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Abstract

A scaling theory of interaction and complex formation between
planar polyelectrolyte (PE) brush and oppositely charged mobile lin-
ear PEs is developed. Counterion release is found to be the main
driving force for the complexation. Interpolyelectrolyte coacervate
complex (IPEC) between the brush and oppositely charged mobile
PEs is formed at moderate grafting density and low salt concentra-
tion. At higher grafting density mobile chains penetrate the brush,
but the brush structure is controlled by the balance between entropic
elasticity and non-electrostatic short-range interactions, as it happens
in a neutral brush. An increase in salt concentration beyond the theo-
retically predicted threshold leads to the release of the guest polyions
from the brush. For brushes with moderate grafting density, complex-
ation with oppositely charged guest polyions is predicted to trigger
lateral microphase separation and formation of the finite-size surface
IPEC clusters. Power-law dependencies for the cluster dimensions
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on the brush grafting density, PE length, and salt concentration are
provided.

email: oleg.borisov@uiv-pau.fr
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Electrostatically-driven association between oppositely charged linear poly-
electrolyte (PE) chains in solution1–4 as well as aggregatively stable non-
stoichiometric micellar interpolyelectrolyte complexes5 have been extensively
studied in the past few decades. In recent years, the renewed interest in
interpolyelectrolyte complex (IPEC) coacervates has resulted in combined
experimental, theoretical, and computational studies, which provided a deep
and consistent description of the internal structure of these phases and the
mechanisms underlying their formation.6–10 These results provide a fun-
damental background for studying complexation in more complex systems.
While important steps toward understanding scaling laws controlling micelles
with complex coacervate cores11–14 and “hybrid” coacervates formed from lin-
ear polyelectrolytes with charged nanoparticles15,16 have already been made,
complexation in polyelectrolyte brushes remains completely unexplored. The
PE brushes serve as ultrathin coatings in the fabrication of smart interfaces
with adhesive and tribological properties controlled by external stimuli.17–20

We anticipate that, because of the planar geometry and lack of chains’ trans-
lational mobility, the IPEComplexation in brushes should obey more complex
regularities than in the bulk, and this work is aimed at deciphering them.
To demonstrate this we use scaling approach well established in polymer
physics.21

We consider a layer formed by negatively charged strong PE chains (polyan-
ions) with the degree of polymerization N end-tethered to the planar surface
and immersed into an aqueous solution. The grafting area per chain is s. The
crossover between regimes of individual (non-interacting) tethered polyions
and PE brush was discussed in detail in ref. 22.

The PE chains are assumed to be intrinsically flexible (the monomer unit
length is on the order of Kuhn segment, a), with a fraction α of permanently
negatively charged monomer units. The aqueous solution is modeled as a con-
tinuous dielectric medium with permittivity ϵ, which determines the Bjerrum
length, lB = e2/ϵkBT where e is the elementary charge, kB is Boltzmann con-
stant and T is temperature. In the following we use reduced (dimensionless)
electrostatic coupling parameter u = lB/a ∼ 1. We assume that water is
close to Θ-solvent with respect to short-range non-electrostatic interactions
between monomer units of brush-forming chains. Therefore, ternary non-
electrostatic interactions, with the third virial coefficient wa6 and w ≃ 1
owing to the high chain flexibility, dominate over binary excluded volume
interactions inside the brush at high grafting density.

The solution contains positively and negatively charged monovalent ions
of salt with concentrations (number densities) cs and linear polycations with
polymerization degree N and fraction α of positively charged monomer units.
For simplicity, we assume that mobile polycations are structurally identical
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to the brush-forming polyanions and water is also a Θ-solvent for them.
Individual polycations in the solution as well as individual sparsely tethered
to the surface (non-interacting) polyanions are stretched by intra-molecular
Coulomb repulsions balanced with conformational entropic elasticity. They
can be envisioned as strings of Gaussian electrostatic blobs, each of size

ξe ≃ α−2/3u−1/3, (1)

and their end-to-end distance are23,24

Re ≃ N/ξe ≃ u1/3α2/3N (2)

Here and below, lengths and areas are expressed in the units of a and a2,
respectively, while salt and polymer concentrations, cs and cp, are given in
a−3 units; energies and pressures are expressed in kBT and kBT/a

3 units,
respectively.

We first review the structure of the PE brush in contact with a solu-
tion containing no oppositely charged polyions. Below we use a scaling
model of the PE brush which pre-assumes (i) uniform and equal stretching
of the brush-forming chains and (ii) uniform polymer concentration across
the brush. This model provides (with the accuracy of numerical prefactors)
experimentally accessible power law dependencies of brush thickness (and
average polymer concentrations) on the brush architectural parameters s,
N , α, and variable environmental conditions such as salt concentration cs in
our case.

The equilibrium structure of a polymer or PE brush is determined by the
balance between repulsive inter-molecular interactions and conformational
elasticity of grafted chains. In planar geometry, irrespective of the particular
type of interactions, this leads to the stretching of the brush-forming chains
in the direction perpendicular to the grafting surface proportional to their
degree of polymerization, H ∼ N . The latter applies also to dry or collapsed
brushes. This implies that the average polymer concentration in the brush,
c ≃ N/Hs, is independent of N .

In Figure 1 we present the phase diagram of the PE brush in the co-
ordinates of the area s per polyion and salt concentration cs, which was
constructed here based on results obtained in ref. 25. It contains the regimes
of osmotic (O), salt-dominated (SC, SI, SR), and quasi-neutral (QN) brush,
indicated by different colors, together with the expressions for boundaries.
In the osmotic regime (O), the translational entropy of entrapped counte-
rions, Fions ≃ αN ln (αN/sH), in competition with the Gaussian elasticity
of the brush-forming chains, Felastic ≃ H2/N per chain, assures swelling of
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Figure 1: Diagram of states of planar PE brush in (s, cs) log-log coordinates
(α = 0.3, u = 1). The classical picture with three regimes (osmotic O –
salt-dominated classic SC – quasi-neutral QN) is retained only at α−1 ≤ s ≤
α−4/3u−2/3, and this range of s can be extended by decreasing u ≤ 1. All five
regimes (O, SC, SI, SR, QN) could be attained if α−4/3u−2/3 ≤ s ≤ α−4. If
s ≥ α−4, then quasi-neutral regime QN is not achieved even at cs = 1.
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the brush up to its maximal value, HOSM ≃ α1/2N . Here and below, we
disregard numerical prefactors on the order of unity.

An increase in salt concentration above the threshold value cs ≃ α1/2s−1,
equal to the concentration of the entrapped in the brush counterions, leads to
progressive de-swelling of the brush. It happens due to the penetration of salt
ions into the brush and the decrease in the differential osmotic pressure from
Πions ≃ αcp in the salt-free brush to Πions ≃ α2c2p/cs well above the threshold
cs value.24,26 The balance with the elastic pressure, Πelastic ≃ H/Ns ≃
s−2c−1

p , leads to the classical result for the thickness of salt-dominated brush,

HSC ≃ (α2/cs)
1/3

s−1/3N .22,27

A more refined analysis25 accounts for the separation of inter-chain and
intra-chain electrostatic repulsions and leads to few subregimes in salt-dominated
brush: (i) salt-dominated classic (SC) with exponents in thickness HSC de-
pendence coinciding with mean field exponents; (ii) SI subregime with brush
thickness HSI equal (in scaling terms) to the average end-to-end distance
Re of individual polyion; (iii) subregime SR with the revised exponents in
HSR versus salt concentration dependence, see Table 1. In all salt-dominated
subregimes (SC, SI, and SR) the stretching force is governed by the differen-
tial osmotic pressure of mobile ions. In classic SC subregime, the stretching
force fSC ≃ dFelastic/dH ≃ HSC/N exceeds intrinsic tension in an isolated
polyion, fe ≃ Re/N ≃ ξ−1

e , and HSC > Re. In subregime SI, the stretching
force drops below fe, and intra-molecular electrostatic repulsions keep the
brush thickness HSI ≃ Re. In subregime SR, the Gaussian elasticity in teth-
ered polyions is substituted by self-avoiding statistics leading to concomitant
modifications in scaling exponents.25

As soon as the differential osmotic pressure of the mobile ions drops below
that produced by non-electrostatic interactions, the brush passes into “quasi-
neutral” regime (QN): Here swelling of the brush is controlled by ternary
monomer-monomer repulsions with the concentration correlation length ≃
s1/2. Notably, even in salt-free solutions, the inter-molecular non-electrostatic
repulsive interactions in the brush may dominate at sufficiently high grafting
density over the osmotic pressure of the counterions. As it follows from the
diagram of states in Figure 1, an increase in the degree of ionization α of
polyions leads to shrinkage of quasi-neutral (QN) and classic salt-dominated
(SC), and expansion of osmotic (O) and other salt-dominated regimes (SI
and SR).

The power law dependencies for the brush parameters in various regimes
(O, SC, SI, SR, and QN) are collected in Table 1, while regimes LSC, HSC,
and QN′ of the brush complex are discussed later.

When mobile PEs, oppositely charged with respect to the brush-forming
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Table 1: Scaling laws for free PE brushes (regimes O, SC, SI, SR, and QN)
and laterally uniform surface interpolyelectrolyte complexes (regimes QN′,
LSC, and HSC). Table columns correspond to the normalized brush height
H/N , polymer concentration cp, and correlation length ξ in it.

Regime H/N cp = N/sH ξ

O (osmotic) α1/2 α−1/2s−1 α−1/2

SC (classic salt-dominated) (α2/cs)
1/3

s−1/3 (α2/cs)
1/3

s−2/3 (α2/cs)
−1/3

s1/3

SI (single polyion) u1/3α2/3 u−1/3α−2/3s−1 u−1/3α−2/3

SR (revised salt-domianted) (α2/cs)
3/7

s−2/7 (α2/cs)
−3/7

s−5/7

QN, QN′ (quasi-neutral) s−1/2 s−1/2 s1/2

LSC (low salt coacervate) u−1/3α−2/3s−1 u1/3α2/3 u−1/3α−2/3

HSC (high salt coacervate) csα
−2s−1 α2/cs cs/α

2

chains, are added to the solution, they serve as multivalent counterions and
may replace monovalent counterions of low molecular weight salt inside the
brush, thereby neutralizing its bare charge and forming electroneutral (coac-
ervate) complex.

The diagram of states for a planar PE brush in contact with a dilute
solution of oppositely charged polyions is presented in Figure 2. It contains
the following regimes: low salt coacervate (LSC, yellow area), high salt coac-
ervate (HSC, green area), quasi-neutral brush with absorbed polyions (QN′,
violet area), and quasi-neutral brush with expelled polyions (QN, blue area).
At relatively loose grafting densities, s > s∗ with s∗ specified later, laterally
uniform coacervates decompose in clusters (white and grey areas).

Complexation is driven by the gain in translational entropy

∆Fions ≃ −αN ln

(
cion
cs

)
≤ 0 (3)

due to the release of mobile counterions with concentration24

cion = cs

αcp
2cs

+

√(
αcp
2cs

)2

+ 1


from the brush to the solution. It should exceed (by the absolute value) the
penalty for polyions’ penetration in the brush, ∆Felastic ≃ H2

QN/N ≃ N/s,
which is caused by the increase in polymer concentration cp and the concomi-
tant increase in elastic stretching of the brush-forming tethered polyions. The

8
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crossover |∆Fions| ≃ ∆Felastic can be written as(
αcp
2cs

)
+

√(
αcp
2cs

)2

+ 1 ≃ exp

(
1

αs

)
(4)

with cp ≃ s−1/2 in quasi-neutral polymer brush. As a result, polyions remain
in solution without significant brush penetration (regime QN, blue area in
Figure 2) when the salt concentration exceeds

ccomplex
s ≃

{
αs−1/2 exp (−α−1s−1) , s ≤ α−1

α2s1/2, s ≥ α−1 (5)

In Figure 2, this threshold is indicated by the brown curve. The first line
of eq. 5 was derived for αcp ≫ cs and defines the boundary with regime
QN′ (violet area), in which guest polyions penetrate the brush giving rise to
coacervate with polymer concentration doubled as compared to that in a QN
brush. Therefore the scaling dependence for the brush thickness H does not
change, only the numerical prefactor increases.

The second line derived for the salt dominance case, cs ≫ αcp, provides
the boundary between QN and HSC regimes (blue and green areas), which
can be also written as s1/2 ≃ ξHSC .

Structural properties of the brush (such as its thickness H and the aver-
age polymer density in it cp = N/Hs) can be found from the condition of
vanishing osmotic pressure in the brush. This pressure can be presented as
the sum of three contributions:

Πtot(cp) = Πelastic(cp) + Πvol(cp) + Πcorr(cp) (6)

The first term accounts for the conformational entropy losses in the extended
brush-forming chains in the Gaussian (linear) elasticity approximation:

Πelastic(cp) ≃ −s−2c−1
p (7)

The contribution of repulsive ternary monomer-monomer interactions is given
by

Πvol(cp) ≃ c3p, (8)

The last term Πcorr in eq. 6 takes into account attractions induced by the
charge density correlations in coacervate, which depend on the salt concen-
tration as follows:28–30

Πcorr(cp) ≃

{
− (α2ucp)

3/4
, rD ≫ ξe

− (α2/cs)
3/2

c
3/2
p , rD ≪ ξe

(9)
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In the general case, the crossover between salt-free and salt-added coacer-
vate is given by the equality between the polymer screening radius, rp ≃
(α2ucp)

−1/4
, and the Debye radius due to salt, rD ≃ (ucs)

−1/2. For the
coacervates of equilibrium densities, which are not compressed by additional
(non-electrostatic) forces, the boundary rp ≃ rD is equivalent to rD ≃ ξe, the
condition that we use in eq. 9 and which is equivalent to cs ≃ α4/3u−1/3.31–33

The condition of vanishing osmotic pressure, Πtot(cp) = 0, together with
eqs. 6-9 defines the polymer concentration cp within the brush and the con-
centration blob size. The asymptotic dependencies can be obtained for low
salt concentrations (rD ≫ ξe)

cp ≃ ξ−1 ≃
{

α2/3u1/3, s ≥ α−4/3u−2/3, LSC regime
s−1/2, s ≤ α−4/3u−2/3, QN′ regime

(10)

and high salt concentrations (rD ≪ ξe)

cp ≃ ξ−1 ≃
{

α2/cs, s ≥ α−4c2s, HSC regime
s−1/2, s ≤ α−4c2s, QN regime

(11)

In eqs. 10 and 11, the first lines correspond to the equilibrium density
of the coacervate, which is controlled by the balance between correlation
attractions and ternary repulsion, i.e., the second and the third terms in
eq. 6; remarkably, in these regimes, the average polymer concentration in the
brush is approximately independent of grafting density, 1/s, but the chains in
the brush remain stretched with respect to their Gaussian dimensions, H ≫
N1/2. The second lines describe the brush in a quasi-neutral regime, when
equilibrium chain stretching and hence the average polymer concentration in
the brush is controlled by the balance of conformational entropy and three-
body repulsions, the first and the second terms in eq. 6.

For low salt regimes described by eq. 10, the boundary between the unper-
turbed coacervate layer (the first line) and quasi-neutral brush (the second
line) can be also written as s ≃ ξ2e . At high salt concentrations, eq. 11, the
analogous crossover is s ≃ ξ2HSC , with ξHSC ≃ α−2cs equal to the correlation
length in the salt-added coacervate.30–33

To recapitulate, complexation results in the brush collapse in LSC and
HSC regimes but, in contrast, leads to increasing the brush thickness in
regime QN′.

Our findings are rigorous when correlations between polymer charges are
weak, i.e., each electrostatic blob (in SI and LSC regimes) contains many
charges, uα1/2 ≤ 1.31,33 This ensures cp ≪ 1 in IPEC and enables neglect-
ing polymer-solvent dielectric mismatch. We expect quantitative agreement

10
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Figure 2: Diagram of states of planar PE brush with added oppositely
charged polyions in s vs cs log-log coordinates (α = 0.3, u = 1, N = 500).
The Brown line given by eq. 5 shows the boundary of complexation in the
brush. Above this line, polyions do not penetrate the brush. Below this line,
polyions penetrate quasi-neutral brush to substitute counterions and form
laterally uniform coacervates (violet, yellow, and green areas) and clusters
that are either “salt-free” (grey area) or salt-dominated (white area). Indi-
vidual globules with p = 1 are predicted at larger s∗∗ ≥ 103 (not shown).
Decomposition of laterally uniform coacervates in clusters stars to the right
of red lines indicating s∗. Because HQN ≥ Rcore at the boundary QN–high
salt cluster, the decomposition of QN brush into clusters is accompanied by
a jumpwise decrease in the brush thickness.
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in exponents for weakly charged PEs10 with α < 1 and (at least) semi-
quantitative validity for chains with α ≈ 1. Similarly, salt concentration
should obey cs ≤ u−3. These constraints are assumed fulfilled throughout
the entire paper.

At relatively loose grafting of polyions, the formation of IPEC between
the grafted chains and guest oppositely charged PEs may trigger lateral in-
stability in the PE brush. It results in the formation of pinned clusters, each
with the globular IPEC core comprising fragments of several chains, which
are connected by stretched segments (strings) to the grafting points (depicted
by insets in Figure 2). The onset of the decomposition of the laterally uni-
form brush into clusters with finite aggregation numbers coincides with a loss
of stretching of the brush-forming chains, HLSC ≃ N1/2 and HHSC ≃ N1/2

(red lines in Figure 2).
The equilibrium aggregation number (number of tethered chains in one

cluster) p can be found from the condition of a minimum of the free energy
per chain in a cluster

∆Fcluster(p)

p
=

Fcluster(p)

p
− F (p = 1) (12)

where
Fcluster(p) = µpN + γAcluster(p) + pFstring(p) (13)

and F (p = 1) = Nµ + γA(p = 1) is the reference free energy of an IPEC
formed by a single tethered PE chain (p = 1) with an oppositely charged PE;
µ < 0 is the chemical potential of a monomer unit in IPEC, γ ≃ ξ−2 is the
surface tension at the IPEC/water interface,31 and A(p ≥ 1) ≃ (pN/cp)

2/3 =
p2/3A(p = 1) is the interfacial area of the cluster comprising p brush chains
and p guest PEs. The free energy of a pinned cluster with p ≥ 1 chains
additionally includes the contribution of p stretched strings connecting the
cluster core to p grafting points of the chains forming the cluster.

In calculating Fstring, we assume that each string has the structure of
a neutral ”zipper” with the guest PE chain segment locally bound to the
tethered PE (linear IPEC). The balance between the elastic and the surface
energy of the string results in the string thickness of the order of the blob
size within the globular part of the complex, ξ. The in-plane dimension of
the cluster is L ≃ (ps)1/2, and the string free energy is equal to the number
of blobs in it:

Fstring ≃ γLξ ≃ L

ξ
≃ (ps)1/2 ξ−1 (14)

This result is well-known in the context of string-globule coexistence in single
polymer chains,34,35 and the standard relationship between the number of
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monomers in the blob g and the surface tension γ counted in units of kBT/a
2

has been employed:
|µ| ≃ γ ≃ g−1 ≃ ξ−2 (15)

The minimization of the free energy per chain given by ∂
∂p

∆Fcluster(p)
p

= 0
provides power law expressions for the cluster properties

p ≃ ξ−2/5s−3/5N4/5 (16)

L ≃ (ps)1/2 ≃ ξ−1/5s1/5N2/5 (17)

Rcore ≃
(
pN

cp

)1/3

≃ ξ1/5s−1/5N3/5 (18)

where Rcore is the size of the cluster’s core and cp ≃ g/ξ3 ≃ ξ−1 has been
used to arrive at the last representation.

As follows from the equations, upon an increase in the grafting density
s−1, the size L of the lateral footprint of the cluster decreases whereas the core
size Rcore increases. The onset of the laterally uniform brush’s decomposition
into the clusters can be found from L ≃ Rcore and reads

s∗ ≃ ξN1/2 (19)

At very low grafting density clusters split into globular IPECs formed by
individual chains, p = 1, the characteristic threshold in terms of grafting
density is given by

s∗∗ ≃ ξ−2/3N4/3 (20)

By substituting the correlation lengths ξLSC ≃ u−1/3α−2/3 and ξHSC ≃
cs/α

2 for LSC and HSC regimes into eqs. 16-20, one finds the parameters of
clusters

p ≃ N4/5s−3/5

{ (
α2/3u1/3

)2/5
low salt cluster

(α2/cs)
2/5

high salt cluster
(21)

L ≃ (ps)1/2 ≃ N2/5s1/5

{ (
α2/3u1/3

)1/5
low salt cluster

(α2/cs)
1/5

high salt cluster
(22)

Rcore ≃ N3/5s−1/5

{ (
α2/3u1/3

)−1/5
low salt cluster

(α2/cs)
−1/5

high salt cluster
(23)

and the ranges of their thermodynamic stability

s∗ ≃ N1/2

{
α2/3u1/3 low salt
α2c−1

s high salt
(24)
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Figure 3: Diagram of states of planar salt-free PE brush in contact with
a dilute solution of oppositely charged polyions in α, s log-log coordinates
(N = 500, u = 1). Insets demonstrate blob structure in regimes of quasi-
neutral brush (QN′), low salt coacervate (LSC), low salt cluster, isolated
globules, and Gausian coils. Black boundaries separate brush regimes with
penetrated polyions. In the regime of Gaussian coils (with brown boundaries)
mobile polyions do not form complexes with oppositely charged tethered
chains.

s∗∗ ≃ N4/3

{
α4/9u2/9 low salt
α4/3cs

−2/3 high salt
(25)

under low and high salt conditions, respectively.
Notably, equations 16-20 with ξ representing the thermal blob size, are

also applicable to neutral polymer brushes in a poor solvent, which were
shown to exhibit similar lateral microphase separation.36–38

In Figure 3 we present the diagram of states of PE brush in contact with
the solution of oppositely charged polyions in log-log coordinates of α and
s under low salt conditions. It comprises IPEC regimes QN′, LSC, low salt
cluster, and individual globules, which are separated by black boundaries.
In the regime of Gaussian coils (with orange boundaries), mobile polyions
stay separated from tethered ones. Insets illustrate blob structure in all the
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regimes, with the boundaries between regimes indicated.
To, conclude, in this work, we have considered complex coacervation be-

tween polyanionic brush and mobile polycations. The conditions necessary
for the formation of the surface-immobilized IPEComplex have been estab-
lished, and the internal structure of the resulting surface-immobilized IPEC
layer has been described.

When salt concentration is low, the entropy gain due to counterion release
and replacement by mobile polycations is high and laterally uniform com-
plex formation takes place if the brush is initially in osmotic or quasi-neutral
regime. Interestingly, the driving force for IPEC formation with brushes
is different from macroscopic complexation, in which the entropy gain39,40

should be primarily associated not with counterions but rather with the ori-
entational degrees of freedom of the solvent molecules.9 As it is anticipated in
refs. 41-42, the counterion release provides also the major driving force for the
uptake of globular proteins by PE brushes. At sufficiently high grafting den-
sity the structure of the brush IPEC is controlled by a balance of the ternary
repulsions and conformational elasticity, like in the quasi-neutral brush, while
correlational attraction provides a relatively small contribution to the free en-
ergy balance. The penetration of the guest polyions and IPEComplexation in
the brush is suppressed at high salt concentrations when counterion release
provides a much lower entropy gain compared to enhanced ternary repulsions
so that the brush free of guest chains is found in a quasi-neutral regime.

Similarly to non-ionic polymer brushes in a poor solvent, initially uni-
form osmotic PE brushes may exhibit complexation-induced lateral instabil-
ity and split into finite-size clusters with IPEC cores, which are connected
by stretched strings to multiple grafting points. We believe that the theory
of IPEComplexation in brushes developed herein will stimulate experimental
and simulation activity in this area.
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