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Abstract

This paper investigates a shape optimization problem involving the Signorini unilateral
conditions in a linear elastic model, without any penalization procedure. The shape sensitiv-
ity analysis is performed using tools from convex and variational analysis such as proximal
operators and the notion of twice epi-differentiability. We prove that the solution to the
Signorini problem admits a directional derivative with respect to the shape which moreover
coincides with the solution to another Signorini problem. Then, the shape gradient of the cor-
responding energy functional is explicitly characterized which allows us to perform numerical
simulations to illustrate this methodology.

Keywords: Shape optimization, shape sensitivity analysis, variational inequalities, contact
mechanics, Signorini unilateral conditions, proximal operator, twice epi-differentiability.

AMS Classification: 49Q10, 49J40, 35J86, 74M15, 74P10.

1 Introduction

Motivation. On the one hand, mechanical contact models are used to study the deformation
of solids that touch each other on parts of their boundaries. One of the mechanical setting con-
sists in a deformable body which is in contact with a rigid foundation without penetrating it
and frictionless. From the mathematical point of view, the non-permeability conditions take the
form of inequalities on the contact surface called Signorini unilateral conditions (see, e.g., [37, [38]).
Thus, those mechanical contact problems are usually investigated through the theory of variational
inequalities, and the Signorini unilateral conditions cause nonlinearities in the corresponding vari-
ational formulations. On the other hand, shape optimization is the mathematical field aimed at
finding the optimal shape of a given object for a given criterion, that is the shape which mini-
mizes a certain cost functional while satisfying given constraints. In order to numerically solve a
shape optimization problem, the standard gradient descent method requires to compute the shape
gradient of the cost functional.

Shape optimization problems with mechanical contact models involving Signorini unilateral
conditions have been studied in the literature, and classical techniques to compute material and
shape derivatives are based on Mignot’s theorem (see [27]) about the conical differentiability of
projection operators on nonempty polyhedric closed convex sets (see, e.g, [17,[26, [39]). The material
and shape derivatives are usually characterized with abstract variational inequalities, thus cause
difficulties to compute a suitable shape gradient of the cost functional. These difficulties are usually
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solved in the literature using a penalization procedure (see, e.g., [23]), which consists in adding a
penalty functional in the optimization problem associated with the model, in order to handle the
constraints due to the Signorini unilateral conditions. Hence, the optimality condition is described
by a variational equality (see, e.g., [0 @, 22| [24]). However this penalization method does not take
into account the exact characterization of the solution and may perturb the original nature of the
model.

In this paper we investigate a shape optimization problem involving the Signorini unilateral
conditions, using a new methodology based on tools from convex and variational analysis such as
the notion of prozimal operator introduced by J.J. Moreau in 1965 (see [29]) and the notion of twice
epi-differentiability introduced by R.T. Rockafellar in 1985 (see [32]). Note that we have studied
the feasibility of this methodology on a shape optimization problem involving the scalar Tresca
friction law (see [3]). First this new methodology allows us to recover the results obtained in [9], [26]
Chapter 5 Section 5.2 p.111] and |39, Chapter 4 Section 4.6 p.205]. Indeed, if a nonempty closed
convex set is polyhedric, then from Mignot’s theorem the projection operator on this set is conically
differentiable, and its conical derivative coincides with the proximal operator associated with the
second-order epi-derivative of the appropriate indicator function, and thus our approach coincides
with that used in the literature. Second the main novelty of the present work is that, under
appropriate assumptions, our method permits to characterize the material and shape derivatives
of the solution to the Signorini problem as the solutions to other Signorini problems. This point,
to the best of our knowledge, has never been noticed in the literature. Furthermore, by using this
new characterization, we obtain an explicit expression of the shape gradient of the corresponding
energy functional. This shape gradient generalizes the one obtained in [I5 Section 5.5] where the
Signorini unilateral conditions are on a rectilinear boundary part. Therefore, without using any
penalization procedure, the present work can be seen as a complement and an extension of the
previous articles on this subject.

Description of the shape optimization problem and methodology. In this paragraph,
we use standard notations which are recalled in Section [2| Let d € {2,3} which represents the
dimension, f be a function in H'(R? R%), Q..f be a nonempty connected bounded open subset

of R? with Lipschitz boundary I'ye := 9y, such that Tyef = Tp U Is,., where I'p and I'g,,, are
two measurable pairwise disjoint subsets of I'.o¢, and I'p has a positive measure.
In this paper we consider the shape optimization problem given by
minimize J(Q), (1.1)
QEUrer
|Q|:|Qref‘

where
Urer := {Q c R? | Q nonempty connected bounded open subset of R
with Lipschitz boundary I' := 0Q such that I'p C F}, (1.2)

with the volume constraint |Q] = |Q¢| > 0, Q is an elastic solid satisfying the linear elastic model,
for all Q € Uyer, and where J : Uper — R is the Signorini energy functional defined by

J(Q) = %/QAG (uq) : e (uq) —/Qf -uQ, (1.3)



where ug € H}(Q, R?) stands for the unique solution to the Signorini problem given by

—div(Ae(u)) = f in Q,
u =0 onI'p,
or(u) =0 on g, (SPq)
un < 0,04(u) <0 and uyon(u) =0 on g,

where, for all Q € U,et, T := 0Q, T's := T'\I'p, and n is the outward-pointing unit normal vector
to I'. In the linear elasticity model, A is the stiffness tensor, e is the infinitesimal strain tensor, oy, is
the normal stress, o is the shear stress, and f models volume forces (see Sectionfor details). The
normal boundary condition on I's is known as the Signorini unilateral conditions which described
the non-permeability of I's (that is u, < 0), and that there are only compressive stresses exerted
on I's (that is on(u) < 0). Note that we focus here on minimizing the energy functional (as
in [T6], 20, 40]) which corresponds to maximize the compliance (see [5]).
For any Q) € U,et, the unique solution ug to satisfies

/ Ae(ug) :e(v—uq) > [ f-(v—ugq), Yo € KHQ),
Q o

where KC1(£) is the nonempty closed convex subset of Hi (92, R?) given by
K'(Q) := {v € HH(Q,R?) | v, <0 a.e. on I's},

and is characterized by ug = projy1(q) (Fa), where Fq € HE(Q,R9) is the unique solution to the
Dirichlet-Neumann problem
—div(Ae(F)) = f in Q,
F =0 onlp,
Ae(F)n =0 onTg,

and where proji1(q) stands for the projection operator on K1(2). We refer for instance to [2] for
details on existence/uniqueness and characterization of the solution to Problem (SPgql). In order to
use our methodology, which is based, in particular, on the proximal operator, we characterize ug

as (see Remark [A.8))
(FQ)a

) is the proximal operator associated with the Signorini indicator function tx1(q),

U =Pprox, , .

where prox, ©

which is defined by txc1(q)(v) := 0 if v € K'(Q), and 1,1 () (v) := +00 otherwise. To deal with the
numerical treatment of the above shape optimization problem, a suitable expression of the shape
gradient of J is required. To this aim, we follow the classical strategy developed in the shape
optimization literature (see, e.g., 5, 21]). Consider Qy € Ueer and a direction 6 € C5™ (R4, R?),
where

CH(RY,RY) = {0 € CP(RY, RN N W22 (RYRY) [ =00nTp}. (1.4)

Then, for any ¢ > 0 sufficiently small such that id + ¢ is a C2-diffeomorphism of R¢, we denote
by Q; = (id + t0)(Q) € Urer and by u; := ug, € H(Q, R?), where id : R? — R? stands for
the identity operator. To get an expression of the shape gradient of J at €y in the direction 6,
the first step naturally consists in obtaining an expression of the derivative of the map ¢t € Ry —
uy € HL (4, R?) at t = 0. To overcome the issue that u; is defined on the moving domain €, the
classical change of variables id+t0 is considered, and we prove that @; := u;o(id+t0) € HL (Qg, R?)
is the unique solution to the parameterized variational inequality

/ J.A [wt(utve)*l V=) A4+tV0) > [ £ (v—T),
Qo

Qo



for all v € K} () := {v € H,(Q0,R%) | v- (I+¢V0")"'n <0 a.e. on I's, }, where n refers now to
the outward-pointing unit normal vector to g, f; := fo(id+tf) € H' (R4 RY), J; := det(I+tV0) €
L>°(R%,R) is the Jacobian, V@ stands for the standard Jacobian matrix of 6 and I is the identity
matrix of R¥*¢, Thus u; = PLOX, (F}) € K} (), where F, € HY(Qo, R?) is the unique solution

to the parameterized variational equality

/ J,A [vmuwerl Vo(I+tV0) = [ fJi-v,  VoeHbH(Q,RY,
Qo Q0

and prox is the proximal operator associated with the indicator function tx1(q,) considered

LK%(QO)
on the Hilbert space Hi (€, RY) endowed with a perturbed scalar product (see details in Subsec-
tion|3.1]). Now, the next step is to obtain an expression of the derivative of the map ¢t € Ry — w; €
HE(Q,RY) at t = 0, which will be denoted by ), € HL (€, R?) and called material derivative.
Since, for all t > 0, u; € K}(Qp), the main difficulty to compute j, is that K (o) depends on the
parameter ¢ > 0. To overcome it, we consider, for any ¢ > 0 sufficiently small, a second change of
variables (I +tV60)~! and we characterize w, := (I + tV0)~'u; as u, = proxLKl(QO)(Et) € K1(Qo)

where E; € HE(Qo,RY) is the unique solution to a specific variational equality (see details in
Subsection [3.1). Since K'(€g) is independant on ¢ > 0, we can now focus on the derivative of the
map t € Ry — T, € HE(Qp,R?), denoted by T, € HE (Qq, RY).

To deal with the differentiability (in a generalized sense) of the proximal operator Prox, | .
0

HE (Q0, RY) — HL (29, RY), we invoke the notion of twice epi-differentiability for convex functions
(see [32] or Deﬁnition, which leads to the protodifferentiability of the corresponding proximal
operators. Precisely, using a result proved by C. N. Do about the twice epi-differentiability of a
indicator function (see [I3, Chapter 2, Example 2.10 p.287] or Lemma , we characterize ig €
HL (Q0,RY) as Ty = prOXdEL,@(QO)(uoIEo—uo)(E(/J)7 where dZi1(q,) (0| Eog — ug) is the second-order
epi-derivative of tc1(q,) at uo for Ey — ug, and Ej € HE (Q0,R9) is the derivative of the map t €

Ry — E; € HY (20,R%) at t = 0. Then one deduces that

ﬂ() = proxdge,d(no)(u0|E0_u0)(E(/)) + VGUO,
and we characterize it as the unique solution to a variational inequality, which is next used to
obtain the shape gradient of J.

Let us emphasize that, in this paper, we do not prove theoretically the existence of a solution
to the shape optimization problem (I.1). The interested reader can find some related existence

results (for very specific geometries in the two dimensional case) in [I8].

Main theoretical results. We summarize here our main theoretical results (given in Theo-
rems and . However, to make their expressions more explicit and elegant, we present
them under certain additional assumptions, within the framework of Corollaries [3.7] [3.9] and [3.12]
making them more suitable for this introduction.

(i) Under some appropriate assumptions described in Corollary the map t € Ry — @ €
HE(Q0,RY) is differentiable at ¢ = 0, and the material derivative uy € H (00, R?) is the
unique weak solution to the Signorini problem

—div(Ae(ug)) = £(9) in Qo,
uy =0 on I'p,
or(dy) = K™ (9)r onTsg,
on(ug) = h™(@)n on Fsg(}\?,

Gg, = (VOug), on [guo,,
0,D
< (VOuo), ,on(t)) < h™(0)n and (Ty, — (VOuo),) (on(@h) — h™(0)a) = 0 on Fsgosm



where:

o () = —div(Ae(Vugh)) € L2(, RY);
o " (0) := ((Ae(ug))VOT 4+ A(VuoV0) — oy (uo)(div(0)I + VO ))n € L*(T's,, RY);
and I'g, is decomposed, up to a null set, as stjol\? UFS:O]S, UFS:OS" (see details in Corollary.
(ii) We deduce in Corollarythat, under appropriate assumptions, the shape derivative, defined

by ufy := up — Vued € HL (29, RY) (which corresponds, roughly speaking, to the derivative of
the map t € Ry — u; € HL (4, R?) at t = 0), is the unique weak solution to the Signorini

problem

—div(Ae(up)) = 0 in Qo,

up = 0 on I'p,

or(uh) = h*(0)- onTs,,
on(up) = h°(0)n on FSSDI\‘I"
Uy, = W(0)n on Fsu})n,

0,D
U < W (O)u, 0uts) < 1*(0)a and (uh, — W(O)a) (0u(u) ~ *(0)a) =0 on Tt

where:
e W(B) := (VOug) — (Vugh) € HY/?(Iy, RY);

o h¥(0) :=0-n (0, (Ae(ug)n) — Oy (Ae(up)) n) + Ae(uo) V. (6 - 1) — V(Ae(ug)n)b
— on(ug) (div-(0)I+ VO )n € L*(Ts,,RY).

(iii) Finally the two previous items are used to obtain Corollary asserting that, under ap-
propriate assumptions, the shape gradient of J at (g in the direction @ is given by

) (9 ‘n (Ae(uo)ie(uo) _f uo) + Ae(uo)n - (Véug — Vu09)> |

7'@0)(0) = | g

r

One can notice that J'(€) depends only on ug (and not on wg), thus its expression is
explicit and linear with respect to the direction 6 (see Remark for details) and allows
us to exhibit a descent direction of J. Hence, using this descent direction together with a
basic Uzawa algorithm to take into account the volume constraint, we perform in Section [4]
numerical simulations to solve the shape optimization problem on a two-dimensional
example.

Organization of the paper. The paper is organized as follows. In section [2] we describe the
functional framework and recall some classical boundary value problem involved all along the paper.
Section [3]is the core of the present work where the main theoretical results are stated and proved.
In Section |4l numerical simulations are performed to solve the shape optimization problem
on a two-dimensional example. Finally Appendix [A]is dedicated to some basic recalls from convex,
variational and functional analysis, capacity theory and differential geometry.

2 Functional framework and some required boundary value
problems

As mentioned in Introduction, the major part of the present work consists in performing the
sensitivity analysis of a Signorini problem with respect to shape perturbation. To this aim, we



present in this section the functional framework and we recall some classical boundary value prob-
lems used throughout the paper: a Dirichlet-Neumann problem and a Signorini problem. We
present some basic notions and results concerning these boundary value problems for the reader’s
convenience. Since the proofs are very similar to the ones detailed in the paper [2], they will be
omitted here.

Let d € {2,3} and © be a nonempty bounded connected open subset of R? with a Lipschitz-
boundary T' := 092 and n the outward-pointing unit normal vector to I'. In the whole paper we
denote by D(Q, R?) the set of functions that are infinitely differentiable with compact support
in Q, by D'(©2, R?%) the set of distributions on €, for (m,p) € N x N*, by WmP(Q R?), L2(T',R%),
HY2(T',R%), H~Y/2(I', R?), the usual Lebesgue and Sobolev spaces endowed with their standard
norms, and we denote by H™(Q, R?) := W™2(Q, R?) and by Hg;, (Q, R¥*?) := {w € L2(Q, R¥*?) |
div(w ) € L2(Q,R%)}, where div(w) is the vector whose the i-th component is defined by div(w); :=
div(w;) € L%(Q,R), and where w; € L2(2,R?) is the i-th line of w, for all i € [[1,d]] and for
all w € Hajy (2, R¥?). Moreover, all along this paper we denote by : the scalar product defined
by B: C = ijl B; - C;, for all B,C € R¥*? where B; € R? (resp. C; € RY) is the i-th line of B
(resp. C) for all ¢ € [[1,d]]. Let us assume that I" is decomposed as I'p UT's, where I'p and I's are
two measurable pairwise disjoint subsets of I', such that I'p has a positive measure. In that case
we denote HL (Q2, R?) the linear subspace of H! (2, R?) defined by

HL(Q,RY) = {we HY(Q,RY) | w =0 a.c. on I'p}.
Moreover, we assume that €2 is an elastic solid satisfying the linear elastic model (see, e.g., [35])

o(v) = Ae(v),

where o is the Cauchy stress tensor, A the stiffness tensor, and e is the infinitesimal strain tensor
defined by

e(v) = %(Vv + Vo),

for all displacement field v € H(£2,R%). We also assume that all coefficients of A are constant
(denoted by a;; for all (i,7,k,1) € {1, ..., d}4), and there exists one constant o > 0 such that all
coefficients of A and e (denoted by €;; for all (i, 7) € {1,...,d}?) satisfy

d

d d d d
Aijkl = Qjikl = Qlkij, E E E E auklfu Ul )Ekl U2 E E €ij Ul 61] U2)()

i=1 j=1k=11=1

for all displacement field vy, v, € HY(Q,R?) and for almost all z € 2. Moreover, since I'p has a
positive measure, then

<'7'>H]13(Q.,]Rd): (H%)(Q7Rd>)2 — R
(v1,v2) +—> /QAe(vl):e(vg),

is a scalar product on H} (€, R%) (see, e.g., [I4, Chapter 3]), and we denote by H'HH]lD(Q,Rd) the
corresponding norm. Moreover, from the assumptions on A, note that Ae(v) = AVu, for all v €
HL (2, R%).

For any v € L2(T', R?), one writes v = v,n+wv,, where v, := v-n € L?(I',R) and v, := v—v,n €
L?(I',R%). In particular, if for some v € H* (2, RY), the stress vector Ae(v)n is in L?(I's, R%), then
we use the notation

Ae(v)n = oy (v)n+ o, (v),



where o, (v) € L?(T's,R) is the normal stress and o, € L%(Tg,R?) the shear stress. We also
denote, for all (x,7) € R? x RY, by zy' the matrix whose the i-th line is given by the vector x;y,
where z; € R is the i-th component of x, for all i € [[1,d]].

In the sequel, consider k € L2(Q,R%), h € L2(I's,RY) and w € HL (2, R?).
2.1 A Problem with Dirichlet-Neumann Conditions

Consider the Dirichlet-Neumann problem given by

—div(Ae(F

~

)=k inQ,
=0 onIp, (DN)
Ae(F)n = h onTs.

B!

Definition 2.1 (Strong solution to the Dirichlet-Neumann problem). A (strong) solution to
the Dirichlet-Neumann problem (DN) is a function F € HY(Q,R?) such that —div(Ae(F)) = k
in D'(Q,RY), F =0 a.e. onT'p, Ae(F)n € L2(I's,R?) with Ae(F)n = h a.e. onTs.

Definition 2.2 (Weak solution to the Dirichlet-Neumann problem). A weak solution to the
Dirichlet-Neumann problem (DN) is a function F € HL(Q, R?) such that

/Ae(F):e(v):/k-er/ h-wv, Vo € Hp(Q,R%).

Q Q I's

Proposition 2.3. A function F € HY(Q,R?) is a (strong) solution to the Dirichlet-Neumann
problem (DN)) if and only if F' is a weak solution to the Dirichlet-Neuwmann problem (DNJ.

Using the Riesz representation theorem, we obtain the following existence/uniqueness result.

Proposition 2.4. The Dirichlet-Neumann problem (DN|) admits a unique solution F € H}(Q, R?).

2.2 A Signorini problem

In this part, let us assume that I's is decomposed, up to a null set, as I'sy U T's, UT'g,
where I's, I's,, and I's, are three measurable pairwise disjoint subsets of I's. Consider the Signorini
problem given by

—div(Ae(u)) = k&  in £,
u=0 onlp,
U‘r(u = h, on F87 :
on(u) = hy on gy, (SiP)
Un = wy on I'gy,
Uy < Wn, Ull(u) < hn and (un - wn) (arl(u) - hn) =0 on FSs7

where the data are given at the beginning of Section [2]

Definition 2.5 (Strong solution). A (strong) solution to the problem is a function u €
HY(Q,R?) such that —div(Ae(u)) = k in D'(Q,R?), u = 0 a.e. on 'p, u, = wy, a.e. on Tsy,
Ae(u)n € L2(I's,RY) with o,(u) = hy a.e. onTs, oy = hy a.e. on Usy, uy < wy, ou(u) <
hy and (uy — wy)(on(u) — hy) =0 a.e. on Igy.

Definition 2.6 (Weak solution). A weak solution to problem (SiP)) is a function u € KL (Q) such
that

/QAe(u):e(v—u)>/Qk'~(v—u)+/rsh-(u—u), Yo € KL(Q),



where KL () is the nonempty closed convex subset of Hy(Q, R?) defined by
Ko (Q) = {v e HHL(QLR?Y) | vy = wy a.e. on s, and vy < wy a.e. onDsy}.

One can prove that a (strong) solution is a weak solution but, to the best of our knowledge,
without additional assumption, one cannot prove the converse. To get the equivalence, we need
to assume, in particular, that the decomposition I'p U I's, UT's, UT's, of I' is consistent in the
following sense.

Definition 2.7 (Consistent decomposition). The decomposition I'p UT's, UT's, UT'ss of T is said
to be consistent if

1. for almost all s € T'sg, s € intp(T'sg);

2. the nonempty closed conver subset IC}U/2(F) of HY/2(I',R?) defined by
KY2(T) = {v e HY2(I,RY) |v =0 a.e. onTp, v, = wy a.e. on Ty,
and vy, < wy a.e. on I },

is dense in the nonempty closed convex subset KO (T') of L%(T',R?) defined by

K2(T) := {v € L2(T,RY) | v =0 a.e. onTp, vy, =wy a.e. onTg,

and vy < wy a.e. on I'gg }

Proposition 2.8. Let u € HY(Q,R?).
1. Ifu is a (strong) solution to the problem (SiP)), then u is a weak solution to the problem (SiP)).

2. If u is a weak solution to the problem (SiP) such that Ae(u)n € L2(T's,R?) and the de-
composition T'p UTg, UTg, UTs, of T is consistent, then u is a (strong) solution to the

problem (SiP)).

Proposition 2.9. The problem (SiP) admits a unique weak solution u € Hy (2, R?) which is given
by

U= Pprox, , o (F),

where F' € Hy(Q,RY) is the unique solution to the Dirichlet-Neumann problem (DN)), and PIOX, o
stands for the proximal operator associated with the indicator function ixi () considered on the
Hilbert space (H(Q,R%), (-, ~>H]13(Q R4))-

Remark 2.10. Note that, from Remark the unique weak solution u € Hy(Q,R?) to the
problem (SiP) is also characterized by the projection operator since prox = proj KL ()

L
KL )



3 Main results

Let d € {2,3} and f € H'(RY,R?). Let Q,cf be a nonempty connected bounded open subset
of R? with Lipschitz boundary I'yef := 0er. We assume that T'yep = I'pUls,,,, where I'p and I's,
are two measurable pairwise disjoint subsets of I',er, such that I'p has a positive measure. We
consider the set of admissible shapes U,¢ defined in . Note that, all shapes in Ut have I'p as
common boundary part. We assume that, for all Q2 € U,¢, € is an elastic solid satisfying the linear
elastic model with all the same assumptions and notations described at the beginning of Section 2]

We counsider the shape optimization problem ([1.1)). From Subsection note that the Signorini
energy functional 7, given by , can also be expressed as

1
J(Q)=—= [ Ae(uq) :e(uq),
2 Ja
for all ) € Uyet.
In the whole section let us fix g € Uer. Our aim here is to prove that, under appropriate
assumptions, the functional J is shape differentiable at €g, in the sense that the map

CEPR4LRY) — R
0 — J((id +0)(0)),

is Gateaux differentiable at 0, where C%’W(Rd,Rd) is defined by (L.4), and to give an expression
of the Gateaux differential, denoted by J'(29), which is called the shape gradient of J at Q. To
this aim we have to perform the sensitivity analysis of the Signorini problem with respect
to the shape, and then to characterize the material and shape derivatives.

This section is separated as follows. In Subsection [3.1] we perturb the Signorini problem
with respect to the shape. In Subsection we characterize the material derivative as solution
to a variational inequality (see Theorem [3.6)). Then, with additional regularity assumptions, we
characterize the material and shape derivatives as being weak solutions to Signorini problems (see
Corollaries and. Finally, in Subsection we prove that the Signorini energy functional 7
is shape differentiable at 2y, and we provide an expression of its shape gradient (see Theorem

and Corollary [3.12)).

3.1 Setting of the shape perturbation

Consider # € C5*°(R?,R%) and, for all + > 0 sufficiently small such that id + t0 is a C*-
diffeomorphism of R?, consider the shape perturbed Signorini problem given by

—div(Ae(u)) = f in Qy,
ug = 0 on I'p,
or,(u) =0 onTyg,, (SP:)
Utn, <0, o, (u) <0 and wyp,0n, (u)) =0 onTg,,

where Q; := (id + t0)(Qo) € Uyer, T'y := (id + ¢0)(Ty) and n, is the outward-pointing unit normal
vector to I';. From Subsection there exists a unique solution u; € H' (€, R?) to (SP;) which
satisfies

Ae(uy) s e(v —uy) > f(v—u), Yo € KHQy),
Qq Q

where
K () := {v € HH(2,RY) [ vy, <0 a.e. on T, }.



Following the usual strategy in shape optimization literature (see, e.g., [B, 2I]), using the change
of variables id 4 ¢ and the equality

(I4+tVeT)~In

n o (id +40) = e )

where n := ng (see, e.g., [39, Chapter 2, Proposition 2.48 p.79]) and || - || is the Euclidean norm
on R?, we prove that %, := u; o (id + t0) € K} (Qo) C HL (0, R?) satisfies

/ JA [vm (1+tva)—1} V—a)(+tV0) T > [ A (v—w),  VYoeKNQ), (3.1)
Qo Qo

where K} (Qo) = {v € HL(Q0,R?) | v- (I+tVO0")"In < 0 a.e. onTg,}, f; := fo (id +t0) €
H'(R?, R?) and J; := det(I +tVf) € L°(R%,R) is the Jacobian. Thus, using the characterization
of the proximal operator (see Definition [A.7)), Ww; can be expressed as

(Ft)7

Ut = ProX,

where F; € H' (€, R?) is the unique solution to the parameterized variational equality
/ JA [VFt (I—i—tV&)_l} Vo(I+tVe) = [ fJiov,  VeeHbH(Q,RY),
Qo QO

and prox, . . is the proximal operator associated with the indicator function LK1 () considered

1
BTN

on the space H]13 (Qo, Rd) endowed with the perturbed scalar product

(v1,v2) € (Hb(Q0,RY))* > [ J,A [vul (1+tve)‘1} Vs (1+tV0) ! € R.
Qo

Here, the main difficulty is that the indicator function LKL (Q0) depends on the parameter t,
thus it would required an extended notion of twice epi-differentiability depending on a parameter
in order to apply the Proposition Nevertheless, it is not necessary since, for all v € K} (o),
one has (similarly to [26], Chapter 5 p.111] and [39, Chapter 4 Section 4.6 p.205])

A+tV0) v e K Q),
and conversely, for all ¢ € K1(Q),
I+ tV0)p € Ki (Qo).

Thus, from Inequality (3.I)), one proves that u, := (I+tV6)~'u, € K'(Qy) satisfies
/ J,A [v((utve)ﬁt) (1+tve)*1} V(T4 tV0) (p —0y)) (T+tV6) ™!
Qo

> [ (0T e (o =) o e K@), (32)
Qo

and can be expressed as

Uy = ProX, . (Gy),

where G; € HL (Qy, R?) is the unique solution to the parameterized variational equality
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/ J,A {V((Htva) Gy) (1+tve)‘1} V(A +tV0) o) 1+tVo) ™"
Qo

- / (L4+6V07) fui- o Ve H (0, RY),
Qo

and prox is the proximal operator associated with the Signorini indicator function tx1 ()

Lt (o)
considered on the perturbed Hilbert space (Hy (€29, R%), (-,-),), where (-,-), is the scalar product
defined by

(01, v2) € (HY (20, RY) >

/ J.A [V((Htva) ul)(1+tva)ﬂ C V(I +tV0)vy) A+tV0) ' eR.
Qo

The previous difficulty is solved since the Signorini indicator function tx1(q,) does not depend
on the parameter ¢ > 0. Nevertheless, we face here to a perturbed Hilbert space due to the scalar
product (-,-), that is ¢-dependent, thus we could not apply Theorem To overcome this
difficulty, let us rewrite Inequality as (using the equality B: CD =BD' : C for all B,C,D €
Rdxd)

/ TA V(T +6v0)T) (1+6v0) | (1+2907) ™ V(T +6V0) (¢ — )
> / I+tV0T) £Je- (=), Vo e K Q),

then adding to both members <ﬁt, p— ) one deduces that

it>H]13(Qo,1Rd
(T, 0 = Tt )yps (0 o) z/ﬂ I+tV0T) fiJe - (o — )
- / (3eA [V (14 0v0) 7| (14 0707) " = AV ) : V(o - T)
Qo
ft/ JA [V (14 90) 7| (1+4967) 2 V(0 (o~ )
Qo
ft/ JiA [V(V(ﬁt) (I+tv0)*1] (T+tV0T) " V(o —T)
Qo
42/ A V(Y8 (1+6v0) 7| (144v07) "V (VO (9= T)), Ve € KH().
Qo

Thus u; is also expressed as

(E),

where E; € HE(Qo, R?) stands for the unique solution to the parameterized variational equality

U = prox, @)

<Et; (10>H11)(Q07]Rd) == /Q (I + tV@T) ftJt s

— [ (3 AVE A+ tve) | (1+tveT) T — AVE,) : Ve
[ (] J 67 )

_t/ JiA {vﬁt (I+tv9)*1} (I+tV6T)_1 : V(Voyp)
Qo

11



ft / JA [V (V0m) (1+190) ] (1+0907) v
Qo
_t2/ J,A {v(wa) (I+tV0)_1} (1+tV07) " V(Voyp), Vo € Hh(Qo,RY), (3.3)
Qo

and where prox, is the proximal operator associated with the Signorini indicator func-

1(20)

tion tc1(q,) considered on the Hilbert space (HL (20, RY), (-, '>H]5(QO,R<1))7 which is t-independent.

Remark 3.1. Note that, for the parameter ¢t = 0, one has Eq = Fy € HL (€9, R?), which is the
unique solution to the Dirichlet-Neumann problem

—le(Ae(Fo)) = f in Q(),
Fy =0 onTp,
Ae(Fo)n =0 onTg,.

Now the next step is to derive the differentiability of the map t € R, ~— FE; € H (9, R%)
at t = 0. To this aim let us recall first that (see, e.g., [21]):

(i) the map t € Ry ~— J; € L=°(R?) is differentiable at t = 0 with derivative given by div(#);

(ii) the map t € Ry — (I+tVH) " € L®°(R% R¥*4) is differentiable at ¢ = 0 with derivative
given by —V;

(iii) the map t € Ry — (I+ tVGT)fl € L>®(R? R¥¥9) is differentiable at t = 0 with derivative
given by —V0T;

(iv) the map t € Ry — (I+tV0") f;J; € L*(R%, R?) is differentiable at ¢t = 0 with derivative
given by fdiv(d) + VfO+Vo'f.

Lemma 3.2. The map t € Ry — E; € H5(Qo,RY) is differentiable at t = 0 and its derivative,
denoted by Ej) € HY(Qo,RY), is the unique solution to the variational equality given by

(s Plugomey = [ (Fv(0) + 10 +9671) -
+ /Q ((Ae(u)) VO + A (VuoV0) — div(0)Ae(ug)) : Vo

— / Ae(ug) : e (VOyp) — / Ae (VOug) : e(p), Yo € Hy(Qo,RY).  (3.4)
Qo Qo

Proof. Using the Riesz representation theorem, we denote by Z € H}(Qo, R?) the unique solution
to the above variational equality (3.4)). From linearity and using differentiability results

one gets

HEt_EO

-7 <

HE (Q0,RY)

(1+tV6T) fJ, — f
t

C(Q,d, A, 9)( — (fdiv(0) + VFO+ VO f)

L2(Rd,R)

— o(0,t) =
+Hut_u0HH]13(QO,Rd)+ 1 HutHHﬁ(ﬂode))
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for all ¢ > 0 sufficiently small, where C'(£, A, #,d) > 0 is a constant which depends on Qg, A, 6, d,
and where o stands for the standard Bachmann—Landau notation, with M — 0 when ¢t — 0F.
Therefore, to conclude the proof, we only need to prove the continuity of the map t € Ry —
€ HE(Qo,RY) at ¢t = 0. To this aim let us take ¢ = wg in the variational formulation of %,

and ¢ = ; in the variational formulation of uy to get that

Hﬁt - u0||H]13(QO,Rd) =<

C(QO7A7 9’ d) (H (I + tve—r) ftJt - fHLZ(]Rd,Rd) + HitHH}D(Qg,Rd) (t + 0(e7t))) )

for all ¢ > 0 sufficiently small. Then, to conclude the proof, we only need to prove that the

mapt € Ry — HitHH}D(QO,Rd) € R is bounded for ¢t > 0 sufficiently small. Let us take ¢ = 0 in the

variational formulation of u; to get that

C(Q0,A,0,d) H (I + tV@T) ftJtHL2(Rd,Rd) HitHH}D(QO,Rd)

+ 0(907 A7 97 d) ||it||12{]13(Qo7Rd) (t + 0(07 t)) s

HitHiI]g(Qo,Rd) =

for all ¢ > 0 sufficiently small. Thus, one deduces

_ C(0, A0, d)(| T+ V0T fiJ il o o g
e g ) < 1-C(Qo,A0,d) (L +00,0)

for all + > 0 sufficiently small, and using the continuity of the map ¢ € Ry +— (I+tVO")fJ; €
L2(R4,R?), one concludes the proof. O

3.2 Twice epi-differentiability, material and shape derivatives

Consider the framework of Subsection Our goal in this subsection is to characterize the
derivative of the map ¢t € Ry — @ € HL(Qo,R?) at ¢ = 0, denoted &, € HL(Q, R?), then to
characterize the material derivative 7, (that is the derivative of the map t € Ry +— w, € HL (00, RY)
at t = 0), and finally to conclude with an expression of the shape directional derivative defined
by ug = uy — Vuef (which roughly corresponds to the derivative of the map ¢t € Ry — wu; €
H(Q,RY) at t = 0).

To this aim, our idea is to use Proposition Since we have expressed u; = Prox, , )(Et)
0

and characterized in Lemmathe derivative of the map t € Ry — FE; € Hllj (Q0, Rd) at t =0, the
next step is to investigate the twice epi-differentiability of the Signorini indicator function tx1(q,)-
In [13], the author proved that the indicator function of a nonempty closed convex set is twice
epi-differentiable if the set is polyhedric (see also Lemma. The polyhedricity of X1(€q) has
been proved in |26, Lemma 5.2.9 p.116] involving some concepts from convex analysis and capacity
theory, reminded in Subsections [A-T] and [A22]

Lemma 3.3. The nonempty closed convex subset K*(Q0) of Hy(Qo, R?) is polyhedric at ug €
K!(0) for Ey —ug € Ni1(qq)(uo), and one has
TN 1 0y (#0) 0 (R (Eo — o))

= {(p € HH(Q0,RY) | ¢n <0 gee. on Tg and (Eo — u0’<p>H}3(Qo,Rd) = O},

K1(29)

where Tg™" := {s € T's, | uon(s) = 0}.
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Remark 3.4. Note that one can easily prove that Jixi(q.)(uo) = Nii(qy)(uo). Therefore,
since ug = prox, , . )(Eo), it follows from the definition of the proximal operator (see Defini-

tion that Ey —ug € NKZl(Qo)(UO)-

Since K!(€) of HE (29, RY) is polyhedric at uy € K'(Qy) for Eg — ug € Ni1(0q) (1), one can
now deduce from Lemma that 1xc1(q,) is twice epi-differentiable.

Lemma 3.5. The Signorini indicator function i1 (o, is twice epi-differentiable at ug € K(Q0)
Jor Eo —ug € Nic1(qq)(uo) and

2
detrcr (20) (U0l Bo = o) = by, (uo)n(R(By—uo))

The twice epi-differentiability of the Signorini indicator function allows us to state and prove
the first main result of this paper that characterizes the material derivative.

Theorem 3.6 (Material derivative). The map t € Ry — u; € HL(Qo,RY) is differentiable at t =
0, and its derivative Uy € TN)Cl(QU)(UO) N (R (Ey —ug))" + Vug is the unique solution to the
variational inequality

(T — Ty (o ety > — /Q div (div (Ae(u)) 07) - (9 — p)
0
+ / ((Ae(un)) VAT + A (VuoV8) — div(6)Ae(uo)) : V(i — 1))
0
— (Ae(uo)n, VO (¢ — 66)>H*1/2(F0,Rd)><H1/2(I‘07]Rd) , (35)

for all p € TNKl(QO)(uo) N (R (Eo — ug))" + VOug, where

TN}Cl(QO) (Uo) N (R (EO - UO))J— + VQ’LLO =

{g& € Hi (0, RY) | ¢y < (VOug),, g.e. on Lgm and (Eo — ug, ¢ — V0u0>H]13(Qode) = O} .

Proof. For all t > 0, u; € HL (90, R?) is given by

(Et)v

Uy = Prox, , ..

where E; € H'(Qg,R?%) stands for the unique solution to the parameterized variational equal-
ity (3-3). Moreover the map t € Ry — E; € H},(Q0,R?) is differentiable at ¢t = 0 with its deriva-
tive Ejy € H (90, R?%) solution to the variational equality . Therefore, from Lemma one
can apply Proposition to deduce the differentiability of the map t € Ry ~ u; € HE(Q9, RY),
with its derivative T, € HL (Qo, R%) given by

=/

Uy = pTOngL,Cl(W(uMEOqu)(E6)~
Since u; = (I + ¢V0) Uy, then one deduces that
E(I)) + VQ’U,Q,

—
Uy = prOngLicl(Qo)(uﬂEofug)(

which, from definition of the proximal operator (see Definition , leads to

(B} — T + VOuo, v — Ty + Vuo)y o pey <
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dlecl(QO)(U(ﬂEo — UO)(U) - dgLKjl(QO)(UQ‘EO - Uo)(ﬂ{) - VQUQ),
for all v € H5(Qo, R?), i.e.,
(B — g + VOuo, o — o) gy (0,re) < 0,
(uo) N (R (Eo — o))" 4+ VOuo. Using the variational equality satisfied by E|

for all ¢ € TNlcl(Qo)
(see (3.4), one gets

(o — VOuo, p — W)y (o m) = /Q (fdiv(0) + VO + VO f) - (o — )
+ / ((Ae(u)) VO + A (VugVO) — div(0)Ae(uo)) : V(p — )
Qo

- / Ae(ug) : e (VO (p — 1)) — / Ae (VOug) : e (¢ —up),
Qo

Qo

for all ¢ € TN;@(QO)(“O) N (R (Eo — o))" 4 V6uo, which is also (see the notations introduced at
the beginning of Section

0 0

+ /Q ((Ae(uo)) VAT + A (VuoV8) — div(6) Ae(uo)) : V(i — 1))

— [ Ae(ug):e(VO(p—1g)) — | Ae(VOup):e(p—1uyg),
Qo Qo

for all ¢ € TNKI(QO)(U()) N (R (Eo — ug))™ + VOuo. Using the divergence formula (see Proposi-
tion [A.20) and the equality div (Ae(ug)) = —f in H' (R0, R?), we obtain the result. O

In [9], |26, Chapter 5 Section 5.2 p.111] and [39, Chapter 4 Section 4.6 p.205|, the authors
get a similar result using the conical differentiability of the projection operator. Since K*(£p) is
polyhedric at uy € K*(Qp) for Ey — ug € Ni1(qy)(uo), then from Mignot’s theorem (see [27]) the
projection operator on K1(€g) is conically differentiable at ug for Ey — ug, and its conical deriva-

. . . . / . . I
tive is given by prOJTNKI(%)(uO)m(R(EO_uO))L(EO), which is exactly proxLT}Clmm(uo)m(WEoﬁo))L (EYp).

Nevertheless, to the best of our knowledge, it has not been observed in the literature that it was
possible to improve this result under additional assumptions, in order to characterize the material
derivative as weak solution to a boundary value problem. Indeed, as mentioned in [9, 22], it is
possible to replace ¢.e. in the set T, , | (uo) N (R (Eg —ug))™ by a.e. under some hypotheses,

like, for instance, if T'g’ = intpg (I'g’"). Moreover, if we assume that the decomposition I'p UT's,

of Ty is consistent (see Definition With I's, :=T's, and w = 0) and some regularity assumptions
on ug and 6, then the material derivative can be characterized as weak solution to a Signorini
problem.

Corollary 3.7. Assume that the decomposition I'p U T's, of Ty is consistent, ug € H3(Qo, RY)
and Ty = intrg (T'g?™). Then the material derivative u;, € TN g, (10) N (R (Eo — u))™" + Voug
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is the unique weak solution to the Signorini problem

—div(Ae(®@))) = —div(Ae(Vuoh))

W =0
o (@) = hm(0),
on(@)) = h™(0)n

ﬂGn = (V@uo)n

E()n < (VOug), ,on(T) < h™(0)n and (Ef)n — (VOuo)n) (o’n(ﬂé) - h’"(o)n) =0

where h™(0) := ((Ae(u))VOT + A(VugVO) — on(ug)(div(9)I + VO ))n € L2(Tg,, RY),

decomposed, up to a null set, as I'guon U'quon U 'guon, where
0,N 0,D 0,8

Pguop := {s €Tg, | upn(s) # 0},
Lguop := {s €Ts, | uon(s) =0 and on(ug)(s) < 0},
Pguon 1= {s €Tg, | uon(s) =0 and oy(up)(s) =0}.

Proof. Since ug € H2(9,R%) and 6 € C%’w(Rd,Rd), one deduces that

div ((Ae(ug)) VO + A (VugV0) — div(f)Ae(ug)) € L*(Q, RY).

in Qg,
on I'p,

on I'sy,

on Lyugy ,
0,N

on Lguoy ,
0,D

on FS“Un:
0,8

and I's, is

Moreover, since Ae(ug)n € L?(T,R?) and that the decomposition I'p U T's, of Ty is consistent,
then ug is a (strong) solution to the Signorini problem (SP;)) for the parameter ¢t = 0 (see Propo-
sition [2.8). Thus o, (ug) =0 a.e. on I's,, and using the divergence formula (see Proposition [A.20)

in Inequality (3.5)), we get that

W0 = Wohpey = [ H7(6) - (o~ )

FSO

- /Q div (div(Ae(u))0" + (Ae(ug)) VOT + A (VugVO) — div(0)Ae(uo)) - (o — ), (3.6)

for all ¢ € TN)cl(QO)(UO) N (R (Ey —ug))" + VOug. Furthermore, one has div (Ae (Vug)) €

L2(Q0,RY) from uy € H3(Qp,RY). Thus, using the equality

div (Ae (Vugh)) = div (div(Ae(ug))f " + (Ae(ug)) VO™ + A (Vug V) — div(0)Ae(ug)) ,

in L2(Q,RY), it follows that

(T, ¢ — ﬂf))ng(QO,JRd) 2 _/

Qo FSU

for all ¢ € TN)cl(QO) (up) N (R (Ep — uo))l + VOug. Moreover, since

H o= {vn € HY/2(Ig,,R) | v € H}D(QO,Rd)} :

div (Ae (Vuob)) - (¢ —1g) +/ R™(0) - (o

)

is a Dirichlet space (see Example [A.19)), then, for all v € H} (g, R?), v, € H/?(I's,R) admits
a unique quasi-continuous representative for the g.e equivalence relation (see Proposition [A.17]),

thus it follows that (see [9, Remark 3.12 p.13] for details)

TN1 (0, (10) N (R (Eo —uo))™

_ {go € HL(Q0,R?) | on <0 ae. on TE and (Ey — o, @)y (g gty = o}.
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Furthermore, since ug is a (strong) solution, it follows from the Signorini unilateral conditions that

(Eo — uo, <P>H]13(901Rd) = Ae(Ey —up)n-p = _/

To sy

O—n(UO)SDn = _/ O'n(UO)(Pn = 07
r

U0n
So0,D

for all p € TN’CI(QO)(uO) N (R (Ey — ug))™", and since o (ug)pn < 0 a.e. on g and on(ug) <0

a.e. on I'guoy, one deduces that ¢y = 0 a.e. on I'guo,. From Subsection @ ‘one concludes the
o, o,

proof. O

Remark 3.8. If 'y is smooth, the best known regularity result guarantees that ug € Cllo’cl/ 2

(see [T, [36]). Nevertheless, we consider here that we are in a favorable situation where uy €
H3(Qp,R?), which can obviously appear for some particular cases. Note that, from the proof
of Corollary one can get, under the weaker assumption uy € H?(£y,R?), that the material
derivative Ty is the solution to the variational inequality which is, from Subsection the
weak formulation of a Signorini problem, with the source term given by —div(div(Ae(u))0" +
(Ae(ug))VOT + A(VugVO) — div(0)Ae(ug)) € L(Qp, RY).

Thanks to Corollary [3.7] we are now in a position to characterize the shape derivative.

Corollary 3.9 (Shape derivative). Consider the framework of Corollary with the additional
assumption that Tg is of class C3. Then the shape derivative, defined by ufy = Uy — Vugl €

TNicl(QU) (ug) N (R (Ey — uo))l + Vluy — Vugb is the unique weak solution to the Signorint problem
—div(Ae(ug)) = 0 in Qo,
up =0 on I'p,
or(ug) = h*(0); on g,
on(uh) = h*(0)a on Fs},‘f;@”
Upy = W(0)n on FS“(B),
0,
Uy < W(0)n, 0n(ug) < h*(0)n and (uo, — W(0)n) (on(un) —h*(0)n) = 0 on Lguon,
0,
where:

o W(8) := (VOug) — (Vueh) € H/?(I'y, RY);

e h*(0) :=0 -1 (0, (Ae(ug)n) — Iy (Ae(ug))n) + Ae(ug)V, (0 -n) — V(Ae(ug)n)d
— o (uo) (div, ()1 + Vo) n € L*(T'g,, R%);
and where O, (Ae(ug)n) := V(Ae(ug)n)n stands for the normal derivative of Ae(ug)n, 0, (Ae(ug))

is the matriz whose the i-th line is the vector 0, (Ae(ug);) := V(Ae(ug);)n, where Ae(ug); is the i-th
line of the matriz Ae(ug), for all i € [[1,d]].

Proof. Since u}y := ujy — Vuef € HL (2o, R?), one deduces from the weak formulation of 1) and
using the divergence formula that,
(ug, ¢ — u6>H]13(QO,]Rd) 2

/ (div (Ae(uo)) 0" + (Ae(ug)) VO™ + A (VugVO) — Ae (Vugh)) : V(p — u)

Qo

— [ div(0)Ae(ug) : e (¢ — up) — Ae(ug)n- VO (o —uy) — / (6 -n)div (Ae(ug)) - (¢ — uy) ,
Qo Ts, To
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for all ¢ € T, g | (uo) N (R (Ey — ug)) ™" + VOug — Vugh. Moreover, one has

div (Ae(up)) 8" : Vo = div (Ae(ug)) - Vb = — Ae(ug) : V(Vl) + [ Ae(ug)n - Vo,
Qo Qo Qo Lo

and also

—/Q div(0)Ae(ug) : e(v) = 0-V(Ae(ug) :e(v)) — [ 0-n(Ae(ug):e(v)),

Qo o
for all v € C*° (9, R?). Therefore, using the equality
((Ae(uo)) VO + A (VugV0) — Ae (Vugh)) : Vo + 6 - V(Ae(ug) : e(v)) — Ae(ug) : V(Vob) = 0,

a.e. on )y, one deduces using the divergence formula that

/ (div (Ae(uo)) 87 + (Ac(ug)) VAT + A (VugV6) — Ae (Vagh)) : Vo
Qo

- div(@)Ae(ug) : e (v) — VO (Ae(ug)n) - v — / (60 -n)div (Ae(ug)) - v
Q0 T'o T'o
= g 0-n(—Ae(ug) : e(v) — div (Ae(ug)) - v) + Vo (Ae(up)n) -0 — VO (Ae(ug)n) - v,

for all v € C®(Qp,R?). Furthermore, since Ty is of class C3 and uy € H?(Qp,RY), Ae(ug)n
can be extended into a function defined in € such that Ae(ug)n € H?(Q,R?). Thus, it holds
that Ae(ug)n - v € W21(Qq, R?), for all v € C>(£y,RY), and one can use Proposition to get
that

0-n(—Ae(ug) : e(v) — div (Ae(ug)) - v) + Vo (Ae(ug)n) -0 — VO (Ae(ug)n) - v

To

= g 0 -n(—Ae(up) : e(v) — div (Ae(up)) - v + O (Ae(ug)n - v) + HAe(ug)n - v)

- / (V(Ae(ug)n)d + VO (Ae(ug)n) + div,(6)Ae(uo)n) - v,
To
for all v € C*° (9, R?). Moreover, from Proposition it follows that

0 -n(—div (Ae(up)) + HAe(up)n) - v = Ae(ug) : Vo (v(0-1n)) — (0 -n) 0y (Ae(up))n - v,

To o
for all v € C*°(Qp, R?). Therefore, using the following equalities
Ae(ug) : V(v (0-1n)) =60 -n(Ae(ug) : Vov) + Ae(up)V, (6 -n) - v,

a.e. on I'y, and
Ae(ug) : Vov = Ae(ug) : e(v) — Vo (Ae(ug)n) - n,
a.e. on I'g, it holds that

/F 0 -n(—Ae(ug) : e(v) — div (Ae(up)) - v + On (Ae(ug)n - v) + HAe(ug)n - v)
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- /F 0 (V(Ae(ug)n)d + VO (Ae(ug)n) + div, (9)Ae(ug)n) - v
_ /F 100 (Ac(uo)n) — 3 (Ae(uo)) m) + Ac(u) - (9-m) v
- /F (VOAc(om)d + (div-(O)1+ V87) Acrugn) v
for all v € C*°(Qp, RY). Thus,
/Q (v (A1) 07 + (A1) V0T + A (Vug¥0) — Ae (Vugh)) : Vo

- / div(f)Ae(ug) s e(v) — [ VO (Ae(ug)n) - v — / (0 -n)div (Ae(up)) - v
Qo

To To

= / (0 -1 (0n (Ae(ug)n) — Oy (Ae(ug))n) + Ae(uo)V, (6 -n)) - v
To
- / (V(Ae(uo)n)d + (div,(0)I+VOT) Ae(uo)n) - v,
T'o
for all v € C*°(Qp, RY), and one deduces by density of C> (2, R?) in H! (£, RY) that
(ug, ¥ — uous (0,re) = /F (61 (O (Ae(ug)n) — O (Ae(ug)) 1) + Ae(ug) V- (0 - 1)) - (¢ — up)
So
- / (V(Ae(ug)n)f + o (uo) (div,(0)I + VHT) n) - (¢ —up),
FS(J
for all p € TNt o) (uo) N (R (Eg — uo))™ + VOug — Vugh, which concludes the proof from Subsec-
tion O
Remark 3.10. Note that u(, and g are not linear with respect to the direction . This nonlinearity
is standard in shape optimization for variational inequalities (see, e.g., [3, 22] or [39 Section 4]).

3.3 Shape gradient of the Signorini energy functional

Consider the framework of Subsection [3.Il Thanks to the characterization of the material
and shape derivatives obtained in Subsection [3.2] we are now in a position to prove the shape
differentiability of the Signorini energy functional (1.3).

Theorem 3.11. The Signorini energy functional J admits a shape gradient at o in the direc-
tion 0 € C5>°(R%, R?) given by

T (20)(0) = / div () w - / div (Ae (u0)) - Vol — | Ae (ug) : VugV8
Qo Qo Qo
— /1; 9 -n (f . ’LLo) + <Ae(u0)n, v9U0>H,1/2(1—\07Rd)XHl/Q(FO,Rd) .
So

Proof. By following the usual strategy developed in the shape optimization literature (see, e.g., [5]
21]) to compute the shape gradient of J at € in the direction 6 € C%’Oo(Rd7Rd), one gets from

Theorem

T (Q0)(0) = —%/ div(0)Ae(ug) : e(ug) + Ae(ug) : VugVo — (ug, ug)

1 dy ’
Q0 Q0 HL (20,R9)
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Moreover, since Ty & ug € TNi o) (uo) N (R (Ey — 1)) + V8ug, one deduces from the variational
formulation of W) (see Inequality (3.5)) and the divergence formula that

(g, UO>H]13(Q(),]R‘1) = /Q (div (Ae(ug)) 0" + (Ae(ug)) VO + A (VuoVe) — div(0)Ae(ug)) : Vug

+ . 0 - n(f : UQ) — (Ae(uo)n, v9u0>H_1/2(FO)Rd)XHl/Q(FD)Rd) .
So
Finally, using the equality div (Ae(ug)) @' : Vug = div (Ae(up)) - Vuof a.e. on Q, one concludes
the proof. O

As we did for the material derivative, the presentation of Theorem [3.11| can be improved under
additional assumption.

Corollary 3.12. Assume that ug € H2(Qo,R?). Then the Signorini energy functional J admits
a shape gradient at Qg in the direction 6 € C%’M(Rd,Rd) given by

T'(90)(0) = /F (9 n (W sy u0> + Ae(ug)n - (Vg — Vu09)> .

Proof. Let 6 € C]ZD’OO(Rd, R9). Since uy € H2(p, R?), it follows from Theorem that

T (920)(0) = —% 0-V(Ae(ug) :e(ug))+ [ 6- HM

—|—/ Ae (up) : e (Vuob)
2 ro 2 o

— Ae (uo)n - Vugl — Ae (ug) : VuoVe — 0-n(f up)+ Ae(ug)n - VOuy.
FO Qo FSO FSO

Moreover, since
1
Ae(ug) : e (Vugl) = Ae(ug) : VuoVe + 59 - V(Ae(ug) : e(ug)) a.e. on g,

it holds that

T (Q0)(0) = /FO 6-n (Ae(uo)Q:e(uo)) /FO Ae(uo)nVuoH/Fs0 0-n(f~u0)+/ Ae(ug)n-Vouy,

o

which completes the proof since # = 0 on I'p. O

Remark 3.13. Consider the framework of Theorem [3:11] It is interesting to note that the scalar
product (g, UO>H%)(QO,RUZ) is linear with respect to the direction 6, while 7y, is not. This leads to an
expression of the shape gradient J'(£20)(#) that is linear with respect to the direction 6, thus to
the shape differentiability of the Signorini energy functional 7 at y. Note that, in the context of
cracks and variational inequalities involving unilateral conditions, it can already be observed that
the shape gradient of the energy functional is linear with respect to 6 (see, e.g., [I5, Theorem 2.22
or Theorem 4.20]). Furthermore note that the shape gradient J'(£20)(6) depends only on ug (and
not on uy), therefore its expression is explicit with respect to the direction 6, and there is no need
to introduce any adjoint problem to perform numerical simulations. Nevertheless, for other cost
functionals, some difficulties can appear to correctly define an adjoint problem due to nonlinearities
in shape gradients, and may constitute an interesting area for future researches.

Remark 3.14. Note that an expression of the shape gradient of the Signorini energy functional
has been obtained in [15, Section 5.5] in the particular case where T's, is a rectilinear boundary
part. Therefore, Theorem[3.11] can be seen as a generalisation of this result.
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4 Numerical simulations

In this section we numerically solve an example of the shape optimization problem in the
two-dimensional case d = 2, by making use of our theoretical results obtained in Section [3] The
numerical simulations have been performed using Freefem++ software [19] with P1-finite elements
and standard affine mesh. We could use the expression of the shape gradient of J obtained in
Theorem but, in order to simplify the computations, we chose to use the expression provided
in Corolla under the additional assumption ug € H2(Qo, RY) that we assumed to be true at
each iteration.

4.1 Numerical methodology

Consider an initial shape Q¢ € U,er. Note that Corollary allows to exhibit a descent
direction 6y of the Signorini energy functional J at )y by finding the solution 6y to the variational
equality

(60, 0) 11 (0o mey = =T (Q)(0), VO € Hp(Q,RY),

since it satisfies J'(20)(6p) = — ”‘90”12{5(90,]1&% <0.
In order to numerically solve the shape optimization problem (1.1)) on a given example, we
have to deal with the volume constraint |Q] = |Qycf| > 0. To this aim, the Uzawa algorithm (see,

e.g., [Bl Chapter 3 p.64]) is used, and one refers to [3, Section 4] for methodological details.

Let us mention that the Signorini problem is numerically solved using the Nitsche’s method
(see, e.g., [10, 1T}, [30]). In a nutshell, the solution uy € Hi (9, R?) is approximated by ult € V"
which is the solution to the Nitsche’s formulation

Ae(uh) o) = [ on(ub)on@) = [ fual = rouub)], [1h = on(e")]

Qo I's, Y

= f . ’l}h7 Vvh c Vh,’
Qo

where V" is the classical P1-finite elements space whose elements are null on T'p (see [1I] for
numerical analysis details). We also precise that, for all i € N*, the difference between the Signorini
energy functional J at the iteration 20 x ¢ and at the iteration 20 x (¢ — 1) is computed. The
smallness of this difference is used as a stopping criterion for the algorithm.

4.2 Two-dimensional example and numerical results
In this subsection, let d = 2 and f € H!(R? ,R?) given by

f: R — R
(z,y) +—  flz,y) = (5 exp(z?)n(z,y) 0),

where 7 € C§°(R?,R) is a cut-off function chosen appropriately so that f satisfies the assumptions
of the present paper. The reference shape Q¢ is the unit disk of R?, and the fixed part I'p is

given by
. T b Tr 11w
I'p = {(cosmsma) €Tt | € {6’ 6] U [6’ 6} },

(see Figure [1]).
The volume constraint is |Q,ef| = 7 and the initial shape is Qp := Q. We assume that
all shapes in U,.¢ are isotropic, which means that their mechanical properties are identical in all
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I'p

ref

Figure 1: Unit disk Q¢ and its boundary I'yef = I'p U T'g

ref *

directions. In that case, for all Q € Uyer, the Cauchy stress tensor is given, for all v € HL (€, RY),
by
o(v) = 2ue(v) + Atr (e(v)) 1,

where tr(e(v)) is the trace of the matrix e(v), and 4 > 0,A > 0 are Lamé parameters (see,
e.g., [35]). In the sequel, we consider p = 0.3846, A = 0.5769. This corresponds to a Young’s
modulus equal to 1 and to a Poisson’s ratio equal to 0.3, which is a typical value for a large variety
of materials. One presents the numerical results obtained for this two-dimensional example using
the methodology described in Subsection

In Figure [2] is represented the initial shape (left) and the shape which solves Problem
(right). On top are the vector values of the solution u to the Signorini problem . Note that
the black boundary shows where o,,(u) = 0, while the yellow boundary shows where u, = 0. At
the bottom is shown the values of the integrand of 7. It seems that the area where the integrand
of J is the lowest (in orange) has been shifted to the left by "pushing" the left boundary (which
corresponds to the part where there is no compressive stress), while in return, the right boundary
(which corresponds to the contact part) has been pulled.

Figure [3| shows the values of J (left) and the volume of the shape (right) with respect to the
iteration. We observe that J is lower at the final shape, than at the initial shape, with some
oscillations due to the Lagrange multiplier in order to satisfy the volume constraint.

A Reminders

In this appendix we recall some notions from convex, variational and functional analysis in Sub-
section some concepts from capacity theory in Subsection and some results on differential
geometry in Subsection [A-3]

A.1 Notions from convex, variational and functional analysis

For notions and results presented in this section, we refer to standard references such as [8] 28]
31] and [34, Chapter 12]. In the se (, (-,-),,) stands for a general real Hilbert space.

Definition A.1 (Normal cone). Let C be a nonempty closed convex subset of H and x € C. The
normal cone to C at x is the nonempty closed convex cone of H defined by

Ne(z) :={z € H | (z,c—x),, <0,Vce C}.
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Figure 2: Initial shape (left) and the shape minimizing J (right), under the volume con-
straint |Qef| = 7. On top is shown the vector values of the Signorini solution, while at bottom is
shown the values of the integrand of J.
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Figure 3: Values of the energy functional (left) and the volume (right) with respect to the iterations.

Definition A.2 (Tangent cone). Let C be a nonempty closed convex subset of H and x € C. The
tangent cone to C at x is the nonempty closed convex cone of H defined by

Te(z):={zeH|IN>0,2+ Iz € C}.
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Definition A.3 (Polyhedric set). Let C be a nonempty closed convex subset of H. We say that C
is polyhedric at x € C for y € Ne(x) if

Te(@)N(Ry)"T ={z€H|[IN>0,z+ Az Cln(Ry)".

Remark A.4. Recall that, in finite dimension, polyhedric sets reduce to polyhedral sets, which is
the intersection of a finite set of closed half-spaces (see, e.g., [25]).

Definition A.5 (Domain and epigraph). Let ¢ : H — RU{too}. The domain and the epigraph
of ¢ are respectively defined by

dom (¢) :=={z € H | ¢(z) < +oo} and epi(¢p) :={(x,t) e H xR | o(x) <t}.

Recall that ¢ : H — RU{+oo} is said to be proper if dom(¢) # () and ¢(z) > —oco for all z € H.
Moreover, ¢ is a convex (resp. lower semi-continuous) function on # if and only if epi(¢) is a convex
(resp. closed) subset of H x R.

Definition A.6 (Convex subdifferential operator). Let ¢ : H — R U {+o00} be a proper function.
We denote by 0¢ : H = H the convex subdifferential operator of ¢, defined by

9¢(z) :={y e H|Vz €M, (y,z—x)y < P(2) — d(2)},
forall x € H.

Definition A.7 (Proximal operator). Let ¢ : H — R U {400} be a proper lower semi-continuous
convex function. The proximal operator associated with ¢ is the map prox, : H — H defined by

1
prox,(z) = argmin |¢(y) + 3 Iy - wll3,| = T+ 0¢) 7" (x),
yeEH

for all x € H, where 1 : H — H stands for the identity operator.

It is well-known that, if ¢ : H — RU {400} is a proper lower semi-continuous convex function,
then 9¢ is a maximal monotone operator (see, e.g., [31]), and thus the proximal operator proxg
is well-defined, single-valued and nonexpansive, i.e. Lipschitz continuous with modulus 1 (see,
e.g., [8l Chapter IIJ).

Remark A.8. Note that, if ¢ := i, where (¢ is the indicator function of a nonempty closed
convex subset C C H , then ¢ is a proper lower semi-continuous convex function and

prox,, = projc,

where projc is the projection operator on C.

As mentioned in Introduction, the unique solution to the Signorini problem considered in
this paper can be expressed via the proximal operator of the associated Signorini indicator func-
tion txc1(q). Therefore the shape sensitivity analysis of this problem is related to the differentiability
(in a generalized sense) of the involved proximal operator. To investigate this issue, we will use the
notion of twice epi-differentiability (see [32]) defined as the Mosco epi-convergence of second-order
difference quotient functions. Our aim in what follows is to provide reminders and backgrounds
on these notions for the reader’s convenience. For more details, we refer to [34, Chapter 7, Section
B p.240] for the finite-dimensional case and to [I3] for the infinite-dimensional case. The strong
(resp. weak) convergence of a sequence in A will be denoted by — (resp. —) and note that all
limits with respect to ¢ will be considered for ¢t — 0.
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Definition A.9 (Mosco-convergence). The outer, weak-outer, inner and weak-inner limits of a
parameterized family (Ai)iso of subsets of H are respectively defined by

limsup 4; = {x €H | Itp)nen — 01,3 (Tn)peny = T, Vn € Ny, € Atn} ,
w-limsup 4; = {x € H | Itn)nen = 07,3 (n) ey — 2,V €Ny, € Atn} ,
liminf 4; = {o €M |Y(tn)nen = 07,3 (z0), ey — 2, IN € N,Vn > N,z, € 4y, },
(tn) (n)

w-liminf 4, = {zeH|V —z,AN eN,Vn > N,z, € 4, } .
The family (A¢)iso is said to be Mosco-convergent if w-limsup A; C liminf A;. In that case, all
the previous limits are equal and we write

M-limA; := liminf A; = limsup A; = w-liminf A; = w-lim sup A;.

Definition A.10 (Mosco epi-convergence). Let (¢1)t>o be a parameterized family of functions ¢ :
H — RU{+oo} for allt > 0. We say that (¢+)i>0 is Mosco epi-convergent if (epi(dt))tso is Mosco-
convergent in H x R. Then we denote by ME-lim ¢; : H — R U {00} the function characterized
by its epigraph epi (ME-lim ¢;) := M-lim epi(¢;) and we say that (¢¢)i~o Mosco epi-converges
to ME-lim ¢;.

Now let us recall the notion of twice epi-differentiability introduced by R.T. Rockafellar in 1985
(see [32]) that generalizes the classical notion of second-order derivative to nonsmooth convex
functions.

Definition A.11 (Twice epi-differentiability). A proper lower semi-continuous convez function ¢ :
H — RU{+o0} is said to be twice epi-differentiable at © € dom(¢) for y € dp(x) if the family of
second-order difference quotient functions (5:¢(z|y))i=o0 defined by

Zo(zly): H — RU{+oo}
P +1tz) — ¢(x) —t(y,2)y
e

z

)

for allt > 0, is Mosco epi-convergent. In that case we denote by
d2(zly) == ME-lim &7 ¢(xly),
which is called the second-order epi-derivative of ¢ at x for y.

In this paper we have to deal with the twice epi-differentiability of the Signorini indicator
functional. To this aim, we use the following result, due to C.N. Do. (see [13, Chapter 2, Example
2.10 p.287|), which shows that the indicator function of a nonempty closed convex set is twice
epi-differentiable under an additional assumption.

Lemma A.12. Let C be a nonempty closed convex subset of H and tc be the indicator function
of C. If C is polyhedric at x € C for y € Ngo(z) = Ouc(x), then o is twice epi-differentiable at x
for y and

dgbc(ﬂy) = LT (z)n(Ry) >

where N¢(x) (resp. Tc(z)) is the normal cone (resp. tangent cone) to C at x.

Let us conclude this section with a last proposition (see, e.g., [33],[34] for the finite-dimensional
case and [1} [I3] for the infinite-dimensional one). We bring to the attention of the reader that
Proposition is the key point in order to derive our main results.
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Proposition A.13. Let & : H — R U {+o0} be a proper lower semi-continuous convex function
onH. Let F: RY — H and let u: RT — H be defined by

u(t) == proxg (F(t)),
for allt > 0. If the conditions
1. F is differentiable at t = 0;
2. ® is twice epi-differentiable at uw(0) for F(0) —u(0) € 0®(u(0));
are both satisfied, then u is differentiable at t = 0 with

u'(0) = Proxgze (u(0)|#(0)—u(0)) (£ (0))-

A.2 Notions from capacity theory

Let us recall some notions from capacity theory (we refer to standard references such as [12]
17, 211 27]). Let d € N* be a positive integer, (X, B(X),&) be a positively measured topological
space with its borelian o-algebra, ¢ a Radon measure, and X C R? a locally compact set, admit-
ting a countable compact covering. Let H C L%(X, &) be a vector space endowed with a scalar
product (-, -),, and ||-||;, the corresponding norm.

Definition A.14. Consider B € B(X) and let us introduce the closed convexr subset
Cg:={veH]|v>1Eae on aneighborhood of B}.
The capacity of B is defined by
cap(B) = [[projc, (0)|2
where projg,, s the projection operator onto the nonempty closed convex set Cp.

Definition A.15. A property holds quasi everywhere (denoted g.e.) if it holds for all elements in
a set except a subset of null capacity.

Definition A.16. A function v : X — R is said to be quasi-continuous if there exists a decreasing
sequence of open sets (wy)nen such that cap(w,) — 0 when n — +00 and vjx\w,, 5 continuous for
all n € N.

Now, let us assume that (#, (-, -),,) is a Dirichlet space (see, e.g., [27]). Then, one can prove
the following proposition (see, e.g., [17, 21l 27]).

Proposition A.17. For all v € H, there exists a unique quasi-continuous representative in the
class of v (for the g.e. equivalence relation).

To conclude, let us give two examples of Dirichlet space (see |[27] for the first example and [39]
Chapter 4] for the second one).

Example A.18. Let Q is a nonempty bounded connected open subset of R® with a Lipschitz
continuous boundary. Then H := H'(Q,R) endowed with its standard scalar product (-, V1 (0,R)
a Dirichlet space.

Example A.19. Let Q be a nonempty bounded connected open subset of R® with a Lipschitz
continuous boundary I' := 0. Assume that ' is given by the decomposition I' = 'y UT'y, where T'y
and T'y are two measurable disjoint subsets of I'. Then,

H = {v .n e HY?('3,R) | v e HY(Q,R?) and v =0 a.e. on Fl} ,
is a Dirichlet space endowed with the scalar product defined in [39, Chapter 4, Eq. (4.192) p.208],

where n is the outward-pointing unit normal vector to T'.
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A.3 Reminders on differential geometry

Let d € N* be a positive integer, {2 be a nonempty bounded connected open subset of R? with
a Lipschitz-boundary I' := 92 and n the outward-pointing unit normal vector to I.

The next proposition, known as divergence formula, can be found in [4, Theorem 4.4.7 p.104].
Proposition A.20 (Divergence formula). If w € Hgj, (2, RX9), then w admits a normal trace,

denoted by wn € H-1/2(I',RY), satisfying

/ div(w) - v —|—/ w: Vv = (Wi, V)y-1/2(p ga)xH1/2(I RY) - Yo € HY(,RY).
Q Q
The following propositions will be useful and their proofs can be found in [21].

Proposition A.21. Assume that T is of class C* and let § € C1(R?,R?). It holds that
/(9 - Vo + vdiv, (0)) = / 0-n(0hv+ Hv),  VYve WH(QR),
r r
where div,(0) := div(f) — (Vén - n) € L°(T") is the tangential divergence of 0, Oyv := Vv -1 €

LY(T',R) stands for the normal derivative of v, and H stands for the mean curvature of T.

Proposition A.22. Assume that T is of class C* and let w € H2(Q,R4*?). It holds that
div(w) = div; (w;) + Hwn + (O,w) n a.e. on T,

where div, (w;) € L?(I,R?) is the vector whose the i-th component is defined by (div, (w)), :=
div, ((w;),) € LT, R), where (w;), := w; — (w; -n)n € L%(T,R?) and w; € R? is the i-th line of w,
and where O,w € L2(I',R¥*?) is the matriz whose the i-th line is the vector Oyw; = (Vw;)n €
L%(T,R%), for alli € [[1,d]]. Moreover it holds that

/U ~div, (wy) = — / w: Vv, Vo € H2(Q,RY),
r r

where V,v is the matriz whose the i-th line is the tangential gradient V,v; := Vuv; — (Oqv;)n €
HY2(T,R%), for alli € [[1,d]].
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