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Q1Cylindrical brushes with ionized side chains:
Scaling theory revisited

Ekaterina B. Zhulina a and Oleg V. Borisov Q2
ab

We revisit the classic scaling model of a cylindrical polyelectrolyte (PE) brush focusing on molecular

brushes with stiff backbones and dispersions of polymer-decorated nanorods. Based on the blob

representation we demonstrate that similarly to the case of planar PE brushes, separation of intra- and

intermolecular repulsions between charges leads to novel scaling regimes for cylindrical PE brushes in

salt-added solution and a sharper decrease in its thickness versus salt concentration dependence. These

theoretical predictions may inspire further comprehensive experimental research and computer

simulations of synthetic and biopolyelectrolyte cylindrical brushes.

1 Introduction

Molecular brushes and polymer-decorated nanorods are widely
examined theoretically and experimentally with the aim to
advance functions of new materials, including thin films, bulk
elastomers, and gels.

Branched polymers (molecular brushes) comprising a linear
backbone and multiple side chains have remained the focus of
ongoing research for a number of decades.1–7 Intermolecular
interactions between densely grafted side chains govern the
specific properties of such macromolecules in solutions and
bulk materials, as compared to linear polymers. The developed
synthetic strategies: (i) ‘‘grafting to’’, (ii) ‘‘grafting-through’’,
and (iii) ‘‘grafting from’’ provide a variety of branched archi-
tectures with the ‘‘grafting from’’ approach being most efficient
to obtain macromolecules with long backbones and high
grafting densities of side chains. The possibility to vary inde-
pendently polymerization degrees (DPs) of the backbone and
side chains, and grafting density of the pendants allows for
control of the static and dynamic properties of graft polymers
in solutions, gels, and bulk materials.2,4,5 For example, self-
organization of block copolymers with incompatible comb-like
or bottlebrush blocks can be exploited for the fabrication of
nanostructured materials with tissue-mimetic mechanical
properties and structural colorations.8–11

Polyelectrolyte brushes can also mimic certain structural
features of natural biological layers. In particular, charged
cylindrical brushes could model aggrecans – essential compo-
nents of cartilage in synovial joints,12 neurofilaments –

building blocks of the cytoskeleton in axons of neurons,13

and cylinder-like cilium decorated with polymeric mucins.14

Analytical15 and self-consistent field numerical16,17 theories
as well as coarse-grained computer simulations18–25 of
branched macromolecules have established the relationships
between macromolecular topology and experimentally accessi-
ble properties of materials comprising elastomers and hairy
gels26–28 composed of physically or chemically cross-linked
bottlebrushes. However, a vast majority of the theoretical
studies on bottlebrushes deal with neutral systems, while
computational studies of molecular brushes with ionized grafts
are relatively sparse.30–32

The first scaling models of polyelectrolyte (PE) brushes were
developed in the 1990s.33–37 They presumed stretching of
polyions normally to the grafting surface, localization of their
end-points in the vicinity of external brush boundaries, and
laterally smeared distribution of charges all over the brush
volume. The original models predicted three major PE brush
regimes in all geometries: osmotic (at low salt concentration),
salt-dominated (at intermediate salt concentrations), and
quasi-neutral (at large amounts of salt with predominantly
non-electrostatic monomer–monomer interactions). An addi-
tional, charged regime served as a narrow corridor separating
individual polyions from osmotic brushes. The scaling models
provided the power law dependences for the brush thickness
and polymer density profile as functions of molecular para-
meters: degree of ionization and molecular weight of the
tethered polyions, their grafting density, radius of grafting
surface, and solvent strength. While in the osmotic regime
the thickness of the PE brush does not depend (in scaling
terms) on the geometry of the underlying substrate, in the salt-
dominated regime the exponent in the dependence of the
brush thickness on the salt concentration depends on the
system geometry, and is specified as ( j + 2)�1 with
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dimensionality j = 1, 2, 3 for planar, cylindrical, and spherical
PE brushes, respectively.37

Further extensions/modifications in the PE brush theory
followed various paths, including analytical Poisson–Boltz-
mann frameworks with the account of rigidity, polydispersity
and architecture of the tethered polyions, size and valence of
the mobile ions, the solvent structure (see, e.g. the review in ref.
38 etc.), and extensive computer simulations (see e.g. ref. 23, 39,
and 40 and references therein). The studies pointed at a more
complex structure of PE brushes compared to neutral counter-
parts, and provided many fine details of polyion organization in
thin surface layers. Distinction between intra-chain and inter-
chain electrostatic repulsions in planar PE brushes41 demon-
strated that while osmotic and quasi-neutral regimes are not
affected by separation of these interactions, the salt-dominated
regime is noticeably modified. Instead of single exponent �1/3
in the salt dependence of the brush thickness, the planar PE
brush exhibits three subregimes with consecutive exponents
�1/3, 0, and �3/7, prior to becoming quasi-neutral.

The rest of the paper is organized as follows: in Section 2, we
formulate the model of a cylindrical PE brush with a rigid
backbone, and briefly summarize the scaling results for iso-
lated polyions in aqueous solution. In Section 3 we review the
scaling model of the salt-free cylindrical PE brush. In Section 4
we consider the effect of salt on the thickness of the cylindrical
PE layer with emphasis on novel regimes that arise due to
separation of intra- and intermolecular repulsions. In Section 5
we discuss the results and we outline our conclusions in
Section 6.

2 Model

A cylindrical PE brush consists of a rigid backbone (cylindrical
core) decorated with long side chains (polycations) attached to
the core at multiple grafting points. This model applies to
bottlebrush macromolecules comprising a stiff main chain
with DP M c 1, and flexible linear side chains each with DP
n, regularly tethered at a distance h along the backbone, as well
as to polymer-decorated nanorods with long flexible ligands
(Fig. 1). The backbone has radius r while the flexible side
chains are assumed to have monomer unit size a, and Kuhn
segment length C a. The linear distance h between neighbor-
ing grafting points is related to the radius r of the core and the
chain grafting density s as h = (2prs)�1. The side chains are
permanently charged with the degree of ionization 0 r b r 1.
If b = 0, the grafts are neutral while at b = 1 each monomer unit
in the side chain has elementary charge e. The Bjerrum length
lB = e2/(ekBT) is assumed to be on the order of a (i.e., for lB E
0.7 nm in aqueous solution with dielectric permeability e C 80,
ratio lB/a C 1). Each charged side chain produces bn mobile
counterions distributed over the volume of the system that can
also contain monovalent salt ions with concentration cs. The
latter specifies the Debye screening length as rD = (8plBcs)

�1/2.
We consider close to theta solvent conditions with respect to
the short-range van der Waals interactions between monomer

units, corresponding to the predominance of ternary over
binary contacts between monomers.

The short-range repulsive interactions between neutral
grafts (b = 0) cause elongation of the side chains when neigh-
boring grafts start to overlap, h C RG C an1/2. In contrast to
neutral side chains, polyelectrolyte grafts orient normally to the
backbone prior to overlap due to the cumulative electric field
created by the grafts. A similar effect was predicted for poly-
electrolytes loosely tethered to a planar surface that orient
normally prior to overlap.36 However, orientation of the
charged grafts does not cause their elongation that typically
starts when the average distance h between neighboring grafts
becomes on the order of the average size Re(b,n) of an isolated
side chain (graft). At this point, the elastic intramolecular force
acting in the graft becomes comparable to the orientational
electric force created by neighboring polyions, and we assim-
ilate the condition

h C Re (1)

for the onset of the side chain elongation.
According to the existing scaling models,39 the average end-

to-end distance Re of an isolated charged polyion with DP n and
degree of ionization b in aqueous solution with e E 80 is
specified as

Re=a ’ b2=3nu1=3 charged regime IS
n1=2 quasi-neutral regime G

�
(2)

where we have introduced the conventional notation u = lB/a C
1. The first line in eqn (2) corresponds to the charged polyion
with the degree of ionization b4 (lB/a)1/2n�3/4 C n�3/4 in dilute
salt-free solution. Its size Re is specified by the balance of
repulsive Coulomb force acting between Q = bn elementary
charges on the polyion (BQ2lB/Re

2) and the Gaussian elastic
force (BRe/a2n). The macromolecule is envisioned as a
sequence of ne C nb4/3 electrostatic blobs with size

xe C ab�2/3u�1/3 (3)
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Fig. 1 Schematic of a cylindrical polycationic brush with DP n of tethered
polyions and degree of ionization b (i.e., with number nb of charged
monomer units per polyion, or equivalently, partial charge eb per mono-
mer unit), and linear distance h between neighboring grafts. Mobile ions
are not shown.
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each, and the Coulomb repulsion energy BkBT per blob. At bo
n�3/4 the repulsion between charges is insufficient to stretch
the polyion, and it retains the Gaussian size RG C an1/2 (second
line in eqn (2).

3 Polyelectrolyte cylindrical brush in
salt-free solution

Under theta-solvent conditions, the average brush thickness D
(proportional to the average end-to-end distance of the side
chain) of a neutral (quasi-neutral) bottlebrush is specified by
the balance between repulsive ternary monomer–monomer
interactions with the third virial coefficient Ca6 and the
Gaussian elasticity of the side chains to give37

Dqn ffi a
n2=3

h1=3
(4)

The polymer volume fraction profile c(r) in neutral
bottlebrush yields

cqnðrÞ ’
a

ðhrÞ1=2 (5)

Eqn (5) suggests that side chains form the elastic blobs
with size

xqn C (rh)1/2 (6)

that densely fill the space (concentric cylindrical layers) in the
brush. That is, area per chain C hr at distance r from the
backbone equals the cross-sectional area of the blob, hr C xqn

2.
Here and below, the subscript indicates the brush state (quasi-
neutral qn, charged c, or osmotic osm).

In order to evaluate D and c(r) in charged brushes, one has to
account for the long-range electrostatic interactions between
side chains. The scaling regimes of the charged cylindrical
brush were originally discussed in the mean-field framework
for charge distribution.37 We briefly review here the relevant
results.

The free energy F per chain of the bottlebrush with rodlike
backbone comprises the elastic contributions Felastic due to
stretching of the side chain (polyion), and the electrostatic free
energy W due to the interactions between charges on polyions
and counterions,

F = Felastic + W

In the absence of salt, the polyion exhibits Gaussian elasticity
on all length scales, and the elastic contribution

Felastic

kBT
’ D2

a2n
(7)

The electrostatic contribution W has different forms depending
on the values of h and b.

For sparsely tethered grafts and relatively small b (charged
regime C), a cylindrical brush with backbone length L and
linear charge density bne/h does not retain its counterions. In
this case, mobile counterions spread almost uniformly over the
volume per PE brush in the solution. At concentrations of PE

brushes close to the overlap threshold (BL�3), the major part of
counterions is located outside of the brush with thickness D {
L, making the brush almost net charged. Considering the PE
brush as one plate of the cylindrical capacitor with linear
charge density bn/h, and the second plate located at distance
B L, the electrostatic free energy W per period of the brush can
be evaluated as

W

kBT
� uaðbnÞ2

h
ln

L

D

� �
(8)

For densely tethered and stronger charged grafts, the major
part of counterions is retained inside the brush (osmotic
regime O), making it almost electroneutral. In this case W is
expressed via the translational entropy of entrapped counter-
ions,

W

kBT
� bn ln

bn
hD2cs

� �
(9)

Minimization of the total free energy F with respect to D with
retention of only dominant terms leads to the power law
dependences for the equilibrium thickness D of an ionic
bottlebrush with a stiff backbone, collected in Table 1, together
with the equilibrium parameters of the quasi-neutral brush and
individual side chains.

In Fig. 2 we present the scaling-type diagram of states for
such bottlebrushes in b,h coordinates. To the right of the
boundary h C Re marked by the dashed lines (eqn (2)), a
cylindrical brush with a stiff backbone has non-overlapping
side chains with an average end-to-end distance D C Re if h 4
Re (regime IS) or D C RG C an1/2 (regime G). To the left of the
dashed lines (at relatively large h), the brush is found either in
charged (C) or quasi-neutral (QN) regimes. Notably, in the
charged regime the C distance h/bn remains larger than lB.
Similarly to planar brushes, regime C is a narrow intermediate
regime separating isolated polyions from the osmotic brush.

In scaling terms, the onset of counterion condensation (h/bn
C lB) occurs at the boundary between charged (C) and osmotic
(O) regimes, in which the dominant part of counterions con-
dense inside the volume of the brush. Specifics of the counter-
ion distribution upon crossing the C–O boundary are beyond
the scaling model adopted in this paper. However, smooth
crossover of the brush thickness D at the C–O boundary
suggests that the applied scaling model correctly accounts for
the major brush rearrangement associated with counterion
condensation.
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Table 1 Equilibrium parameters of a cylindrical PE brush in various
regimes of the diagram of states in Fig. 2

Regimes D/a c(r)

Charged (C) bu1/2n3/2(a/h)1/2 —
Osmotic (O) b1/2n b�1/2(a2/hr)
Quasi-neutral (QN) n2/3(a/h)1/3 (a2/hr)1/2

Isolated (IS) b2/3u1/3n b�2/3 u�1/3 (a/r)2

Gaussian (G) n1/2 a/r

This journal is The Royal Society of Chemistry 2023 Soft Matter, 2023, 00, 1�13 | 3
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In Fig. 3 the osmotic regime (O) in the diagram of states (the
same as in Fig. 2) is divided into three subregimes with
different colors. We explain this subdivision later.

3.1 Polymer volume fraction profile

Under conditions of the Gaussian elasticity for tethered poly-
ions, the radial polymer density profile

cðrÞ ’ a3

hr

dnðrÞ
dr

(10)

in the PE brush can be found by balancing the side chain
tension,

tðrÞ ’ kBT
dr

a2dnðrÞ;

and the electrostatic force f (r) acting at the chain segment
dn(r).

In the osmotic regime O, f (r) is specified by osmotic pres-
sure P(r) = kBTbc(r) of mobile counterions, to give

f ðrÞ ’ Phr ’ kBTb
dnðrÞ
dr

The force balance condition,

dr

adn
’ b1=2; (11)

indicates that side chains in the osmotic regime can be envi-
sioned as strings of elastic blobs with size

xosm C ab�1/2

oriented normally to the backbone. A similar structure of
tethered polyions (strings of blobs with size xosm C ab�1/2)
has been predicted in planar and spherical osmotic brushes as

well. The corresponding polymer density profile in a cylindrical
brush yields

cosmðrÞ ’
a2

b1=2hr
(12)

Notably, a small fraction of counterions escapes from the brush
in the osmotic regime O to conserve net charge density q C lB

�1

C a�1 per unit length of the backbone. The fraction of escaped
counterions is however much smaller compared to the fraction
of retained counterions, Cbn/h, when bc h/an, which is in the
middle of the osmotic regime O.

In the charged regime C, the polymer density profile in the
cylindrical brush is not described by a single power law
dependence. Conformations of tethered polyions with end-
points fixed at the outer brush boundary have been addressed
using the ‘‘capacitor’’ model.42 It was demonstrated that in the
equal stretching approximation for tethered polyions (that is,
when the distribution of the chain-free end is approximated by
the delta-function d(r � Dc)), the polymer density profile decays
approximately as cc(r) B (r/Dc) in the inner part of the brush (r/
Dc t 0.5) and exhibits a strong increase in the outer part of the
brush (r/Dc \ 0.5) that does not obey power law dependence. If
restriction on end-points of the side chains is relaxed, and they
spread through the whole brush, the parabolic approximation
for the electrostatic potential C(r) leads to the polymer density
profile cc(r) C (ubn)�2a�3 = const everywhere inside the brush.
Both approximations (i.e., with pinched or unrestricted posi-
tions of end-points) provide the same scaling dependence for
the brush thickness Dc/a C n3/2bu1/2/(h/a)1/2 with numerical
prefactors on the order of unity, but lead to quite different
patterns for the polymer density distribution cc(r). The account
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Fig. 2 Scaling-type diagram of states for a cylindrical PE brush in salt-free
solution in b,h log–log coordinates, lB = a. The red line b = h/na
corresponds to the onset of counterion condensation in the brush volume.
Overlap thresholds for side chains, h = Re, shown by dashed lines separate
regimes of individual polyions (IS and G) from brush regimes (O,C,QN).
Theta-solvent conditions with respect to short-range van der Waals
monomer–monomer interactions.

Fig. 3 Scaling-type diagram of states for a cylindrical PE brush in salt-free
solution in, log–log coordinates. Notations are the same as in Fig. 2.
Osmotic regime O is divided in sub-regimes: O1 (shaded green), O2

(shaded pink) and O3 (shaded blue), each corresponding to a different
sequence of power law dependences for brush thickness D(cs) depicted in
Fig. 5. Equations for boundaries are indicated. The dotted line b = (h/a)�2

separates states of osmotic brush with and without a quasi-neutral sub-
layer. The red square marks an area with b = 0.25–0.38 and h/a = 3–4 for
pure NFL.
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of dead zone (which emerges in a cylindrical charged brush in
the parabolic potential framework) performed along the lines
in ref. 43 and 44 indicates no change in the power law
dependence for Dc but leads to the logarithmic prefactor
Blog(Dc/a) in the free energy Fc per chain. In frames of the
scaling approximation adopted here, logarithmic prefactors are
omitted.

3.2 Internal blob structure of osmotic polyelectrolyte
bottlebrush

In contrast to a planar brush of grafted polyions, the inner and
outer parts of the cylindrical PE brush could be in different
states. While the state of the main, outer sublayer is specified
by the regime in the diagram of states in Fig. 2 (e.g. osmotic
regime O with blob size xosm), the state of the inner sublayer
depends on the ratios between h, xosm and xqn.

If h 4 xosm C ab�1/2, the strings of blobs with size xosm start
directly from the surface of the backbone (no inner sublayer),
and the polymer density profile cosm(r) is given by eqn (12) in
the whole body of the osmotic brush. If h o xosm, the inner
layer with radius r* emerges while the outer sublayer still
exhibits the osmotic regime at r 4 r*.

If h/a o n1/5, and h o xosm, then the neighboring to regime
O is quasi-neutral regime QN, and the inner layer constitutes
the system of densely packed blobs whose size xqn(r) is given by
eqn (6). The thickness of the inner sublayer r* is specified as
xqn(r*) C xosm to give r* C xosm

2/h 4 xosm, with r* { D C anb1/

2 above the O–QN boundary, b C (nh/a)�2/3. In this range of
parameters strings of osmotic blobs originate from the surface
of the cylinder with radius r*, while inside the inner sublayer
the increasingly sized blobs are densely packed. An approach to
boundary O–QN leads to the increase in r* C Dqn, and
disappearance of the outer layer upon crossing the O–QN
boundary. At h/a 4 n1/5, condensation of counterions at the
neighboring O–C boundary, makes it challenging to specify O–
C transformation in scaling terms.

In Fig. 4 we schematically illustrate the blob structure of side
chains in various regimes of the diagram in Fig. 2a: (a) in the
osmotic regime O with h 4 xosm and no inner sublayer, (b) in
the osmotic regime O with h o xosm and two-layer structure,
and (c) regime I of individual polyions with h 4 Re. Different
blob colors correspond to different regimes: pink for xe, green
for xqn, and yellow for xosm.

In the following we focus on the osmotic regime O, which is
the main regime of salt-free PE brushes in all geometries, and
examine how additions of monovalent salt affect the thickness
of the PE brush.

4 Polyelectrolyte cylindrical brush in
salt-added solution

In a cylindrical PE brush, the stretching force created by mobile
ions decreases not only with increasing cs but also with
distance r from the backbone. In the scaling model, the area

per chain s(r) at distance r from the backbone increases as s(r)
C hr.

In the salt-added solution, tethered polyions are exposed to
the differential osmotic pressure of mobile ions45

DPðrÞa3
kBT

¼ cþðrÞ þ c�ðrÞ � 2cs

¼ 2cs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bcðrÞ
2cs

� �2

þ1

s
� 1

0
@

1
A

� bcðrÞ bcðrÞ � cs
b2cðrÞ2=cs bcðrÞ � cs

�
(13)

Here,

c�ðrÞ ¼ cs
bcðrÞ
2cs
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bcðrÞ
2cs

� �2

þ1

s2
4

3
5

� bcðrÞ bcðrÞ � cs
csð1þ bcðrÞ=2csÞ bcðrÞ � cs

�
(14)

and

cþðrÞ ¼ cs �
bcðrÞ
2cs
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bcðrÞ
2cs

� �2

þ1

s2
4

3
5

� cs
2=bcðrÞ bcðrÞ � cs

csð1� bcðrÞ=2csÞ bcðrÞ � cs

�
(15)

are concentrations of mobile counterions and coions at dis-
tance r from the backbone, bc(r) is the concentration of
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Fig. 4 Schematics of the blob structure in tethered polyions in salt-free
solution: osmotic regime O with b 4 (h/a)�2 (a) and b o (h/a)�2 (b), and
regime IS of individual polyions (c). Colors are: yellow for osmotic elastic
blobs, xosm, blue for quasi-neutral blobs, xqn, and pink for electrostatic
blobs, xe.
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immobile charges on polyions, and eqn (13) was derived
assuming brush local electroneutrality, c�(r) E c+(r) + bc(r).

The electrostatic stretching force per chain

f?ðrÞ
kBT

’ sðrÞDPðrÞ=kBT ’ hrDPðrÞ=kBT (16)

determines local tension t(r) in polyions, and the polymer
density profile c(r).

A mean-field picture of the salt-dominated cylindrical
brush46 implies that charges on polyions and small mobile
ions are uniformly spread throughout the brush to ensure the
brush local electroneutrality. This approximation leads to a
single power law dependence for the brush thickness D as a
function of salt concentration cs, D B (b2/cs)

1/4, which is
obtained by balancing the Gaussian elasticity of polyions with
differential osmotic pressure of salt ions.

As we demonstrate below, the account of intramolecular
Coulomb repulsions localized on the polyion charges leads to
novel regimes in the cylindrical brush behavior. Depending on
the values of cs, the polymer density distribution c(r) and the
brush thickness D demonstrate novel power law dependences.
Below we discuss different regimes of PE cylindrical brush
(indicated by subscripts I–V) in salt-added solution in detail.

4.1 Regime I: 0 o cs o cI
s

The osmotic PE brush retains its size

DI = Dosm C ab1/2n (17)

and the polymer density profile

cIðrÞ ¼ cosmðrÞ ’
a2

b1=2hr
(18)

up to salt concentrations (volume fractions of salt ions) cs = cI
s at

which the concentration bcI(DI) of counterions at the outer
brush boundary (r C DI) becomes comparable to the concen-
tration cs of added salt ions,

cIs ’ bcIðDIÞ ’
a

nh
(19)

The h-dependent contribution FI,ion to the electrostatic free
energy per polyion is specified by the free energy of mobile ions
(at fixed chemical potentials lncs of the ions in the solution).
With the account of polymer density profile cI(r) in eqn (18),

FI;ion

kBT
’
ðDI

a

bcIðrÞ ln
bcIðrÞ
cs

� �
a�3sðrÞdr � bn ln

ab
nhcs

� �
(20)

The derivative of FI with respect to distance h between grafting
points,

f Ik
kBT

¼ � 1

kBT

@FI

@h
’ bn

h
(21)

Specifies the lateral ion-induced electrostatic force f8 acting in
the cylindrical core (in the backbone) in regime I.

4.2 Regime II: cI
s o cs o cII

s

At c 4 cI
s, the salt-dominated regime II starts to develop in the

external brush sublayer, and differential osmotic pressure of
mobile ions, P(r)a3/kBT, changes there from bc(r) to b2c(r)2/cs.
Radius rI of the inner osmotic sublayer is specified as bcI(rI) C
cs to give

rI ’
b1=2a2

hcs

Elastic tension acting in the polyion, t(r)/kBT C dr/a2dn, in the
salt-dominated external sublayer is balanced by the osmotic
stretching force

f II? ðrÞ
kBT

¼ sðrÞDPðrÞ=kBT ’
hrb2cðrÞ2

a3cs

to give (taking into account eqn (10)) for the polymer density
profile,

cIIðrÞ ’ a4=3
cs
1=3

ðbhrÞ2=3; (22)

and size x(r) of the elastic blob,

xIIðrÞ ’ kBT=tðrÞ ’
ahcs

b2
r

� �1=3

(23)

By normalizing the polymer density profile,

na3 ’
ðDII

rI

cIIðrÞrhdr;

one finds the brush thickness DII c rI in the salt-dominance
regime II,

DII ’ a5=4
b2

cs

� �1=4
n3=4

h1=4
(24)

Using eqn (14) and (15), the ion-induced h-dependent con-
tribution FII,ion to the total electrostatic free energy per chain in
regime II is presented as

FII;ion

kBT
¼
ðDII

a

c�ðrÞ ln
c�
cs

� �
þ cþðrÞ ln

cþ
cs

� �� �
a�3sðrÞdr

’
ðDII

a

b2
cII

2ðrÞ
cs

a�3sðrÞdr ’ b
cs1=2

na

h

� 	1=2 (25)

The lateral stretching force imposed on the backbone by mobile
ions is given by

f IIk
kBT

¼ � 1

kBT

@FII;ion

@h
’ a1=2

h3=2
b2n
cs

� �1=2

(26)

The brush thickness DII in regime II coincides with the D(cs)
dependence obtained in the mean-field approximation without
separating intra- and intermolecular interactions between
charges on polyions, and we refer to this regime as the classic
salt-dominated one.
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4.3 Regime III

The salt-dominated regime II lasts until tension in the polyions
t(DII)/kBT C xII

�1(DII) becomes equal to tension te/kBT C xe
�1 C

u1/3b2/3 created by charges in individual polyion, to give

cIIs ’
a

nhb2=3u4=3
(27)

At this point, the area per chain S C hDII at the outer boundary
of the brush becomes equal to rD

2(cII
s ), and further increase in cs

4 cII
s leads to the formation of an external sublayer formed by

segments of unperturbed individual polyions at distances r 4
rII while chain segments in the inner sublayer with radius rII

retain the structure of regime II. Radius rII(cs) is specified from
the equality s(r) C hr C rD

2 to give

rII ’ a2

uhcs
(28)

The size rII of the inner sublayer becomes much smaller than
the size Re C anu1/3b2/3 of individual polyion when cs \ cII

s , and
the brush retains its thickness

DIII C Re C anb2/3u1/3 (29)

in regime III.
Each polyion in regime III is envisioned as a string of Re/rD

symmetric subunits with size rD, and an increase in cs c cII
s

merely changes the total number Re/rD of subunits without
changing the polyion size Re. At length scales below rD the
chain segment retains the structure of an individual polyion in
the salt-free solution with actual chain tension t0 D kBT/xe. On
length scales larger than rD, a polyion is envisioned as a chain
of symmetric impermeable subunits with size rD stretched up
to its full length, Re. This conformation of a polymer chain with
subunit size rD is attained if it is exposed to a stretching force
larger than CkBT/rD, i.e., the inverse size of the impermeable
subunit of size rD.

The polymer density profile in regime III is given by

cIIIðrÞ ’
a

b2=3u1=3hr
(30)

While the size x of the elastic blob for the string of subunits of
size rD remains on the order of rD

xIII C rD (31)

The stretching force caused by the differential osmotic pressure
of mobile ions, decreases in regime III as

f III?
kBT

¼ sðrÞDPðrÞ=kBT ’
b2=3

cs

a2

u2=3hr
(32)

where

DPðrÞa3=kBT ffi b2cIII2ðrÞ=cs ffi
b2=3

cs

a4

u2=3ðhrÞ2 (33)

Notably, the force fIII
> given by eqn (32) is smaller than kBTxe

�1

at distances r Z rII given by eqn (28), but larger than kBTrD
�1 at

r D DIII D Re.

In this regime III,

FIII;ion

kBT
’
ðDIII¼Re

a

b2
cIII

2ðrÞ
cs

a�3sðrÞdr

’ ab2=3

u2=3hcs
ln nb2=3u1=3
� 	

(34)

and the lateral stretching force f8 originating due to osmotic
pressure of mobile ions is given by

f IIIk
kBT

¼ � 1

kBT

@FIII;ion

@h
’ ab2=3

u2=3csh2
(35)

4.4 Regime IV

At salt concentrations reaching the threshold value cs = cIII
s , the

electrostatic stretching force f> acting at the outermost subunit
(r C Re) reduces to kBTrD

�1 to give

cIIIs ’
a

u3=2nh

� �2=3

(36)

At cs 4 cIII
s , the inner sublayer with size rIV retains the

structure of the individual polyion in salt-free solution, while
the external sublayer exhibits the excluded volume statistics on
length scales larger than rD. The condition

hrIV�DP(rIV)/kBT C rD
�1 (37)

specifies radius

rIV ’
b2=3

cs3=2
a2

hu7=6
(38)

of the inner sublayer.
In the outer sublayer (i.e., at r 4 rIV), the size of elastic blob

is x(r) 4 rD. Let x(r) contain gD(r) subunits with size rD, so that
x(r) C rDgD

3/5(r). Because each subunit contains rD/xe D rDb
�2/

3u�1/3/a monomers, the elastic blob contains

mðrÞ ¼ gDðrÞrDb�2=3u�1=3
a

’ xðrÞ
rD

� �5=3
rDb�2=3u�1=3

a

’ x5=3ðrÞ

arD2=3
b�2=3u�1=3 (39)

monomer units to produce polymer volume fraction radial
profile

cðrÞ ’ mðrÞa3
xðrÞhr ’ x2=3ðrÞ cs

b2

� �1=3
a4=3

u1=3hr
(40)

Force balance condition

sðrÞDPðrÞ=kBT ’ hr
b2

a3cs
c2ðrÞ ’ b2

cs

� �1=3

xðrÞ4=3 a
�1=3

u2=3hr

’ 1

xðrÞ (41)

gives

xIVðrÞ ’ a1=7
cs

b2

� �1=7

ðhrÞ3=7u2=7 (42)
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and

cIVðrÞ ’ x2=3ðrÞ cs

b2

� �1=3
a4=3

hr
’ cs

b2

� �3=7
a2

hr

� �5=7

u�1=7 (43)

By normalizing the polymer density profile

na3 ’
ðDIV

a

cIVðrÞhrdr

one finds brush thickness D in regime IV,

DIV ’ a11=9
n7=9

h2=9
b2

cs

� �1=3

u1=9 (44)

The ion-induced electrostatic free energy contribution

FIV;ion

kBT
’
ðDIV

a

b2
cIV

2ðrÞ
cs

a�3sðrÞdr

� b2

cs

� �1=3

n4=9
a

h

� 	5=9
u�2=9 (45)

and the lateral force applied to the backbone is

f IVk
kBT

¼ � 1

kBT

@FIV;ion

@h
’ n4=9

a5=9

h14=9
b2

cs

� �1=3

u�2=9 (46)

Subregime cs 4 c	s . In the middle of regime IV at cs ¼ c	s , the
Debye radius rD becomes equal to size xe of the electrostatic
blob, and at cs 4 c	s , the structure of the electrostatic blob is
disrupted. In this subregime, the chain is envisioned as a
sequence or subunits with size rD inside which the chain
segments with g monomers and charge q = bg exhibit the
Gaussian statistics. That is, g C (rD/a)2 and q C b(rD/a)2. On
length scales larger than rD, polyions exhibit the excluded
volume statistics with the second virial coefficient ṽel C aq2rD

2

C b2rD
6/a3 of binary interactions between subunits. The elastic

blob at distance r from the backbone that contains m(r) mono-
mer units has size

xðrÞ ’ rD
el

rD3

� �1=5
mðrÞ
g

� �3=5

’ a3=5 b2rD2

 �1=5

m3=5ðrÞ (47)

and the force balance condition

fpðrÞ=kBT ’ hr b2rD2

 �

c2ðrÞa�5 ’ hr b2rD2

 � mðrÞ

xðrÞhr

� �2

a

’ xðrÞ�1 (48)

specifies (with the account of eqn (47)) x(r) = xIV(r). As a result,
the polymer density profile c(r) and the brush thickness D
remain unchanged and are given by eqn (43) and (44), respec-
tively, and the ion-induced contribution FIV C WIV,1 is still
specified by eqn (45).

When the Debye radius rD becomes smaller than the average
distance d between charges in volume rD

3, i.e., rD o d C a2/3(rD/
b)1/3, or, equivalently cs 4 b, then the electrostatic interactions
between distal parts of the polyion give rise to the electrostatic
virial coefficient vel C ab2rD

2 o a3 of binary monomer–mono-
mer interactions. This does not change the power law depen-
dences for xIV(r), DIV, and FIV,ion and in the whole regime VI, the

lateral tension f8 is given by eqn (46). Notably, at c 4 c* in
regime IV the ion-induced contribution to the electrostatic free
energy become equal (with an accuracy of numerical prefactor)
to the energy of electrostatic repulsions between charged
monomers of polyions.

The size of elastic blob x(r) in eqn (42) becomes on the order
of the lateral distance between neighboring polyions, (hr)1/2, at
distance

r
0
IV ’

a2

h

cs

b2

� �2

u4 ’ a2

h

a3

vel

� �2

(49)

from the backbone. At this point, the elastic blob with size x(r)

C a/vel lo]ses swelling. At distances ro r
0
IV, the blob size xIV(r)

o (hr)1/2, and the brush retains the structure of regime IV,

while at r4 r
0
IV, ternary monomer–monomer interactions spe-

cify the brush structure and the outer brush sublayer exhibits
quasi-neutral behavior with densely packed elastic blobs.

4.5 Regime V

The size of internal sublayer r
0
IV ’ DIV when the salt concen-

tration is

cs = cIV
s C b2(nh/a)1/3u�5/3

and at cs c cIV
s , the inner sublayer with size r

0
IV decreases, while

the outer sublayer with thickness

DV ’ an2=3
a

h

� 	1=3
(50)

constitutes the densely packed system of elastic blobs with size

xV(r) C (hr)1/2 (51)

The polymer density profile in regime V is given by

cVðrÞ ’
a

xVðrÞ
’ a

ðhrÞ1=2 (52)

The h-dependent ion-induced electrostatic free energy contri-
bution

FV;ion

kBT
’
ðDV

r
0
IV

b2

cs
cV

2ðrÞa�3sðrÞdr ’ b2

cs

� �
n2=3

a

h

� 	1=3
(53)

is weaker than the free energy of the ternary non-electrostatic
repulsions between monomers,

FV

kBT
’
ð

dr

xVðrÞ
’ n1=3

a

h

� 	2=3
� FV;ion

kBT
(54)

and the lateral stretching force

f Vk
kBT

¼ � 1

kBT

@FV

@h
’ n1=3

a2=3

h5=3
(55)

In Table 2 the power law dependences for brush thickness D,
polymer density profile c(r), and size of elastic blob x(r) are
collected as functions of salt Q4concentration cs (Table 3).

Notably, depending on the values of h and b, some of the
discussed above regimes can disappear. In subregime O1 (b 4
(hn/a)�1/6, colored green in Fig. 2b), the brush never enters
quasi-neutral regime V upon increasing salt concentration up
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to cs C 1. In subregime O2 ((hn/a)�1/6 4 b 4 (hn/a)�1/2, colored
pink in Fig. 2b), all five regimes are present, while in subregime
O3 ((hn/a)�1/2 4 b 4 (hn/a)�2/3, colored blue in Fig. 2b),
intermediate regimes III and IV disappear, and the cylindrical
PE brush demonstrates the behavior predicted earlier in the
mean-field framework.46

In Fig. 5 we present the asymptotic power law dependences
D(cs) indicated by colors similar to colors of subregimes O1, O2,
and O3. As shown from Fig. 4, a mean-field picture of a
cylindrical PE brush in salt-added solution (that is, when the
intrachain repulsions are not separated from the overall

charge–charge interactions) is expected at relatively weak ioni-
zation of tethered polyions (blue region in the diagram of states
in Fig. 3b). In this range of the system parameters, the concept
of an electrostatic blob is not applicable at any salt concentra-
tions cs.

In Fig. 6 we illustrate the blob structure of the tethered
polyions in various regimes of the diagram of states in Fig. 2
and 3.

5 Discussion

In this study we revisited the original scaling model of PE
cylindrical brushes,37 separating intra- and intermolecular
Coulomb repulsions in the tethered polyions.

A previous approach to planar PE brushes41 has demon-
strated that separation of intra- and interchain electrostatic
repulsions changes the dependence of the brush thickness
H(cs) in the salt-dominated regime from H B cs

�1/3 to H B
cs
�3/7. That is, H(cs) exhibits a sharper dependence on salt

concentration cs than it follows from the model with laterally
smeared charges. The change in exponent is attributed to the
account of intrachain polyion repulsions that start to manifest
themselves after a plateau with H C Re B c0

s corresponding to
size Re of the individual polyion in a salt-free solution. The role
of small ions in the revised scaling model reduces to the
creation of the electrostatic force f>(cs) (due to the differential
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Table 2 Power law dependences for PE brush thickness D, size of elastic
blob x(r), and polymer density profile c(r) in salt-added solution (lB C a)

Regime D/an x(r)/a c(r)

I b1/2 b�1/2 b�1/2a2/rh
II (b2/cs)

1/4(nh/a)�1/4 (a2b2/csrh)�1/4 (cs/b
2)1/3(a2/rh)2/3

III b2/3 rD/a C cs
�1/2 b�2/3 a2/rh

IV (a/nh)�2/9(b2/cs)
1/3 (rh/a2)3/7(cs/b

2)1/7 (cs/b
2)3/7(a2/hr)5/7

V (hn/a)�1/3 (rh/a2)1/2 (a2/rh)1/2

Table 3 Power law dependences for the boundaries between different
regimes for PE brush in salt-added solution (lB C a)

Regime Upper boundary of regime

I cI
s C a(nh)�1

II cII
s C a(b2/3nh)�1

III cIII
s C a2/3(nh)�2/3

IV cIV
s C b2(nh)1/3

V 1

Fig. 5 Reduced thickness D/an of a cylindrical PE brush as a function of
salt concentration cs for fixed nh/a = 103 (e.g., n = 200, h/a = 5), and b =
0.5 (region O1 in Fig. 4, green lines), b = 0.2 (region O2 in Fig. 4, red lines)
and b = 0.1 (region O3 in Fig. 4, blue lines). Stars indicate the concentration

cs ¼ c	s ¼ b4=3 rD ¼ xeð Þ above which the structure of electrostatic blob is

disrupted in regime IV. For b = 0.2 (red lines), salt-dependent boundary
concentrations cII

s and cIV
s are shown in red, while salt-independent

concentrations cI
s, cIII

s , and c	s are indicated in black. Different regimes for

b = 0.2 are indicated by red numbers.

Fig. 6 Schematics of blob structure in tethered polyions in salt-added
solution: (a) regime II with cs 4 cI

s; (b) regime III with cs 4 cII
s; (c) regime IV

with cIIIs o cs o c	s . The green color indicates blobs in salt-dominated
regime II, and the other colors are the same as in Fig. 2 and 3. The degree
of ionization is different in schematics (a)–(c) with the maximal value of b in
(c).
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osmotic pressure of all mobile ions), tending to stretch tethered
polyions normally to the grafting surface. An increase in salt
concentration cs leads to a decrease in f>(cs) and simultaneous
decrease in rD B cs

�1/2. If f>(cs) reduces below intrinsic tension
in the polyion, CkBT/xe, then the intra-chain Coulomb repul-
sions retain the conformation of an individual polyion with size
Re, independent (in scaling terms) of the salt concentration, cs.
When however f>(cs) reduces below CkBT/rD, then the polyion
starts to exhibit self-avoiding statistics on length scales larger
than the Debye radius, rD, giving rise to exponent �3/7 in the
H(cs) dependence.

A physically similar picture is predicted for the cylindrical
PE brush as well. We focused here on the case of a thin cylinder
with radius r { D, distance h Z a between neighboring
grafting points, and close to theta-solvent conditions with
respect to the van der Waals monomer–monomer interactions.
In this case, the scaling model of the molecular brush with a
stiff backbone46 uses the same threshold condition for counter-
ion condensation as for linear polyion with a net linear number
charge density bn/h. That is, the numberQ5 of condensed in the
brush counterions ensures a residual charge density lB

�1 C
a�1. Therefore, if bn/h c lB

�1 C a�1 then the cylindrical PE
brush retains the dominant fraction of its counterions and is
thereby found in the osmotic regime. In the opposite limit the
brush is almost barely charged. The counterion condensation
threshold is indicated by red lines in the diagram of states in
Fig. 2a and b. Although this condition might be not precisely
accurate (see, e.g. ref. 47 for a detailed discussion of ion
distribution near charged colloids), we use this expression for
condensation threshold in the revised model of the cylindrical
brush as it provides smooth crossover between PE brush
thickness in the osmotic (O) and charged (C) regimes.

In contrast to a planar PE brush in which the polymer
density profile does not exhibit a power law dependence as a
function of distance r from the surface, the polymer density
profile c(r) in a cylindrical PE brush is described by a power law
function of r. The value of exponent depends on salt concen-
tration cs (eqn (18), (22), (30), (30) and (52)). Similarly to a
planar PE brush, thickness D of a cylindrical PE brush exhibits
a sharper decrease with cs after passing the plateau with D C Re

(regime III). Here, the exponent in D(cs) dependence changes
from D B cs

�1/4 (classic regime II) to D B cs
�1/3 (regime IV),

followed by leveling to D B c0
s (quasi-neutral regime V).

In addition to the brush thickness D and polymer density
profile c(r), we have also estimated the lateral tension f8
imposed by polyions on the cylindrical backbone. If the back-
bone was flexible with a spacer composed of m monomer units,
then the equilibrium distance h between grafts would be found
from the balance between spacer elasticity and f8.

As we have demonstrated previously in ref. 46, a mean-field
model of bottlebrush polyelectrolytes with flexible compatible
spacers and side chains provides the scaling expression for the
equilibrium distance h between grafts which follows from
balancing the backbone restoring force, fel/kBT B h/a2m, and
the lateral tension fII imposed by the side chains. The results of
ref. 46 remain valid in the osmotic regime I (with eqn (21) for

fII), classic salt-dominated regime II (with eqn (26) for fII), and
quasi-neutral regime V (eqn (55) for fII), but should be modified
in the revised salt-dominated regimes III (eqn (35) for fII) and IV
(eqn (46) for fII). In contrast to moderate stretching of back-
bones in the melt of bottlebrush polymers with relatively long
spacers,48 or even backbone folding in melts of bottlebrush
polymers with incompatible main and side chains,49 polyelec-
trolyte bottlebrushes exhibit strong stretching in solutions due
to the long-range electrostatic interactions.46 The latter affect
not only the local structure (distance h between grafts, and the
brush thickness D) but also large scale conformations of
bottlebrush polyelectrolytes. We will consider this situation in
a separate study.

One of the major parameters of PE brushes that could be
varied experimentally is the degree of ionization b of the
tethered polyions. While in synthetic PE brushes can be tuned
by variations in pH,50,51 nature uses enzymatic phosphorylation
to vary ionization of polyampholytic proteins.13

Many synthetic cylindrical PE brushes are created on cellu-
lose nanocrystals (CNCs) (see, e.g. the review in ref. 52). Dense
grafting of pH-responsive and long polyacrylic acid ligands to
CNCs50 with grafting density up to 0.3 chains per nm2 allows
for experimental systems that could be checked with the scaling
model developed in this paper. Unfortunately, in spite of the
enormous amount of publications on decorated CNC disper-
sions, we did not find systematic data on the brush thickness D
as a function of the molecular parameters of the tethered
ligands.

To relate the scaling model to biological systems, we con-
sider a cylindrical brush formed by neurofilament (NF) pro-
teins. These proteins organize in cylindrical filaments with
almost parallel orientation in cytoskeletal networks in axons
of neurons. NF proteins labeled as NF-L (light), NF-M (medium)
and NF-H (heavy) according to their molecular weights, contain
rigid helical domains that co-assemble into a dense cylindrical
NF core with radius r = 5 nm, and unstructured flexible
projection domains (tails) that radiate outward from the core
every 2–3 nm. Phosphorylation of serines in lysine-serine-
proline (KSP) motifs in long M- and H-tails regulates their
ionization, but has no effect on the shortest L-tails due to the
absence of KSP repeats in their sequence. Notably, the shortest
NF-L proteins can be reconstituted in filaments in vitro to give
rise to monodisperse cylindrical brushes with a fixed degree of
ionization b. If excess negative charge of L-tail (DQL = 35 at pH =
7) is uniformly smeared over the whole chain with DP n = 142
(in human NF-L), then b = DQL/n = 0.25. If, however, the
segment of approximately 50 amino acid residues (adjacent to
the core and almost uncharged) is excluded from considera-
tion, then the rest of the L-tail has a larger degree of ionization,
b = DQL/(n � 50) = 0.38. In both scenarios the NF-L filament can
be envisioned as a cylindrical PE brush with approximately 32
projections per core period with length l = 40–45 nm, to give h/a
= 3–4 with size a = 0.6 nm of amino acid (aa) residue.53

We indicated the location of cylindrical PE brushes with
similar structural parameters using a red square in the diagram
of states in Fig. 3. That is, in the salt-free solution the NF-L
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brush is found in the osmotic regime O in the vicinity of the O2–
O3 boundary (either below it if b = 0.25, or above it if b = 0.38).
According to Table 1, the thickness D of the osmotic PE brush is
estimated (with the accuracy of the prefactor in the order of
unity) as D = 42 nm or 34 nm, respectively. Notably, a more
refined SCF theory provides the numerical prefactor B0.5
leading to the corresponding decrease in D to D = 21 nm or
17 nm, respectively. The average volume fraction of counterions
cion in the cylindrical brush, estimated as cion = 32DQL/lpD2,
encompasses the physiological ionic strength E0.15 M for
these two estimates of D. Therefore under physiological condi-
tions, the L-brush is close to the boundary between osmotic and
salt-dominated regimes.

The small-angle X-ray scattering (SAXS) in solutions of
reconstituted NF-Ls demonstrated that, under close to physio-
logical conditions, the interfilament spacing changed with
protein volume fraction F as F�1/2, indicating thereby parallel
orientation of NF-L filaments.54

The closest spacing between pure L-filaments detected from
the scattering data was 38 nm. Subtracting the sizes of two
cores (each with radius r = 5 nm), the thickness D of the L-
brush was estimated as 14 nm. In a subsequent study55

reconstituted NF-Ls were subjected to an osmotic pressure to
mediate the average distance between filaments. The data
demonstrated purely repulsive interactions with force-
distance curves consistent with the polyelectrolyte nature of
these PE brushes. The interfilament distance d at low compres-
sions gives an estimate for the L-brush thickness, D = d/2� r, at
different salt concentrations encompassing the physiological
ionic strength. An increase in salt concentration cs from 40 to
240 mM led to the decrease in D from 19 nm to 13 nm. These
data are consistent with the theoretical estimates for the
thickness D of the L-brush at the boundary between osmotic
and salt-dominated regimes, but is insufficient to check the
predicted scaling exponent in the D(cs) dependence.

The in vitro scattering data on NF-L filaments were consis-
tent with in vivo experiments on transgenic mice with selec-
tively truncated NF-H and NF-M projections.56,57 Examination
of axoplasms indicated that, in mice that lacked both H- and M-
tails, the median spacing between neurofilaments was reduced
to 30 nm leading to an estimated brush thickness D = 15 nm.

Therefore, application of the PE brush model to cylindrical
NF-L filaments leads to a reasonable correspondence between
theory and available experiments.

6 Conclusions

In this study we revisited the scaling model of PE cylindrical
brushes applicable to charged molecular brushes with rigid
backbones, and polymer-decorated nanorods. We demon-
strated that separation of intra- and inter-molecular repulsions
between strongly charged tethered polyions (subregimes O1

and O2 in the diagram of states in Fig. 2b) leads to additional
salt-controlled subregimes, and modification of the exponent
in the classic power law dependence of the brush thickness

D(cs). For relatively weakly charged polyions (subregime O3 in
the diagram of states in Fig. 2b), a classic picture of the
cylindrical PE brush with three consecutive regimes (osmotic,
salt-dominated, and quasi-neutra) is not changed.
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