N

N

Nitsche extended finite element method of a Ventcel
transmission problem with discontinuities at the
interface
Daniela Capatina, Fabien Caubet, Marc Dambrine, Rodrigo Zelada

» To cite this version:

Daniela Capatina, Fabien Caubet, Marc Dambrine, Rodrigo Zelada. Nitsche extended finite element
method of a Ventcel transmission problem with discontinuities at the interface. 2024. hal-04587596

HAL Id: hal-04587596
https://univ-pau.hal.science/hal-04587596v1

Preprint submitted on 24 May 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Copyright


https://univ-pau.hal.science/hal-04587596v1
https://hal.archives-ouvertes.fr
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May 23, 2024

Abstract
The objective of this work is to study a diffusion equation with non-standard transmission condi-
tions, which include discontinuities and the Ventcel boundary conditions at the interface. To handle
jumps and means of the flux and test-functions, we use broken Sobolev spaces. We present a Nitsche
finite element approach and compare it with a discontinuous Galerkin method. Consistency, stability
and a priori error estimates are proven and numerically verified.
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1 Introduction

Motivations. In this work, we consider a heat diffusion problem with an interface. Motivated by
the need to optimise the shape of a heat exchanger between two fluids, we find ourselves in a situation
where the wall separating them is very thin. In an actual simulation, it would be extremely expensive
to mesh at the scale of the thickness of this wall. Therefore, we consider the model resulting from an
asymptotic analysis with a small parameter e representing the thickness of the interface. The particularity
of the studied problem is that it involves an interface on which the transmission conditions have jumps
and involve surface scattering. These conditions, also known as Ventcel conditions (see [15]), have the
particularity in this model of involving the small parameter e. The final goal being the optimisation of
the shape of this interface, we want to develop a numerical method that is robust with respect to this
small parameter and that allows the use of iterative solvers.

Setting of the problem. Let us present the precise problem under study. Let B an open bounded
domain of R?, with d = 2,3. Let Q1,5 be a partition of B. We set I' := 99; N 0 the interface
between Q; and Q. We define Q := B\ T'. Here and in the following, the subscript ; stands for ; and ».
The boundaries of €2; are respectively described by 0Q; =: T, p UT'; x UT (see Figure .

We introduce the following notation for the jump and mean at the interface. Let v any function
defined on Q, and v; := v|q, its restriction to Q;. Then the jump and mean of v at I are denoted by []
and (-) respectively and defined as follows:

[v] :=vg —wv; on T, and (v):= # on I
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Figure 1: Illustration of the domain €.

We define I'p := I'i p Uy p and similarly, I'y := I'i y UT's n. We assume here that TNy =0
and that T NTp # 0. Other geometrical configurations could also be treated by changing the functional
spaces. Let k1, ks, €, a be strictly positive constants and let € > 0 fixed. We then consider the following
interface problem:

- le(IiZV'I.Ll) =G in Qi7 1= ]., 2,
Ui = U,D on Fi,D7 1= 1, 2,
n@ =0 on I'y,
On ~
ou 1 7 (1.1)
</<;> =—[u+=+f on T
On € €
{Fcau] =aeA; (u)+aeg+g onlT,
on

where G € L*(Q), uip € Hééz(Fi7D) for i = 1,2, f,f,9,5 € L?(I') and Ar is the Laplace-Beltrami
operator (see, e.g. [11]). Let up € H(l)éZ(FLD UT'2p) given by uplr, , := u;p on I'yp (i = 1,2), where

HY (T p UTyp) = {vlr, purs.p, v € HY2(09Q), vlaa\ (1, purs n) = 0}-

Remark 1.1. This problem can be seen as a generalization of the following one studied in [2]:

—div(k;Vu;) =G m Qi i=1,2,
U = Uup on I'p,
@ =0 on T
Kan — N,
0 1
<Haz> = —E[u] on T,
0
{/ﬁaz] =0 on I

Aim of the present work. At the continuous level, such a boundary problem can be analysed using
broken Sobolev spaces. Their numerical implementation implies to double the degrees of freedom at
the interface, which is not always possible in calculation codes such as FEniCS and FreeFem++. We
mention here the work [I] of Allaire et al. in a related context of shape optimisation of an interface where
they overcome the difficulty by using a penalisation/extension method for the numerical approximation,
without any error estimates.



In the present work, we aim to carry out the numerical analysis of the previous problem and provide a
priori error estimates. However, our problem presents an additional difficulty: the presence of the small
parameter € which appears at different scales in the transmission conditions.

We first highlight that the classical discontinuous Galerkin method is not robust with respect to this
small parameter. The conditioning of the associated linear system blows up when ¢ tends towards 0. The
reason is that the solution of the limit problem, obtained when € tends towards 0, does not belong to the
same variational space. For this reason, we then propose a modification of this first method.

We are inspired by Nitsche’s method, which was introduced in [I4] to weakly impose Dirichlet bound-
ary conditions. It was adapted by Hansbo and Hansbo in [I0] for transmission problems where the
interface is not aligned with the mesh. In [6], it was used for a scattering problem with Ventcel boundary
conditions. It has to be noticed that in [6], there is also a small parameter e but it does not appear at the

1
order — in the transmission conditions which makes the problem different. We propose here a method

€
based on [12] to deal with these conditioning problems, adapted to Nitsche’s method with Robin-Fourier
conditions.

Organisation of the paper. The paper is organised as follows. Section 2 is devoted to the introduc-
tion of the model problem, the functional spaces and the weak formulation. Section 3 explains the discrete
framework, with the finite element approximation and numerical illustrations, where conditioning prob-
lems are discussed. In Section 4, the Nitsche method is proposed to solve the conditioning problems and
numerical examples are presented. In Section 5, conclusions and prospects for future work are discussed.

2 The continuous problem
2.1 Functional setting
Let k € N*. It is useful to introduce the broken Sobolev space

VF = {v e L3(Q);v; == v|q, € B*(Q,), i = 1,2},

which endowed with the norm
1/2
o]l 0000, = ([v1llq, + [lv2llf0.)
is a Hilbert space. Its subspace
VE = {veVFvy e By(T)NHYNT), i = 1,2}

endowed with the norm

lolly = (I1s2/20]

is also a Hilbert space. Let

2 1/2 2 —1/21,1112 1/2
k000, T [1(2€) 7= () [l + lle [U]HH,F)

VFk,uD ={veVfv=uponTp} and Vl“k,o ={veV¥v=00nTp}.
Finally, in the case k = 1, it is useful to introduce:
1/2 2 1/2 5 \'/2 2 —1/2 5 \'/2
ol == (152 V0l 0,00, + @) (T} [Br)  and ol s= (ol + e 2pllEr) -

Due to the trace theorem on T' and on ; for i = 1,2, the space Vi, endowed with the norm [[|-[| is a
Hilbert space.



Remark 2.1. In the case where TNTp =0 and T NTx # 0, one assumes that the domain Q is such
that 0 = nry, on OI', where 11 is the unit tangent vector to I' and normal to OT', and takes as functional
space

Vi ={veVhy e H'(T), i=1,2}. (2.1)

In the case with mized boundary conditions that intersect the interface, that is T N fjp N ijN # 0,
where j € {1,2}, one also assumes 70 = nry on OI', and then considers

Vrl ={ve Vi e Hl(F),i =1,2,v; =0 onfﬂfjp ﬂijN}.

Finally, in the case where T NTp =T NTx = (), one uses the functional space (2.1)).

2.2 Variational formulation

For a fixed value of €, one defines the bilinear forms

2
b(u,v) := Z/Q k;Vu; - Vo, dz + /F aeV, (uy -V, (v)ds,
i=1 g
1

c(u,v) = /F “[u][v] ds.

€
Then, one considers the following variational formulation of Problem (|L.1):

Find u € Vrl,uD such that
Yo e Vpg, a(u,v) =I1(v),

where
a(u,v) = blu,v)+ c(u,v),

QGvdx+/F(f[v]+g<v>)ds+/F <1f[v]+aeg<v>) ds.

In the next theorem, without loss of generality, we assume that up = 0, otherwise consider up €
H'(£2; U Qy) such that @ip = up on I'p and then define % := u — @ip which belongs to Vrl,o'

~

—~
<

~
I

Theorem 2.2 (Well-posedness). Let G € L2(Q), f € L*(T'), g € L*(T") and up = 0. Then Problem (2.2)
has a unique solution u € Vi . Furthermore, the following estimate holds:

or +e2|f

0.2 + llgllo.r + aellgllo,r) + €/2[lf

—1/2
llullf < € max s7* (|G (23)
with a constant C > 0 depending only on the domains Q1 and .

Proof. Clearly, a(-,-) is bilinear and symmetric and [(-) is linear. Note that a(-,-) is a scalar product
on Vi, of corresponding norm |[-|f|, so it is continuous and coercive with respect to this norm, of
continuity and coercivity constants equal to 1. As regards the continuity of I(-), we first note that the
Poincaré inequality yields, for any v € Vl{o, that

[vllo.0, < Cp(Q)r; 2K *Vulloq,, i=1,2,

while the trace theorem together with the Poincaré inequality yield:

2
1 _
[0} lor < 5 > Cr(@)VT+Cr(@)h; 215> Tollo,-
i=1



The |||-||| - continuity of I(-) follows thanks to the Cauchy-Schwarz inequality:
o) < el (€ mg ™ (1Goe + lallor + aelglor) + /21 flor + €21 Flor )

By virtue of the Lax-Milgram theorem, Problem ) has a unique solution in V# o The estimate (2.3)
is classically obtained by testing the weak problem W1th v = u and by using the previous bound. O

2.3 A remark on the limit problem as ¢ — 0 at the continuous level

Formally, by making e tend towards 0, Problem (1.1]) becomes

—div(k; Vi) =G in€Q;,i=1,2,
u? =u;,p onlp,i=1,2,
5‘u0
— =0 r
"o T N (2.4)
W] =Ff onT,
ou®
— = r.
{m 8n} g on
The natural functional space in order to study Problem ({2.4)) is the following affine space:
Up={ve VP upi V] = fonT}.
Once endowed with the norm [|v||y, := ||£'/?Vvl0.0,uq,, the subspace Uy := {v € Vio;[v] =0onT}

is a Hilbert space. Hence one can prove that Problem has a unique solution u® € U 7 the proof is
a mere adaptation of a Laplacian problem with mixed boundary conditions, considering that instead of
the Dirichlet boundary condition we have the jump condition in the functional space.

Note that the functional spaces associated to Problem and Problem are different, which
suggests numerical difficulties when € tends to 0. This last point is discussed in the following section.

3 Discontinuous Lagrange finite elements approximation

For the sake of simplicity, one assumes that the domain € is a polyhedron in R? and I" a finite union
of hyperplanes. Let Tj, be a regular simplicial mesh of 2: there exists a parameter ¢ > 0 such that, for

all K € T,

h
K <5

PK
where hg is the diameter of K and pg is the diameter of the largest ball contained in K. We define
h := maxgeT, hx the mesh size. Assume that the mesh is always aligned with the interface T', i.e.,
each K € T}, is a subset of only one set ;. Finally, we define 7' := {K € Tp,; K C ;},i=1,2.
Let F}, be the set of faces of Tp, Fp,r the set of faces sfouated on I' and Ty r the set of elements
which have one face on I'. Let hp be the diameter of the face F' € Fj, 1 (in d = 2, hp coincides with the
1-Hausdorff measure of F'). Let k € N* and let

PF = {v, € V% (%), vnlx €PFVK € T} and  Pfo =P 0V,

In the sequel, we make the additional assumption that the Dirichlet condition up belongs to H¥+1/2 (T1,pyU
Iyp). Let upy € P,ff denote a nodal interpolation of up on I'p. An intuitive and natural discrete
formulation of Problem (L.1)) is then:

{ Find wy, € PF, such that wy, = upj on I'p and

a(wh, Uh) = l(vh), VU}L S Pi]f,O' (3'1)



The aim of this section is first to prove the well-posedness of the discrete formulation and to study
the convergence as h tends towards 0 of its solution towards the solution of the continuous problem, and
then to study through numerical experiments the behaviour of the discrete scheme, in particular for small
values of e.

3.1 Analysis of the discrete formulation

Since P}iio C Vrl,o» taking v = vy, € P;f,o in the variational formulation (2.2]) immediately yields the
consistency of the discrete problem, stated in the next lemma.

Lemma 3.1 (Consistency of finite element approximation). Let u be a smooth solution to (1.1). Then
a(u,vp) = l(vp), Vop € P,’fﬁo. (3.2)

The coercivity and continuity are directly inherited from the continuous problem, which permits to
obtain the following lemma.

Lemma 3.2 (Discrete coercivity and continuity). One has that
a(vp,vn) = lvnlll®,  VYon € PFy (3.3)

and
a(wn, vn) < lwnllllvalll,  Ywn,vn € Py (3.4)

Thus, thanks to the Lax-Milgram theorem, we obtain the following result.
Theorem 3.3. Problem (3.1) has a unique solution wy, € PF.

Next, in order to obtain the convergence rate of the approximation error, one needs an interpolation
estimate. Similarly to [I0] but without cut elements (the mesh being aligned with the interface), for
each k € N*| we consider

(Zh) v = (Tyv) Lo, + (Tyve)la,,

where Z} is the standard nodal interpolation operator from H**1(Q) to PF. Using standard interpolation
estimates (see [7, Theorem 3.1.6], [4, Theorem 4.4.20]) and the triangle inequality, one gets the following
interpolation result.

Lemma 3.4 (Polynomial approximation). For any k € N* and any v € Vlﬁ,gl, there exists a con-

stant Ci, > 0 independent of h, e, and x such that:
llv = (ZE)*vlll < Ciph®[[vllypss. (3.5)

Furthermore, we have
- 1/2
llo = @) ell< Coph® (1629001 g, + 1@ 0} [ p 4 202l ) - (36)

Proof of Lemma[34 Letv € Vlligl. Let K € T;!, with 1 <i < 2and F € Fj r. By standard interpolation
estimates, there exists a constant Cj, > 0 independent of h, ¢, and x such that:
IV (vi = Zivi)llox < Ciphliclviller1x,
o] = Zh[lllo.r - < Ciphll[v]llk,F,
IV2((v) = Z WDllo.r < Ciphfill (W) lesa,F-




Combining these inequalities leads to:

1/2
2
* 1/2 _
o= @) oll < G [ D237 I PvilEensc+ Do (I 20l p + 1062 0) 4 )
=1 KG'T}LL FeFnr
which proves (3.5).
Since [v] € H*™Y(T), one also has
Ilv] = Zh[olllo,r < Ciph**H|[v]llk+1,
which, together with the previous inequalities, proves (3.6)). O

Therefore, Céa’s lemma yields the following a priori error estimate.

Theorem 3.5 (Error estimate). Let k € N* and assume that the solution u of (2.2) belongs to VFt1.
There exists a constant C, = 2C;, > 0 independent of h,e,a and x such that

o R ~ e 1/2
i — wn Il < Ceh* (H’ilmvuﬂkﬂ,muﬂz + H(OZE)1/2 (@) ||i+1,1“ +h?e 1/2[U]Hi+1,F> (3.7)

where @; := u; — U p, U= U — Up, Wy, = Wy, — Up,, with wy, the solution of [B.1)), up € H (1 U NQy),
fLD’h S P}}f such that ﬂD = up, ’LNLD’h = Up,h ON FD and ﬂD = aD,h =0o0onQ \ FD.

Remark 3.6. The condition u € VF]H'1 1s quite technical to prove but seems to be a reasonable assumption.
On the one hand, it was proved in [13] for the case without interface and with the Ventcel condition on the
whole boundary (i.e. Q@ =Q1, Qo =0 and T = 09Q). On the other hand, there exist results for standard
transmission problems (with zero jumps), see for instance [3]. Then, it might be established that u € Vi
adapting the previous two proofs under suitable reqularity assumptions for the data up, G, f, g, as well as
the interface T', but it is not the topic of the present work.

3.2 Numerical tests
3.2.1 Numerical implementation

We consider the two dimensional case for all the numerical simulations. Moreover, for the sake of
simplicity, we consider only the case k = 1. The broken Sobolev space P;f,o can be seen as the usual FE
space on €2, enriched with basis functions associated to the nodes situated on the interface. Thus, the
degrees of freedom on I' are doubled. In order to implement this space, let Nr be the number of vertices
belonging to I" and N the number of vertices in the whole mesh of 2. For each vertex belonging to I, of
global index ip, we create a copy of new index ir = N + p, where p is the pt" vertex of I' in ascending
order with respect to the index ir of the global mesh, i.e. il < ... < << Z‘f}’r; for instance, p =1
and p = Nr for the minimum and the maximum index ir, respectively. By convention, we keep the
original index ir for a vertex situated on the interface I' when we look at it from K € 7,! and we use ir
when we look at it from K € T;2. Now, in the new mesh structure, we allow for duplicate nodes on the
interface (same value but different indices in the global mesh). So, if we ignore the Dirichlet boundary
conditions, the linear system can be written as Az = b, where A is a square matrix of size (N + Nr).

As regards the post-processing, we first reconstruct two vectors of size N: Uj contains the first N
values whereas Us contains the first NV values, but those corresponding to the index ir are replaced by the
values corresponding to ir. Then, we get uq and ug by restricting Uy and Us to Q; and Qs, respectively.
The same idea can be employed for a higher polynomial degree k > 1 (of course, the indexing will be
different due to the additional degrees of freedom).

Finally we precise that all the numerical simulations presented in this article were carried out in C++.



3.2.2 Convergence of the method with respect to the mesh size h
In this subsection, the small parameter € is given and fixed. We present some numerical tests in order

to validate the error estimate of Theorem [3.5 with respect to h. We consider the two following test-cases.

Case 1. Let us consider B = [0,1]x[0, 1] and a domain Q = Q;UQs, where Q7 = (—0.5,0.5)x(0,0.5) and
Q9 = (—0.5,0.5) x (—0.5,0) with boundaries I' = {y =0}, 'p;1 = 9 \I', I'ng =0 and I'p o = Q2 \ T,
I'n2 = 0 as illustrated in Figure

I'ip

I'ip o I'ip
I
Tap Q2 T2 p
T2 p

Figure 2: Geometry for case 1

We consider the exact solution:

ui(xz,y) =cos(z+y) and wus(z,y)=sin(z +y),

with the corresponding source terms Gy, G2 and f(z) = cos(z)2 — sin(z)%, f(z) = sin(z) — cos(z),

2
g(z) = k1 sin(z) + k2 cos(z) and g(z) = 1 sin(z) + 1 cos(z).

We choose k1 = 1, ky = 1072, ¢ = 1072 and a = 102. We observe that the method copes well with
the case of highly discontinuous coefficients x; and ko when using the arithmetic mean on the interface

and not a weighted mean (as employed in [9] [0, 5] for similar problems).

Case 2. As a second example, we consider a curved interface; even if I' is now different from I'p,
with a fine meshing at the interface we should retrieve a good convergence (at least for £k = 1). Let
B =(-1,1) x (=0.5,0.5), Q1 = {(z,y) € B,z > 0,2% + y? > 0.5?}, Qp = B\ O with an interface given
in polar coordinates by

r— {(o.5cos9,o.5sin9);0 c Pg g”
and with 9Qy = 0, see Figure

I'sp I'ip
T2 p Qo rN o I''p
1—‘2_’]:) Fl,D

Figure 3: Geometry for case 2



We consider the following exact solution:

ui(w,y) =ze’ and wug(z,y) = ye",

with the corresponding source terms G, Go and with f = ze¥ (k1 + k1Y) +ye® (kg + Kox), f = ze¥ —ye,
g = 2koye®(x + 1) — 2x12eY(y + 1) and § = —2ye®(y? — 3z — 1) — 2xe¥(x2 — 3y — 1). We choose here
€e=K =kyg=0a=1.

Numerical results. The energy error e := |[|a — wp||| is split into three parts, e* = €2 + €2 + 7 where
e ¢, = ||kY?(Vi — Viip)|lo.0,u0, is the gradient error,
e ¢, = |[(a€)'/? (Vi — V ) [lor is the tangential error on the interface T,
e ¢ := |l /2[i — wp]|jor is the weighted jump error on T.

We validate below the convergence with respect to h. For the first case, h varies between 1.3 x 1072
to 7.8 x 1072 and the energy error e varies between 1.8 x 1073 to 1072, whereas for the second case h
varies between 2.5 x 1072 to 1.9 x 10~! and the energy error e varies between 9.8 x 1072 to 7.6 x 1072.

We observe in Figure [4] that in both cases the convergence rate for the energy error e is O(h), as
stated in Theorem We obtained similar results for the errors e, and e-.
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(a) Case 1 with ¢ = 1072 (b) Case 2 with e =1

Figure 4: Logarithm plot of the energy error e with respect to the mesh size h

Meanwhile, notice that the convergence rate for the jump error e; is O(h?), as shown in Figure
Note that in this case, the gradient error e, is larger than the jump error e;, that is why e is of order one.



—2.50 A
—2.75 1
—3.001
—3.251

2
g

=3.751

1]
Zd
o]

log jump error e;
log jump error e;

—4.00 q

—4.25

T T T T T T T T T T T T T T
-9 -18 -17 -16 -15 -14 -13 -12 -11 -16 -14 -1.2 -1.0 -0.8

log mesh size h log mesh size h
(a) Case 1 with e = 1072 (b) Case 2 with e =1

Figure 5: Logarithm plot of the jump error e; with respect to the mesh size h

The numerical convergence rates are summarized in Table

Case 1 | Case 2
g 0.98 1.04
er 0.98 1.06
e; 1.97 2.05
e 0.99 1.04

Table 1: Convergence rate of each error for the Lagrange discontinuous finite element method

3.2.3 Convergence with respect to ¢

As previously explained, when € tends towards 0 the transmission boundary condition changes to
[u’] = fonT. (3.8)

It is then expected to encounter some numerical issues in the limit, since condition is included in
the functional space whereas our Robin’s type interface condition cannot be included in the functional
space. In order to illustrate this point, we fix h (which takes different values for each test case) and we
let € vary. We can observe in Figure [f] that the energy error e blows up as e decreases towards 0. This is
due in partiuclar to the jump error e;, as shown in Figure m One can see in Figure |§| that the tangential
gradient error e, does not blow up as € — 0 (and the same behaviour occurs for the gradient error eg).

3.2.4 Conditioning

We are now interested in the conditioning of the discrete problem in order to explain the bad behaviour
of the method when ¢ is too small. We first underline that this has been observed in [I2] by Juntunen
and Stenberg for the model problem

—div(kVu) =G in €,
e
On

1
:—fu—&—f—l—f onT.
€ €

10
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Figure 6: Logarithm plot of the energy error e with respect to €
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Figure 7: Logarithm plot of the jump error e; with respect to e

In this case, they observed that the condition number depends on the value of € as follows:
cond = O(h™2 + (eh)™1),

which leads to
O(h_2) ife>Ch
cond =
O((eh)™) ife<Ch

for some C > 0.

For our problem, we also observe that the condition number for the two previous test-cases depends
on €, as shown in Figure [J} We considered a fixed value of h, the same parameters as in the previous
subsection and plotted the condition number in decimal log scale with respect to k = —log; €.

11
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Figure 9: Logarithm plot of the condition number for the two test-cases with respect to €

Despite the consistency property and the optimal convergence with respect to h (at fixed ¢), the
discrete problem gets ill-conditioned when e tends towards 0. Therefore, we propose below another
numerical method, which is consistent and coercive, but equally well-conditioned and convergent with
respect to e.

4 Modified Nitsche’s type formulation

The Nitsche method was originally designed for the weak imposition of Dirichlet boundary conditions
in [14]. It was later adapted in [I0] to transmission conditions where the mesh is not necessarily aligned
with the interface, leading to Nitsche’s extended fininite element method (NXFEM). The latter was used
in [6] to deal with non-standard transmission conditions involving the Laplace-Beltrami operator.

The main difference between the model problem of [6] and ours is that in [6], the authors considered a
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simpler jump condition [T] = [x] on I', which can be treated by adding to the classical bilinear form the
Laplace-Beltrami term. Meanwhile, we consider here a transmission condition of Robin type, involving
both the jump and the mean of the normal flux:

< 8“>=—1[u]+1f+f onT. (4.1)

" on
Therefore, we have to adapt the standard bilinear form used in Nitsche’s method.

The general idea of stabilized methods is to add positive (and often, consistent) terms in order to
enhance the discrete coercivity with respect to the new energy norm. Here, the issue is not the loss of
coercivity but the dependence on €, due to the presence in the energy norm of the jump term, which

is multiplied by —. So contrarily to stabilized methods, we propose here to subtract a positive term
€
multiplied by a stabilisation parameter depending on both € and h, in view of improving the constant in
front of the jump term.
Thus, in order to obtain a consistent and symmetric formulation, we introduce the bilinear and linear
forms, defined for any uy € P}’f, vy € P,’f,o by

an(un,op) = alup,on) = > Br ( <f€ag:> + %[Uh], <f€aaif> + 1[%])07177

FEFnr
In(vn) = lon) = > BF(f+1f,<H%?>+i[vh]> ;
0,F

FeFnr

where the parameter Sr > 0 will be chosen later. We then consider the following Nitsche’s type formu-

lation of Problem (|L.1)):

{Find up € P,’f such that u;, = up on I'p and (4.2)

ap(up,vp) = Ilp(vp), Vo, € P}’f,0~

4.1 Analysis of the discrete formulation

The consistency is straightforward, thanks to (3.2) and to the fact that the transmission condi-
tion (4.1]), which is weakly imposed in the new formulation, is also strongly satisfied by the continuous
solution.

Lemma 4.1 (Consistency of Nitsche’s formulation). Let u be a smooth solution to (1.1) and Br € R, for
any F € Fr. Then one has that

an(u,vy) =l (vp), Vo, € PF.

In order to show the discrete coercivity, we need a well-known inverse inequality (see for instance |8,
Section 1.4.3]). For the sake of clarity, we recall it below and we sketch its proof.

Lemma 4.2 (Inverse inequality). Let F' € Fpr such that F = 0K' N OK?, with K € T, fori =1,2.
There exists a constant C; > 0 independent of h, €, o, v and k such that:

Ovn
" on

2 2
<Oy ||kiVonill2 ir Yon € PE.
0,F i=1

hp
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Proof. From the discrete trace inequality combined with a standard inverse inequality (see for example [8|
Lemma 1.46]), we have for any wy,; € (PF=1(K?))4, i = 1,2, that

ki ll? o < o Isiwnill? g
hr ' P ’

ovy,
Taking wy, ; = Vup,,; and noting that hp < hg: and that ‘ 3 < |Vup,i|, we immediately obtain:
n

ovy, 1 2
<“an> <32t

with CI == Ctr/2~ O]

2
a’l}h i

2
<y Z ||f<;inh,iHaKi7 Yoy, € Pf’f
0,F i=1

hr

We are next interested in how to choose the stabilization parameter S8r. For this purpose, we write:
1 BF 8’Uh
an(vn, vn) = b(vn, vn) + - > - *)/ vp)Pds — ) BF/ <Kn ds
FeFnr FeFn,r
2 0
Z ﬁF / < Uh > ds.

FeFnr
The Cauchy-Schwarz and the Young inequalities yield that:
Br / < 3vh> 1 Br 2 28% au \ ||?
-2 Z plds > == > (1= —=)||[vallgr = D Ko :
FEF, 2¢ FEFnr € Fernr ¢ Br on /llo,r
Plugging this inequality in the definition of ay(vp,vy) leads to:
1 2 v \ ||?
onon,on) 2 onvn) 4 50 3 (0= Ollle - Y PR e (x5
€ FEFnr Fernr T €= PF n /o,

Using next Lemma [£.2] we have that:

€+
an(vp, vp) > Z |62V 0, |13 k¢ + Z (1 — Cfm> 16120 |13 ¢ + la2 YV (op) || 1
KETi\Th.r KeThr F F

e 3 <1—ﬂi>||[vh]||w (43)
FeFnr

Thus, in order to obtain the discrete coercivity of ay(-,-), it is sufficient to choose Sr such that

€+ Br
€—Pr
Following [12], where a boundary value problem with similar non-standard boundary conditions was

considered, we choose 28 as the harmonic mean of € and vhp, where v > 0 is a constant independent
of € and of the discretization, that is:

< h—F. (4.4)

Br <e and fp

Yhpe

. 45
€+ vhr (45)

Br =
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M < i and holds
6+’YhF Cr

1
true for v < o With this choice, the bilinear and linear forms can be written as follows:
I

_ 1 ’YhFG auh (%h
an(un,vn) = blunvn) ¥ Y /F[“h””h]ds 2 T /F <” on > <F” on >ds

FG]'—h,r* FE}—}L,F

oy e (R0 o (62 )

FeFnr
/ Gupdz + / (g (vp) + aeg (vp))ds

Z +7hF/(€f+f)<[vh] —hp <naaiil>>ds

FeFy,

Then clearly 8r < €, while the second inequality of (4.4) translates into

Remark 4.3. The case v = 0, that is Br = 0 for any F' € Fj r, corresponds to the previous discrete
formulation . The other case when Br vanishes, that is for € = 0, is more interesting. Contrarily to
problem , we can directly take e = 0 in the new formulation and obtain the standard Nitsche
formulation of the limit problem ,

Finally, we introduce the following mesh-dependent norm on P}’f:

1/2
1
— 2 2
Mol = (lonl+ 3> o lonll

FeFnrr

and we prove below the main result of this subsection, which yields the well-posedness of the discrete
problem (4.2)) for v sufficiently small.

Lemma 4.4 (Coercivity and continuity of Nitsche’s formulation). For v sufficiently small, there exist
two positive constants CN, CN independent of h, €, o, v and k such that for any up, vy, € PF 0, one has:

cv’?
2
an(un,vn) < CXllunllpllonll, — and — an(vn,vn) = CHllloall;-

Proof. The proof of the continuity is standard. The Cauchy-Schwarz inequality yields, for any up, v, €
Pk, that

Yhpe Oouyp, Oy,

an(unyon) < Junlllonl) + 5 2EE <> <n>
FGZ]'—)L, e+ vhp On on /o r
+ Z (| [un) [vnlllo,F
FeFn,
’th ( 8vh 8uh
. fwnlllor <> +H< Noalllos )-
Fgf: +7hr o /o p on /o p

vYhre
————— < ~vhr and that
e+’yhp_7F e+vhr —
inequality, we further obtain

h h
Noting that LTI ( YAE

1/2
and using again the Cauchy—Schwarz
€+ hp

Gl )
jo
n /llo,F

ontunon) < (sl +2 3 (6+ i -+ 2k

FeFn,
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el )
on 0.F

The conclusion is reached thanks to Lemma with C = 2max{1, Cr}, independent of +.
As regards the uniform coercivity, the choice (4.5)) of Sr together with (4.3)) yields that

< (lonlP+2 3 (Eﬂh Ion 1.+ e

FEFh,

an(onon) > Y I&2VulB e+ S0 (1= 290082V 0n 3 ¢+ @2V (o) (13

KeTu\Th,r KeTh,r
1 1
+5 > il
2 FeTir €+ vhp
. . 1 . .. . N_ 1
Choosing, for instance, v < o e obtain the ||-|||,- coercivity with a constant Cg, = 7 O
1

Lemma 4.5 (Polynomial approximation in energy norm). For any k € N* and v € Vllib"l, there exists a
constant Cip > 0 independent of h, €, o, v and k such that:

. hF 1/2
llo = (Z5)*olll,, < Ciph® (||Hl/2v||i+1,91u92 + (@) ) [fgrr + D (W]l 11, F) - (46)
FeFnr

Moreover, one also has that:

1

1/2
llo = (@X)*lll, < Ciph® (II%”ZUIIiH,QlUQz + ;Hvlliﬂ,glmz +[l(ae)'? (v) ||i+1,r) : (4.7)

Proof. With the same standard interpolation estimates as in Lemma [3.4] we immediately get that

* 1/2
o — (2b) v|isc2h2’“(z Y 0l b 3 @Y o ||k+1F>

i=1 KeT,} FeFnr

+C2h%* ST B (e+vhe) M 1E e
FE]:}L,F

Noting that yhr(e +vhr) ™! < 1, we immediately obtain ([4.6]). As regards estimate (4.7), it follows from
the well-known trace inequality: there exists C' > 0 such that for any F' € Fj, r with ' = 0K; N0K> and
any w; € HY(K;) with 1 <7 <2

[w]

2
1 1
\/E” ;:1 (hKL HU) ||07K7, + |w |1,K7,)

Using next standard interpolation estimates, one gets for any F' € Fj, r that

1 ko * 2 02 2
m”[”] —(Z) )l r < —7 2 i1k,
The announced estimate is obtained by summing upon F' € Fj, r. O

The a priori error estimate for Nitsche’s method is given below and follows from Céa’s lemma.
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Theorem 4.6 (Error estimate in energy norm). Let k € N*, u € V¥ the solution of (2.2) and uy, the
solution of ([.2). For v sufficiently small, there exists a constant CN = (1 + C& /CN)C;, independent
of h, €, a, v and Kk such that:

} } } ~ hF } 1/2
@ = anll, < CYn* <||Hl/2u||i+1,91u92 + () (@) Far + D 7||[u]|i+1,zr) : (4.8)
FeFnr

where U := u — Up, Up := Up — fLDJL with up € Hl(Ql U Qg), ﬂD,h € Pf]f such that up = up, ’LNLD,}L =Up,n
onT'p and ip = tap,p =0 on ON\ I'n. In addition, one has

~ ~ R 1 ~ ~ 1/2
||u—uh|||hsO;Vh’“(||m1/2u||z+1,ﬂlug2+7u||i+1,glug2+||<ae>1/2<u> ||i+1,r) L)

Remark 4.7. One can note that, contrarily to the error estimate (3.7)) of the first method, estimate (4.8])
2

h h
is robust for small values of €. Indeed, if € < vhp, then - < —E and moreover, the weight —£ blows
~y € €

up as € — 0.

4.2 Numerical tests

In this subsection, we carry out some numerical experiments for the same test-cases as in Subsec-
tion [3:2] but using now the new Nitsche’s type formulation. The goal is to illustrate that the energy
error remains bounded for small values of €, which is the main issue in the numerical examples of the
previous section. The energy norm for Nitsche’s formulation eV := |[|& — @y]||,, is also split into three

terms, (eV)? = e + €2 + (e)?, where e}’ now denotes the stabilised jump error on the interface,

(€)=Y (e+vhp) @ — @nl[§ p-
FeFnr

4.2.1 Convergence of the method with respect to the mesh size

We use a stabilisation parameter v = 10~! for the first case and v = 5 x 103 for the second case.
We check numerically the error estimate given in Theorem for the energy norm e”, more precisely
the convergence rate with respect to h at fixed e.

The results are depicted in Figures [T0]and [[T]for the energy norm and the jump stabilized norm of the
error, respectively. We observe that the results are similar to Figures @] and [}] The orders of convergence
are summarized in Table 2

Case 1 | Case 2
el | 098 [ 104
eN 1099 1.06
el | 1.87 | 2.06
eV ] 0.96 1.04

Table 2: Convergence rates of each error for Nitsche’s method

4.2.2 Convergence with respect to ¢

Let now h be fixed, for each test-case. We observe from Figure 12| that Nitsche’s energy error e” is

bounded for small values of €, contrarily to the energy error e that blows up. This is due to the fact that
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Figure 10: Logarithm plot of the energy error e’V with respect to the mesh size h
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Figure 11: Logarithm plot of the jump error e

5 with respect to the mesh size h

Nitsche’s jump error is bounded, as shown in Figure [I3] We note for both methods the good behaviour
as € decreases of the gradient and tangential errors, which are not affected by the %—term. The tangential
gradient errors are plotted in Figure
4.2.3 Conditioning

In Figure [I5] we observe that the condition number of the Nitsche’s method is bounded as € tends
towards 0, whereas the condition number of the first method increases, as highlighted in Subsection [3.2.4]
4.3 Application: use of iterative solvers

In this subsection we apply an iterative solver, more precisely the conjugate gradient method, to solve
the linear system.
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Firstly, we consider the test-case 1 as in Subsection with fixed h = 1.6 x 1072 and v = 107!
for Nitsche’s method. We let € vary in order to see how the conditioning affects the performance of each
method. We set the tolerance equal to 10~2 and the maximum number of iterations I equal to the matrix
size, in this case I = 11391. Let r := || Az — b|| the residual in the last iteration. We can see from Table
that as € decreases, the number of iterations to reach the fixed tolerance with the first method increases;
consequently, the errors increase too, since convergence is not reached in the last iterations. On the other
hand, Table [] shows that the number of iterations for Nitsche’s method remains limited as e goes to 0,
and so do the errors.

Secondly, we consider the test-case 2 and we now set tol = 1074, h = 2.5 x 1072 and v = 5 x 1073.

19



log gradient errors

|
bl
wn

|
w
o
L

|
w
wn

—e— FEM approx. er

Nitsche e¥

2 3 4 5 6 7
ki{e=107%)

(a) Case 1 with h = 1.6 x 1072

Figure 14: Logarithm plot with respect to € of the tangential gradient errors e, = ||(ae)*/2V, (u—wp)|

and e = ||(ae)Y/2V . (u — un)|lo.r, for FEM and Nitsche’s methods respectively

—8— FEM
10 Nitsche

log1o condition number
]

2 3 4 5 6 7
ki{e=10"%)

(a) Condition number of case 1

with h =3 x 1072

log gradient errors

1
P
=]

1
P
n

I
L
=]

I
o
n

|
o
=]

—e— FEM approx. er

Nitsche e}

log1p condition number

10 4

1 2 3 4 5 6 7
k(e =107%)

(b) Case 2 with h = 2.5 x 1072

o,

—8— FEM
Nitsche

k(e=107%)

(b) Condition number of case 2
with h =5 x 1072

Figure 15: Logarithm plot with respect to € of the condition number for the two methods

The matrix size is now 11005, so the maximum number of iterations is I = 11005. Tables [f] and [6] show
similar results to the previous test-case.

Finally, we are interested to see how many iterations are necessary in order to attain convergence,
without setting a maximum number of iterations. In Figure [16] we observe for both test-cases that the
number of iterations in the FEM approximation (in blue) increases as e decreases, whereas it remains
bounded for Nitsche’s method. Thus, the iterative solution of Nitsche’s method converges faster than the
one of the standard method.
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number of iterations /

€ I r e €; er

10 11391 5.6-107% 1.2-107! 1.3-1073% 7.8.1072
1071 11391 1.9-107% 3.4-1072 8-107%* 1.3-10"2
102 6411 9.5-107* 1.7-1072 1.1-107* 1.5-1073
1073 2627 9.1-107% 19-1072 29-107* 5-107*
107* 5439 93-100* 1.8-1072 89-107* 1.9-10~*
10-® 8189 89-.-107* 1.9-1072 27-1073% 6.1-107°
10-% 11391 1-107% 1.8-1072 95-1073 3.5-107°
107 11391 1.8-1073% 4.1-1072 2.7-1072 22-107°

Table 3: Convergence history of conjugate gradient for case 1, using FEM approximation

N N N
€ I r e €; er

10° 11391 54-107% 1.3-107! 1.3-1073 7.8-102
1071 11391 1.6-107% 3.3-1072 5.2-107* 1.3-10"2
102 6408 9.9-107* 1.7-1072 1.2-107* 1.5-1073
1073 2396 9.3-107% 23-1072 2.1-107* 5-107%
107% 2313 9.2-107% 21-1072 3.1-107%* 1.9-10~*
107 2543 94-107% 18-1002 3.107% 6.1-107°
10-% 2512 9.6-107* 1.9-1072 3.7-1073 3.5-107°
1077 2508 9.9-107* 1.9-1072 34-1072 22-107°

Table 4: Convergence history of conjugate gradient for case 1, using Nitsche’s method

€ I r e €; er

10 926 9.1-107° 9.8-107% 7.-107° 2.5-1073
107t 434 99.107° 9.5-1073% 57.107° 8.107%
1072 303 87-107° 95-107% 9.6-107° 25-107*
1072 492 93-107° 95-107% 26-107* 8-107°
107* 949 88-107° 9.5-107% 79-107% 2.5-107°
1075 1447 9.5-107° 9.8-107% 2.5-107% 8.1-107°
1079 1916 9.5-107° 1.3-1072 83-107% 25-1076
10-7 2404 9.2-107° 2.7-107%2 26-1072 8.1-1077

Table 5: Convergence history of conjugate gradient for case 2, using FEM approximation

2500

25000

2000
20000

15000 - \
10000 \
\
\

1500 +

=
o
s}
s}

number of iterations /

5000 500 4 \\\ A
-'\V/ -
s 1z 3 a3 & 3 S
k(e =107%) k(e=107%)
(a) Case 1 21 (b) Case 2
h=16x10"2 yv=10""1, tol =1073 h=25x10"2v=5x10"3, tol =107*
)

Figure 16: Variation of the number of iterations with respect to € for the txo methods



N N N
€ 1 T e €; er

10 933 94-107° 9.8-107% 79-107° 2.5-1073
10! 435 98-107° 95-10% 1.1-107* §8-107*
1072 312 85-107° 95-107% 4.7-107* 25-107%
1073 484 1-107* 9.6-107% 15-107% 8-107°
1074 848 1-107* 1-1072 39-107% 25-107°
10=® 1036 9.3-107° 1.1-1072 6-1073 81-107°
107 1061 9.9-1075 1.1-1072 6.3-1073 2.5-10°¢
107 1084 9.5-107° 1.1-1072 6.3-107% 8.1-1077

Table 6: Convergence history of conjugate gradient for case 2, using Nitsche’s method

5 Conclusion and perspectives

In this paper, we have studied an extended Nitsche’s type method for non-standard transmission
problems with a mesh-aligned interface. We have shown optimal convergence with respect to h for a
2D piecewise linear approximation. Its main advantage, in comparison with a standard finite element
method discontinuous at the interface, is the behaviour as € decreases to 0 of its condition number, which
remains bounded. This is particularly important if one uses iterative solvers to solve the linear system,
especially in 3D problems with complex geometries.

In a future work, we plan to apply these techniques to shape optimisation in discontinuous interface
problems, in particular to a thin film heat exchanger problem where € is very small.
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