
{(cos θ,sin θ), θ∈[χ2,βt]}

mt(s)ds

+
∫

{(cos θ,sin θ), θ∈[βt,ω2]}
mt(s)ds+

∫
{(cos θ,sin θ), θ∈[ω2,π]}

mt(s)ds.

Then, from the definition of dt and Assumption (A), one deduces that

∆2
tΦ(u0|F0 − u0)(wt) −→

∫
Γ
g′

0(s)∂n(F0 − u0)(s)
g0(s) w(s)ds,

when t → 0+, and thus Condition (ii′) is satisfied.

Remark A.3.1. In the case where Γ = Γu0,g0
S+ ∪Γu0,g0

N+ , the hypothesis ∂nu0 continuous on Γ is useless.
Nevertheless, in the general case Γ = Γu0,g0

N+ ∪ Γu0,g0
N− ∪ Γu0,g0

D ∪ Γu0,g0
S− ∪ Γu0,g0

S+ , with the hypotheses u0

and ∂nu0 continuous on Γ, one can get with appropriate assumptions on the angles (as we did for ω1

and ω2), the twice epi-differentiability of the parameterized Tresca friction functional: a part of Γu0,g0
S−

(resp. Γu0,g0
S+ , resp. Γu0,g0

N− ) is never side to side with a part of Γu0,g0
N+ (resp. Γu0,g0

N− , resp. Γu0,g0
N+ ), and

thus, using an appropriate dilatation, one can obtain the same result.
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Appendix B

ITERATIVE SWITCHING ALGORITHMS

In this second appendix we describe the iterative switching algorithm for the Signorini problem
proposed in [4]. Then, being inspired by this procedure, we propose hereafter an adapted iterative
switching algorithm in order to solve numerically the Tresca friction problem. We focus here on the
scalar Signorini problem given in Subsection 5.1.1 and the scalar Tresca friction problem given in
Section 5.2.2.

B.1 Iterative switching algorithm for the scalar Signorini prob-
lem

Consider the scalar Signorini problem{
−∆u+ u = f in Ω,

u ≤ 0, ∂nu ≤ g and u (∂nu− g) = 0 on Γ.

The algorithm is based on the following iterations.

Step 1: We start by solving the scalar Dirichlet problem{
−∆u0 + u0 = f in Ω,

u0 = 0 on Γ,

then we verify if the Signorini unilateral conditions are satisfied, that is ∂nu0 ≤ g on Γ. Otherwise we
go to the second step.

Step 2: Let Γ1
N ⊂ Γ such that ∂nu0 > g, and Γ1

D := Γ\Γ1
N. Then we solve the scalar Dirichlet-

Neumann problem given by 
−∆u1 + u1 = f in Ω,

u1 = 0 on Γ1
D,

∂nu1 = g on Γ1
N.

If ∂nu1 ≤ g on Γ1
D and u1 ≤ 0 on Γ1

N, then u1 is the solution to the scalar Signorini problem. Otherwise
we go to the third step.

Step 3: Let Γ̃2
N ⊂ Γ1

D such that ∂nu1 > g, and Γ̃2
D := Γ1

D\Γ̃2
N. Moreover, let ˜̃Γ2

D ⊂ Γ1
N such
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B.2. Iterative switching algorithm for the scalar Tresca friction problem

that u1 > 0, and ˜̃Γ2
N := Γ1

N\˜̃Γ2
D. Then let us defined Γ2

D := Γ̃2
D ∪ ˜̃Γ2

D and Γ2
N := Γ̃2

N ∪ ˜̃Γ2
N. Then solve

−∆u2 + u2 = f in Ω,
u2 = 0 on Γ2

D,

∂nu2 = g on Γ2
N.

If ∂nu2 ≤ g on Γ2
D, u2 ≤ 0 on Γ2

N, then u2 is the solution to the scalar Signorini problem. Otherwise
repeat this step.

B.2 Iterative switching algorithm for the scalar Tresca friction
problem

In this section we adapt the above strategy to the scalar Tresca friction problem given by{
−∆u+ u = f in Ω,

|∂nu| ≤ g and u∂nu = −g|u| on Γ.

Step 1: We start by solving the scalar Dirichlet problem given by{
−∆u0 + u0 = f in Ω,

u0 = 0 on Γ.

If |∂nu0| ≤ g then u0 is the solution to the scalar Tresca friction problem. Otherwise we go to the
second step.

Step 2: Let Γ1
T−,N ⊂ Γ such that ∂nu0 < −g, and let Γ1

T+,N ⊂ Γ such that ∂nu0 > g. We
define Γ1

D = Γ\Γ1
T−,N ∪ Γ1

T+,N, and we solve the scalar Dirichlet-Neumann problem given by
−∆u1 + u1 = f in Ω,

u1 = 0 on Γ1
D ⊂ Γ,

∂nu1 = −g on Γ1
T−,N,

∂nu1 = g on Γ1
T+,N.

If |∂nu1| ≤ g on Γ1
D and u1∂nu1 = −g|u1| on Γ1

T−,N ∪ Γ1
T+,N, then u1 is the solution to the scalar

Tresca friction problem. Otherwise we go to the third step.

Step 3: Let Γ̃2
T−,N ⊂ Γ1

D such that ∂nu1 < −g, and Γ̃2
T+,N ⊂ Γ1

D such that ∂nu1 > g, and we
define Γ̃2

D = Γ1
D\Γ̃2

T−,N ∪ Γ̃2
T+,N.

Let ˜̃Γ2
D ⊂ Γ1

T−,N such that u1∂nu1 ̸= −g|u1|, that is u1 < 0. We define ˜̃Γ2
T−,N := Γ1

T−,N\˜̃Γ2
D.

Let ˜̃̃Γ2
D ⊂ Γ1

T+,N such that u1∂nu1 ̸= −g|u1|, that is u1 > 0. We define ˜̃Γ2
T+,N := Γ1

T+,N\ ˜̃̃Γ2
D.

153



Appendix B - Iterative switching algorithms

Then we define Γ2
D := Γ̃2

D ∪ ˜̃Γ2
D ∪ ˜̃̃Γ2

D, Γ2
T−,N := Γ̃2

T−,N ∪ ˜̃Γ2
T−,N, Γ2

T+,N := Γ̃2
T+,N ∪ ˜̃Γ2

T+,N, and we solve
−∆u2 + u2 = f in Ω,

u2 = 0 on Γ2
D,

∂nu2 = −g on Γ2
T−,N,

∂nu2 = g on Γ2
T+,N.

If |∂nu2| ≤ g on Γ2
D and u2∂nu2 = −g|u2| on Γ2

T−,N ∪ Γ2
T+,N, then u2 is solution to the scalar Tresca

friction problem. Otherwise repeat this step.
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Titre : Analyse de sensibilité et optimisation pour des problèmes de contact

Mot clés : Opérateur proximal, épi-différentiabilité du second ordre, inéquations variation-
nelles, optimisation de forme, loi de contact unilatéral de Signorini, loi de friction de Tresca

Résumé : L’analyse de sensibilité de pro-
blèmes décrits par des inéquations variation-
nelles est un domaine prometteur pour le
traitement de problèmes de contrôle optimal
et d’optimisation de forme en mécanique du
contact. L’objectif de cette thèse est de me-
ner une telle analyse sans utiliser les mé-
thodes classiques de régularisation et/ou de
pénalisation qui perturbent la nature non lisse
des modèles physiques d’origine. Nous pro-
posons alors une nouvelle méthodologie, ba-
sée sur des outils avancés issus de l’ana-
lyse convexe et non lisse, tels que l’opérateur
proximal et le concept d’épi-différentiabilité du
second ordre. Plus précisément, les modèles
considérés sont ceux issus de la mécanique

du contact, décrivant le contact entre des so-
lides déformables qui se touchent sur des
parties de leurs bords sans s’interpénétrer et
qui peuvent éventuellement glisser l’un contre
l’autre, provoquant ainsi des phénomènes de
frottement. La condition de non-perméabilité
peut être décrite par la loi de contact unilatéral
de Signorini, tandis que le frottement peut être
décrit par la loi de friction de Tresca. Ces deux
lois se traduisent par des inégalités et/ou des
termes non lisses dans les formulations varia-
tionnelles correspondantes. À l’aide de notre
approche, nous procédons à une analyse de
sensibilité de ces modèles et étudions ainsi
des problèmes associés de contrôle optimal
et d’optimisation de forme.

Title: Sensitivity analysis and optimization for contact problems

Keywords: Proximal operator, twice epi-differentiability, variational inequalities, shape opti-
mization, Signorini’s unilateral conditions, scalar Tresca friction law

Abstract: Sensitivity analysis of problems de-
scribed by variational inequalities is a promis-
ing field for the treatment of optimal control
and shape optimization problems in contact
mechanics. The objective of this PhD thesis is
to carry out such analysis without using clas-
sical regularization and/or penalization proce-
dures which perturb the non-smooth nature of
the original physical models. Then we pro-
pose a new methodology, based on advanced
tools from convex and non-smooth analyses,
such as the proximal operator and the concept
of second order epi-differentiability. More pre-
cisely, the models considered are those from

contact mechanics, describing the contact be-
tween a deformable body with a rigid foun-
dation without penetrating it, and possibly al-
lows sliding modes which causes friction phe-
nomena. The non-permeability condition can
be described by the Signorini unilateral condi-
tions, while the friction can be described by the
Tresca friction law, both resulting in inequal-
ities and/or non-smooth terms in the corre-
sponding variational formulations. Using our
approach, we perform a sensitivity analysis of
these models and thus study associated opti-
mal control and shape optimization problems.
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