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SHAPE OPTIMIZATION FOR HEAT
EXCHANGERS WITH A THIN LAYER
F. Caubet, C. Conca, M. Dambrine and R. Zelada

Abstract. This paper focuses on a shape optimization method applied to fluid-to-fluid
heat exchangers. We consider the framework of two fluids separated by a solid thin layer
(the wall of the pipes) and we perform an asymptotic expansion in order to obtain an
approximated model without thin layer. Due to this approximation, the multi-physics
problem is reduced to a weak-coupled problem, between the steady-state Navier-Stokes
equations for the two fluids dynamics and the convection-diffusion equation for the heat.
The aim is then to optimize the shape of the heat exchanger in order to maximize the heat
exchange and minimize the pressure drop. Thus, we characterize the shape derivative for
the objective functional and perform numerical simulations in two dimensions.

Keywords: Asymptotic analysis, Shape optimization, Heat exchangers.
AMS classification: 35C20, 49Q10, 76B75.

§1. Introduction

A heat exchanger is a device that allows the heat exchange between two or more fluids without
mixing of fluids. There is a growing interest in heat exchangers due to energy consumption
and aiming for efficiency. Engineers propose new designs based on physics, intuition and ex-
perience for different applications of the heat exchangers, trying to improve the performance.

The shape and topology optimization community has been interested in this application
in the last few years, since the work [10] based on the SIMP method [3]. One of the main
difficulties in solving a shape and topology optimization problem concerning heat exchangers
is how to deal with the non-mixing constraint. Recently, [6] proposed a level-set approach
with which is more natural to deal with the distance constraint. We highlight that in the
literature, the separation between the fluids is assumed to be large enough.

Our work takes into account that a thin layer separates the two fluids (i.e. the pipe). This
would require a very fine mesh of this solid region to numerically solve the problem, which is
too expensive. Hence, in order to avoid that difficulty, we perform an asymptotic analysis to
obtain effective transmission conditions between the two fluids which takes into account the
diffusion in the solid, without meshing it. Another advantage is that we do not have to deal
with the distance constraint as in the works mentioned above. However the obtained system,
which can contain non standard transmission conditions, can be harder to solve.

To find the optimal design, we rely on the Hadamard’s boundary variation method (see [2,
8] for more details) as in [6]. In this conference paper, we present the method in a first
simplified model: more elaborated ones are the topic of a forthcoming work.

Paper organization. The paper is organized as follows. Section 2 is devoted to introduce
the considered problem. In section 3 are obtained the effective boundary conditions, using an
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asymptotic expansion, and we present the approximate optimization problem on which we
focus. In section 4 are established the shape derivatives. In section 5 are presented numerical
simulations. Finally, in section 6, some conclusions and perspectives of future work are given.

§2. Formulation of the optimal heat exchanger design problem

The domains. In this work, we consider Q.. := (=1, 1) X (-=1,0) and Qy,,; := (-1, 1)x (0, 1)
be two disjoint open bounded domains of R?, such that the whole domain Q is formed by their
union. In what follows, €, represents the hot fluid domain and Q.,;; the cold fluid domain.
The interface between them is denoted by I' := 9Q.yy N 0Qpy,; = (—1,1) X {0}. Here and
in the following, the subscript s stands for ¢ or 4,,. The boundaries of Q are respectively
composed by four disjoint regions: Q2 =: I'f, j, UL'f, s UI 1, wat UT, where I, , is the input of
the fluid with a given velocity (Dirichlet boundary condition), I'f, o, contains outlet-pressure
condition (Neumann boundary condition), and the classical non-slip condition (homogeneous
Dirichlet boundary condition) is imposed on I'y, .y U I'. The notations are summarized in
Fig. 1.
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Figure 1: Ilustration of the domain without thin layer
Let € > 0. We define the open bounded domains

D¢ = (—1,1)x(—1—f,1+5), Qf = {xeDf; d(x,T) < g}

2 2 s
and
Q. = {xeD\Q§x <0}, T x € DS, d(x,l")zg; x < 0y,
Q, = [reD\Qin>0),  Tj, = {(reD%dxnD)=Zixn>0

We denote I :=1¢ , UI¢ and wedefinels ., I'%  andI® by translating I'y, i, I'y, ou

cold hot . foin’> ~ f,out f,wall
and I'y, yun by +5. The boundaries of Q¢ are then composed by IS 1";’ our L ; wan 04 l";.

The boundaries of Qf are I'* and I'S := 0Q5 \ I'°. Finally we define Q€ as the union

s,wall

€ € € : € _T€ € € € € ._Te€ €

0£ led, th and QEX. Accordingly, 0Q€ = r; urs, ur Ul“wg”, where I; = l"wld! in Ul"hm, i
. T€ € ._T€ € .

rom‘ T l—‘Cold, out v 1—‘hot, out and 1—‘wall T rcold, wall U 1—‘hot, wall U rs, wall (See Flg 2)
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Figure 2: Tllustration of the domain of the exact problem with a thin layer

The physical models. We model the fluid flow with the stationary Navier-Stokes equa-
tions: u; stands for the velocity of each fluid and p; for the pressure. The physical prop-
erties of the fluids, that is, the viscosity v, and the density p, are assumed to be constants.
Let uy,;, € H%(Ff,,-n)d and let us consider u; (X1, X2) = up (X1, X2 £ §). Then we have the
following system

—vrAUS + pr(Vuus +Vps =0 inQf,

div(u;) =0 in Q;,
up =ug,, only,, M
o, pn =0 onl% .
u; =0 on 1";’ wall Y 1";,

where the fluid stress tensor is defined by

(Vu + VuT) .

N =

o(u, p) :=2ve(u) — pl, with e(u) :=

In the following, we introduce the notations

€ €

€ €
Mcold]lginm + uhot]lgfmz’ p
VeoldLac,, + ViorLlas . o

€ €
p COId]]-Qi()Id +p hol]lgfmz’
Peotalas + pporloc .

‘cold ‘hot

€ €

)4

Concerning the temperature, we model it as the solution 7€ of the stationary convection-
diffusion equation in Q€, where Tr TS and T are the restriction of the temperature to Q;m,
Qf ,, and Qf respectively. The physical parameters are the thermal conductivity «y and the

thermal capacity ¢ are assumed to be constant. We then define
T¢:= chold ]]_Q;)[d'f' T;m ]].Q;m-i- TSE 1 Q¢, k€= cold ]]_anld"‘ khot ]].Qfmt+ k‘Y 1 Q¢ = Ceold 1 Qﬁnld+ Chot ]].Q;W .

On the inlet I'; we impose a given temperature (colder on I, ;. and hotter on I'; . ), and

onI? . and Iy, we assume adiabatic conditions. On the interface ['* we suppose continuity

of the temperature and the flux, this is, the jumps are zero. Let T}, € H%(Fm), then we
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define 7% (x1, x2) := Tin(x1, X2 = 5). The convection-diffusion equation is stated as

- € € . € _ : €
le(kcaldVTm]d) + PcoldCcoldU, 1y VTcold =0 n Qcold’

1 € , € € — 1 €
= div(kpo:VT}, ) + ProtChotty,,, - VT, =0 in Q|

—div(k,VT¢) =0  inQ,
T¢ =T¢ onI®

6T€ in in’ (2)

el 0 only UTE .

[T] =0 onI*,

[k%j;l ] =0 onI*.

Remark 1. In this work, we assume that the thermal expansion/contraction effects due to
temperature are small enough. Thus the velocity does not depend on the temperature and
then the problem is weakly coupled. This represents a first step for forthcoming work.

Functional framework and optimization problem. We introduce the following functional
spaces for the Navier-Stokes and convection-diffusion equations respectively,

VQ§) = {w eH(Q)% w =0onl%, UL, UL
H(QF) = {STeH'(Q); S€=0 onT¢}.

Hence, the variational formulations are the following. For the Navier-Stokes equations (1),

Find (u$, pf) € (u + V(Q;.)) X LZ(Q;.) such that Yw® € V<(Q), r° € LZ(Q;.),

fin

(2vre(us) : e@®) + pr(VuSus - we — p& divw®) - r* div(uf)) dx = 0. 3)
o
f
For the convection-diffusion equation (2),
Find T¢ € T¢, + H'(QF) such that VS € € H'(Q),
f k,VT€ - VS <dx + f (KVTE - VS + p°c<S u’ - VT€)dx = 0. @
Qs Q€ UQs

‘hot ‘cold

Our original aim is to minimize a certain functional with respect to the shape of the
thin layer which is the variable. The others boundaries are assumed to be fixed. For our
applications, we want to maximize the heat exchanged and minimize the pressure drop. The
negative heat exchanged W (—W is the heat exchanged) can be defined as

W(Qs,u, T = f pfctut - VTdx — pSctut - VTdx. &)
. o

‘hot ‘cold

For the drop pressure we consider the difference between the pressure on the output and input,

that is DP(QX ;. P°) = pids — f pSds. This functional is directly linked with the

€
cold,in r('uld.mu

energy dissipation of the fluid given by

E(Q¢, u) = f 29 |e(u)|Pdx. (6)
Q

€ €
‘hot UQL‘(l’d
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We consider this functional rather than DP for mathematical reason: firstly it is a volume
integral and secondly, since the pressure does not have boundary conditions, the adjoint state
associated to DP can be ill-posed. Therefore, the shape optimization problem that we aim to

solve is
min  W(QF, u¢(Q°), T¢(QF))

st E(QS,u(Q)) < Epax (7)
d(Q;!w[ds Q;,hat) 2 dmins
where d(Q 145 Q5 1pr) = e Mi’nf -y |x — yl and u€, T< are the solutions of (3) and (4).

§3. Derivation of the effective boundary conditions, convergence analysis
and approximate optimization problem

In order to deal with the convection-diffusion equation (2), we aim to make an asymptotic
expansion to obtain a new model without thin layer and with new transmission conditions.
In this way, we will get rid of the meshing of Q¢ associated to the small parameter, but the
equations will change. More details about this technique can be found it in [11].

Derivation of the new transmission conditions. Since the Navier-Stokes equations (1) does
not depend qn Q¢, we only have to replace Q},F;,F ;m l";’ o t,.u;’ i DY Qp, U, Ui, T ours
uy, in, respectively. We define (uy, py) the solution of the following problem:

—vauf +pf(Vuf)uf+fo =0 in Qf,
div(uf) =0 in Qf,

ur =g, only gy, (8)
O’(“f& pf)n = 0 on rf, outs
ur =0 onl"f,wallul".

Note that uy, p; is the translated solution of u;., p; in Q; to Q. Then, we define,

Ucold ]]-Q(.(,h/ + Upot ]]-Q/,,,, , P = Pcold ]]'lerl + Phot ]]'Q/w/ >
v = Veoalag, + Vier Loy, o = peodla,, + Prolay,
k = kel ILQMM + kot ]]-Q;,,,, P ¢ = Ccold ILled + Chot ]]'th .

Proposition 1. We consider T = T,nqlq,,, + Thola,, the solution of the problem

- diV(kcoldVTcold) *+ PcoldCcoldUcold * VTcold =0 in Qcolds
= div(kpo: VThor) + PhotChotUhot * VI =0 in Qpor,
T =Ty, only,

oT
k— =0 on Loy U Tyt ©
on

[T] =0 onT,
[ka—T] =0 onT.

on

Then, it exists C > 0 independent of € such that ||S€ — Tl|; o < Ce, where S€ := T¢  (-,- —

CO
o, + Tr,, G-+ 5)1a,, and T€ is the solution of (2).
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Proof. We recall that we here consider a square geometry in the two dimensional case. We
y . X
postulate the Ansdrze, T5(x) = Z efT]{(xl, x2), and TE(x) = Z eT! (xl, ?2)
720 720

-1 1
Defining Y := 2 (7, 5) and inserting this expansion in div(k;VT¢) = 0 in Qf, we get
€

(d  or! o T} 11
N —ky==+€e*—ky——|=0, VY
;e(ﬁxl o € 6Y‘6Y] ’ e(z 2)

Then, by formal identification of the powers of €, we obtain in particular the first two terms,

a (, or° d (, oT! 11
B_Y(ksaY)_O’ B_Y(SﬁY)_O’ vy e(2 2)

Note that the problem solved by T, T! is one-dimensional, and x; is a parameter to that
problem, so we can integrate with respect to Y, getting a first degree polynomial for 79, T'!.
In order to determine the coefficients of this polynomial we use the transmission conditions.

The transmission conditions [7] = 0 on I'¢ and [k‘;—ﬂ = 0 on I'* become

+1 aT? 1 oT! 1 Ty €
=)= Tl vz 0. kS (x5 ) = 0. kS (x5 | = ket (xl,iz),

T] ()C],

Using these equations leads to 79, T
0

oT
be affine with respect to Y. Furthermore, [T°]. = 0 and [ka—] (x1) = 0, with the notation
n €

where we choose the normal n pointing towards €} .

Se ::So 5 ) Sco ( >
[STe(x1) ht(xl > a (X1

respectively. To justify the convergence we proceed as in [11], observing that T =80 :=
T°C,- = $lq,, + T°C,- + 5)1q,,. due to S satisfies Equation (9).

) for the jump between temperature on I';  and I’ ,

Remark 2. Notice that, in order to extend the result in a more general framework than the
square, we could use curvilinear coordinates as in [4].

Formulation of the approximate optimal heat exchanger design problem. Since now, we
will work with the approximated model (9) instead of the exact model (2). The Navier-Stokes
equations (8) have following variational formulation

Find (s, py) € (upin + V(Qy)) X LAQy) such that Y € V(Qy), r € L3(Qy),

(2vfs(uf) re) +pr(Vupuys - w— pydiviw) — rdiv(uf)) dx=0 (10)
Qr
and the variational formulation associated to (9) is
Find T € T;, + 'H(} (Q) such that VS € 7{3 (Q),
f(kVT~VS +pcSu-VT)dx =0 an
Q

where H,(Q) := {S € H'(Q); S =0onT;,}.
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Remark 3. 1If the viscosity vy is large enough, the problem (10) has a unique solution (see,
e.g., [7] for details), and the problem (11) is also well posed (see, e.g., [5]).

The initial shape optimization problem (7) is then replaced by the following one that we
will focus on:

{ min  W(Q, u(Q), T(Q)) (12)

S.t. E(Q, M(Q)) < Emaxa

where 1 and T are the solutions of (10) and (11), respectively.

§4. Shape sensitivity analysis

The computation of the shape derivatives for the order zero model is a simplification of [5]
which was derived in a fully Lagrangian setting. In the next proposition, we give the Eulerian
derivative for the convection-diffusion equation. This proof is rather standard and has been
studied in detail in the literature. Thus we do not detail the proof here and refer for exemple
to [1] where the case of the diffusion equation (without the convective term) is detailed (see
also [9] for the Navier-Stokes equations). The case of more elaborated transmission condi-
tions, doing an asymptotic expansion of order two for example, is much more difficult, in
particular because of the Laplace-Beltrami operator.

Proposition 2. The shape derivative T’ of T is the solution of the following problem

—div(kVT") + pcu - VT' +u' -VT) =0 in Qoo U Qhors
T =0 onTy,
oT’
k B =0 on Loy,
n
(7] =-[k"|*kZL@-n) onT,
oT’
[k o ] = —[k]div.((0-n)V.T) onT.

For the Lagrangian setting we require the concept of transported functional.

Definition 1. In our context, the transported functional (in Q instead of Q) of a shape
objective functional J, is the functional J such that for all 6 € W(l)’w(Q, R?) and all (&, p.T) €
H'(Q,RY) x L2(Q) x H'(Q)

JO,0,p,T)=JTeitoT+60) ", poI+6) ", To+6)7).
For the considered problem, & and ‘W stand respectively for the transported functional of E(€, u)
given in (6) and W(Q, u, T) given in (5).

In order to obtain a suitable expression of the shape derivative, we introduce the following
adjoint states. Firstly we consider R € ‘H(} (€2) solution of the following adjoint problem:

f(kVR - VS + pcRu - VS)dx = %—Z(S), VS € Hy(Q). (13)
Q

Notice that this problem (13) is classically well-posed. Secondly we consider (vs,qy) €
V(Qy) X L*(Qy) solution of the following adjoint problem:
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f (2vse(vp) : awy) + pr(Vup) vp = (Vopup) - wy = qp diviwy) = rydiv(vy)) dx

Qs
o

= - ctR VT - wedx + —————
fgfpfff R TP

If v is large enough, it is well-known that this problem (14) has a unique solution (vs, g ).

(wf, rf), wa € V(Qf), \/rf € L2(Qf). (14)

Remark 4. To solve Problem (12), we consider the adjoint problem (13) with J = ‘W and the

adjoint problem (14) with both J = W and J = &, that is five adjoint problems ((vfo e qfo 1)

f . qr.) associated to E, and R, v/, .¢¥ ) and (v)¥ ,q)" ) associated to W).

Using the previous notations, the shape derivative can be written in the volume or surface
version, as it is established in the following proposition. The proof is classical (see, e.g., [5])
and based on a change of variable to move from the perturbed domain Qg = (I + 6)Q2 to Q.

Proposition 3. Let J be an objective shape function depending on u and T. Let J be the
transported objective function. Then J is differentiable with respect to 0 € W'*(Q,R%) and
the volume shape derivative is given by

d 0
E(J (Lo, u(To), T (Tp))(O) = 6_{(0) - f (o(u, p) : Vo + p(Vu)u - v) div(0)dx
Q
+ f o(u, p) : (VoVO) + o(v, q) : (VuVO) + p(VuVO)u - vdx
Q

- f div(9)(kVT - VR + pcRu - VT)dx + f k((V6 + VE)VT) - VR + pcRu - (VO'VT)dx.
Q Q

Moreover, the surface shape derivative is given by

0T

i(J(rg,u(rg), TT))O) = —(8) + f (—[o-(u, q):Vul + [kVT-VR] - 2 [kaT oR
do 90 .

a7 a7
where 7 denotes the normal component of .

In order to consider the optimization problem (12), we specify here the derivative of the
associated functional:

a—a(e)z f le)|> = 2ve(u) : VuVodsx,
06 o

% e
0=~ fr @R - nyds,

0E
v ,F)=f 4vre(uy) : e(wy)dx,
. py) PP o, TSR S
W(G) = f div(@)ocVT -u — pcu-(VOVT)dx — f div(0)pcVT -u — pcu-(VO'VT)dx,
ot Qeold
ow
—(©) =0,
Ay
— () = f pcVS - udx — f pcVS - udx,
or Qo Qeold
(w,r) = f pcVT - wdx — pcVT - wdx.
a(u’ p) .Q/m, led



Shape optimization for heat exchangers with a thin layer 9

Remark 5. These shape derivatives formulas are used in an optimization algorithm: at each
iteration, they are used to find a descent direction and then we update the mesh.

§5. Numerical Results

We consider Problem (12) and a similar example to the one in [5]: the square Q = (0, 10) X
(0,5) U (0,10) x (5,10), where 0Q\I" are fixed with a counter-current exchange case, this
is, the fluids enter from opposite directions. The inlet boundary conditions are T, = 100
and T,y = 0, with a parabolic profile vy such that |[vg|lec = 1 at 'y, or and Ty, co1a, respectively.
Since this work is based on the order zero model, where we have obtained the classical
transmissions conditions for the interface, we consider different physical properties: pj,; = 1,
Pcold = 2, kot = 10, keota = 20, vioy = 0.16, vepiqa = 0.08, chor = 100kp0r, Coota = 100kco1q.

The initial and last design are depicted in Fig. 3 and the convergence plots in Fig. 4:
the dissipation tends to be saturated meanwhile the constraint is satisfied. The objective
functions improve between 12% and 14%. We can see that to minimize the exchanged heat
With PporChor < PeoidCeold, the interface moves such that [Q.4] > |Qsl, SO in that way the
temperature in the cold output will be hotter and the hot temperature will be colder (with
respect to the initialization).

22000

(a) Initial temperature field (b) Final temperature field

Figure 3: Plots of the temperature at the first and last iteration

Objective function Improving percentage Dissipation constraint

,,,,,,

ssssss

nnnnnn

%0 500 ] 150 260 30 00 00 ] 150 200 00 w0 500

(a) Objective function J (b) Improving percentage of J (c) Dissipation constraint

Figure 4: Convergence plots, where the dissipation constraint is the difference between the
dissipation and the maximum value allowed.



10

FE. Caubet, C. Conca, M. Dambrine and R. Zelada

Acknowledgements

Rodrigo Zelada was partially funded by the National Agency for Research and Development
(ANID) Scholarship Program BECA DOCTORADO NACIONAL 2021-21211704.

(1]

(2]

(3]

[4]

[7]

(8]

[9]

[10]

(11]

References

AFRAITES, L., DAMBRINE, M., anD KaTEB, D. On second order shape optimization methods
for electrical impedance tomography. SIAM journal on control and optimization 47, 3
(2008), 1556-1590.

ALLAIRE, G., AND SCHOENAUER, M. Conception optimale de structures, vol. 58. Springer,
2007.

BENDSOE, M. P., aND Siamunp, O. Topology optimization: theory, methods, and applica-
tions. Springer Science & Business Media, 2003.

Causer, F.,, Happar, H., VAN NGUYEN, D., ET AL. New transmission condition accounting
for diffusion anisotropy in thin layers applied to diffusion mri. ESAIM: Mathematical
Modelling and Numerical Analysis 51, 4 (2017), 1279-1301.

FeppoN, F., ALLAIRE, G., BorDEU, F., CorTiAL, J., AND DaPoGNy, C. Shape optimization
of a coupled thermal fluid—structure problem in a level set mesh evolution framework.
SeMA Journal 76, 3 (2019), 413-458.

Feppon, F., ALLAIRE, G., DapPoGNY, C., aND JoLiver, P. Body-fitted topology optimization
of 2d and 3d fluid-to-fluid heat exchangers. Computer Methods in Applied Mechanics
and Engineering 376 (2021), 113638.

GIrAULT, V., AND RaVIART, P.-A. Finite element methods for Navier-Stokes equations:
theory and algorithms, vol. 5. Springer Science & Business Media, 2012.

Henrot, A., anp PIERRE, M. Variation et optimisation de formes: une analyse
géométrique, vol. 48. Springer Science & Business Media, 2006.

Henror, A., aNDp Privar, Y. What is the optimal shape of a pipe? Archive for rational
mechanics and analysis 196, 1 (2010), 281-302.

PapazocLou, P. Topology optimization of heat exchangers. Master’s thesis, TU Delft
(2015).

ViaL, G. Analyse multi-échelle et conditions aux limites approchées pour un probleme
avec couche mince dans un domaine coin. These, Université de Rennes 1 (2003).

Fabien Caubet, Marc Dambrine and Rodrigo Zelada,

LMAP, UPPA, 64013 Pau Cedex, France
fabien.caubet@univ-pau. fr, marc.dambrine@univ-pau. fr and
rodrigo.zelada-mancini@univ-pau. fr

Carlos Conca
DIM, FCFM, Universidad de Chile, 7500000 Santiago, Chile
cconca@dim.uchile.cl



