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GENERATION OF HELICAL STATES - BREAKING OF SYMMETRIES, CURIE’S PRINCIPLE,
AND EXCITED STATES

J. SABALOT-CUZZUBBO, D. BEGUE, AND J. CRESSON

ABSTRACT. Following previous work of M.H. Garner, R. Hoffmann, S. Rettrup and G.C. Solomon, we discuss the
generation of helical molecular orbitals (MOs) for linear chains of atoms. We first give a definition of helical MOs
and we provide an index measuring how far a given helical states is from a perfect helical distribution. Structural
properties of helical distribution for twisted [n]-cumulene and cumulene version of Mobius systems are given. We
then give some simple structural assumptions as well as symmetry requirements ensuring the existence of helical MOs.
Considering molecules which do not admit helical MOs, we provide a first way to induce helical states by the breaking
of symmetries. We also explore an alternative way using excited conformations of given molecules as well as different
electronic multiplicities. Several examples are given.
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1. INTRODUCTION

During the past few years, a huge interest has been developed for particular linear chains of atoms like cumulene
or carbyne. One of the interests is to possess in some configurations, helical MOs along the chain opening new
possibilities in nanoscale electronics. This phenomenon called electrohelicity has been discussed in several dif-
ferent ways, in particular, using classical Hiickel theory and symmetry group (see example [1]) or from a more
physical point of view using properties of the Hamiltonian (see for example [2]). To our knowledge, these works
are restricted to molecules in their ground state and no studies provide a discussion of the effect of excited states as
well as electronic multiplicities on electrohelicity. This is precisely the subject of this paper.

First, we define helical MOs following the previous work of M.H. Garner et al. in [1] and S. Gunasekaran et al.
in [2]. A helical MO is associated to a given distribution of vectors or angles associated to the m-system. The
classical picture is to draw a helix representing the twist of the m-vectors along the structure. In [3], W. Jeorgensen
et al. study how far a given distribution is from a perfect helix, i.e. a distribution governed by a fixed pitch. We
introduce an index based on the standard least square method giving the best perfect helix fitting to a given helical
distribution. We take this opportunity to give general results about Hiickel distributions of twisted [n]-cumulene
and equivalent cumulene version of M&bius systems.

Second, we review previous work leading to a characterization of electrohelicity in term of basic structural assump-
tions on the linear chain and symmetry properties. This characterization can be used to precisely identify which
kind of atoms can be used to construct molecule admitting electrohelicity. Chirality plays an important role in this
setting and is supported by a general physical argument called the Curie’s principle.

Third, taking molecules which do not support electrohelicity in their ground state, we explain how to obtain it by
looking to excited states or electronic multiplicities. Such a possibility is only valid for molecules which in their
ground state admit a subgroup with the basic ingredients of electrohelicity. In this case, using symmetry adapted
MOs, we are able to predict the properties of the induced helical MOs.

Finally, we illustrate our discussion with several examples.
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2. HELICAL STATES AND SOME PROPERTIES

2.1. Definition of helical states. In this section, we follow the work of S. Gunasekaran and L. Venkataraman in
[2]. We consider a chain of N — 1 sp-atoms A; denoted by C, together with arbitrary left and right end groups
denoted by L and R, consisting of a connection with an sp*-atom with a given structure (fig. 1):

L, R,
N s
Aok A E Ay
VA S N
L, N-1 R,
sp-atoms

FIGURE 1. Representation of a standard chain

The chain C of atoms is oriented along the z-axis. The m-system of the chain can be modelled with a basis set
comprising a p, and py orbital for each atom of the chain. The p_-orbital is directed along the chain direction and
is part of the o-system.

The left and right groups can have arbitrary shapes, but the most usual situation encountered for this type of chain-
compound is that of unsubstituted methylene (alkylidene) like cumulenes where L1 =L, = H and Ry = R, = H.
The cumulene molecule with N double bonds is denoted as [N]-cumulene. In their ground-states cumulenes with
even numbers of carbon atoms and hence with odd numbers of double bonds are planar (eclipsed conformation).
Cumulenes with odd numbers of carbon atoms are nonplanar, with orthogonal planes of the terminal methyl groups.

Our interest is on the orbital structure restricted to the chain C, meaning that we will not discuss the particular
orbital structure emerging in the left and right side groups.

In this work, we focus on helical orbitals which were discussed by M.H. Garner and co-workers in [1] in connec-
tion with cumulenes and annulenes. Helical orbitals allow a 7-electron delocalization twisting along the chain.

Formally, this can be viewed as follows:

Let E be a given energy and z the integer position of the atoms of the chain with z = 0 corresponding to the left
side and z = N to the right side. Denoted by y(z) the atomic molecular orbital associated to atoms A(z), we have:

(1) y(z) = < V"gg > = MR(z0)vo

where vy is a fixed two-dimensional unit vector, ® € R, R(z®) is the rotation matrix of angle zw and M is a real
symmetric matrix.

As the vector R(z®)vo belongs to the unit circle S', the vector y/(z) belongs to the image of the unit circle by
the linear map associated to M. Denoted by v, and v, the two orthogonal eigenvectors of M associated to the
eigenvalues a and b which are real, the image of S' is an ellipse whose major/minor axis are given by av, and
bvy,. The vector y(z) rotates along the ellipse when z increases. The orientation of the rotation when z increases
depends on M, which characterizes the elliptic polarization. If | M |> 0 (resp. | M |< 0) the rotation is clockwise
(resp. counterclockwise).
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2.2. Fitting a helix to helical MOs. We first introduce the notion of distribution of angles:

We call the distribution associated to y and we denote by Z(y) a finite family of angles ¢(z;), j =0,...,m or
equivalently a finite family of unit vectors y/(z;) € § ! where 7 ; € Ris an increasing family of real values.

Remark 1. It must be noted that in principle a helical MO induces a continuous distribution of angles ¢(z) but in

practice we will have access only to a sampling of this distribution.

We can represent a distribution by sections along a cylinder oriented along the z-axis.

A linear molecule being given, a distribution can be obtained in essentially two different ways:

e First, we can use Hiickel theory in order to determine an approximation of the wave function along the
molecule, and a vector y(z) corresponding to the decomposition of it in the basis given by p.(z) and py(z)
at the atom positioned at point z. Such a distribution will be denoted by D ,cker-

e We can use DFT (see Appendix 1) in order to determine the vector y(z) using the technique developed by
W. Jeorgensen, M.H. Garner and G. Solomon in [3]. Such a distribution will be denoted by Zprr.

Remark 2. The previous distributions are not the only ones which can be defined. Observations deduced from
DFT are sometimes subject to caution. As a consequence, one can imagine using more refined methods for ex-
ample CASPT2 (Complete Active Space Perturbation Theory at the order 2) in order to check if the underlying
phenomenon is method’s dependant or not (see Appendix 1). In the following, we then also studied Dcaspra.

We can associate to each distribution Z(y) a continuous helix in the following sense:

For each set of real constants b > 0, y € R, € = &1 and r > 0, one can defined an helix A, . whose parametrization
is given by:

x(t) = reos(y),
2) y(r) = ersin(yr),
z(t) = byr.

Another way to write the parametrization is:

3) Prpye(t) =r(cos(yr)es + €sin(yt)ey) + byre,,

where (ey, ey, e;) is the canonical basis defined by e, = (1,0,0), e, = (0,1,0), e, = (0,0, 1).

In the following, we simply denote Ay, y e for h,p y .
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FIGURE 2. Perfect helix curve withb =2, r=1,y=1,e=1.

If the parameter € = 1 (resp. —1), then the helix is right-hand (resp. left-hand).

For each distribution Z(y) one can look for the best helix 4, ¢ which minimize the quantity:

(4) L(r,b, 7€) lewzz hrpye(i) |I°

The sign of € for a given distribution is easy to determine so that we are reduced to the minimization of the
functional:

m

) L(rb,y) = lew — Rrpye () |7,

where € is fixed.

Such a problem is solved using the non linear least squares method. In general no unique solution is found and
no explicit formula can be given from the data because the method is an iterative process.

Another possibility is to restrict our attention to the distribution angles instead of the specific geometry of the helix.
This is done in the next section.

2.3. Fitting a helical distribution - cumulated angle. Helix with a constant pitch b induces a distribution of the
form:

(©) Dyeiin ={0(zi) =zi/b, i=0,...,N.}.

As a consequence, if one considers the camulated angle defined by:

(7) 0c(i) =Y [ 9(z)) — #(zj—1) | with ¢c(z0) =0,
1

one obtains:

(8) dc(z) = %z,

i.e. a straight line passing through 0 with a constant slope 1/b.
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An idea is then to compare the set of points (z;,9.(z;)), j = 0;...,N of a given helical distribution with a set of
helical points (z;,z;/b), by minimizing the quantity:

©) 2(b) = gwcm —£),

where f; = z;/b, i.e. to use the (linear) least squares method or regression analysis in order to obtain the best
fitted straight line of the form:

(10) ¢ = a(z—20) + 9o,
where & € R has to be determined, to the set of data ¢.(z;).

It must be noted that the special form of the straight line is due to the fact that we impose on the line to pass through
the initial point (zg, §.(0) which is the first value of the cumulated angles distribution.

As we usually choose zp = 0 for the position of the first atom and ¢.(0)) = 0, the optimization problem reduces to
find the best linear line:

(11) 0= az
which fits the set of data ¢.(z;).

Remark 3. A similar idea is used by W. Bro-Jeorgensen, M.H. Garner, G. Solomon in [3], where they define the

(zj) = fi
The solution to the previous problem has an explicit analytical solution given by:
o . (2)7
02(z)
where for two given series x = (xo, 5xn), ¥y = (¥o...,yn), we denote by:
1 A (xi —X) (i — u —¥) :
13 x _—
(13 e N+1Zx” xy) = ,;) N+l IX;') N1

the mean of x, covariance between x and y and variance of x.

Let us denote by p(x,y) the correlation factor defined by:

(14) play) = S

o(x)o(y)
The quality of the approximation given by the regression line is measured by p(¢.(z),z). If p2(9.(z),z) is very
close to one then the approximation is very good.

Remark 4. As usual, the quality of the indicator is related to the quality of measure and it is subject to discus-
sion. In general, for very good, measured quantities, a correlation > 0.95 is assumed to represent a very good
approximation by a straight line.

Consequently, we propose as an indicator of helicity the quantity:

15) HEL = p(9.(z),2),

instead of the MAD index proposed in [3]. Two advantages at least can be pointed out:

e First, the correlation quantity is well-known and its interpretation, even if it is subject to discussion, is well
documented.

e Second, a comparison is possible as HEL € [0, 1]. Contrarily, the MAD index can take arbitrary values and
it is not clear what is the exact difference between a MAD index of 4, 7 or 10 as no normalization is given.
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As an example, let us take the following angle distributions obtained for equivalent 4-cumulene version of Mobius
systems (see section 2.6) when n = 1 given by:

(16) Ds1 ={0,32,45,58,90}.
The associated cumulated distribution is given by:

(17) o = {0,32, 77,135,225}

The "best" perfect helix fitting this set of data is given by:

(18) 0(z) =49.7z,
and the correlation factor is given by:
(19) p(z,9.(z)) = 0.9887211,

which shows very good agreement.

90

80

70 o

60 o

50 o

40

30 H

20 o

FIGURE 3. Best fitted helix for distribution of equivalent 4-cumulene version of a Mobius system
andn=1

The same can be done for the distribution of the equivalent 4-cumulene version of a Mobius system when n = 2.
In this case, the distribution is given by:

(20) P41 ={0, 58, 135,212,270} .
The associated cumulated distribution is given by:

(21) 0. = {0, 58, 193, 405, 675} .

The "best" perfect helix fitting this set of data is given by:

(22) 0(z) = 145.3z,
and the correlation factor is given by:
(23) p(z,0:(z)) =0.9794173,

which again this shows a very good fit.
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FIGURE 4. Best fitted helix for distribution of equivalent 4-cumulene version of a Mobius system
andn=2

Taking the solution of the minimisation problem, we can represent the 7-system along the C system like a helix:

Helical
orbital

——

Un

FIGURE 5. Representation of the 7-system along the C system

2.4. Fitting a helix - general case. Classical helixes are called perfect helixes in [3]. However, perfect helixes
are not the rule as many examples already proven (see the next sections and [1]). A more general class of helix is
given by helix with a non-constant pitch, i.e. a helix of the form:

x(t) = rcos(z),
(24) y(t) = ersin(t),
2(t) = P(1),

where P(t) is a smooth increasing function.
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FIGURE 6. Imperfect helix with P(¢) = 2¢> 4 3.

More generally, one can consider a helix with a non-constant radius of the form:

x(t) = r(t)cos(t),
(25) y(@) = er(t)sin(t),
z2(t) = P(1),

where r: R — R™ is an arbitrary positive function.

A very good approximation of the function P can be obtained from the set of data completing the best helix ap-
proximation just studied but in a nonlinear setting, for example using polynomial functions for P() as well as for

r(1).

The previous generalization is not only a mathematical idea. As an example, the structure of the following linear
molecule gives rise to a general helix structure:

FIGURE 7. Non standard helix

In fact, a very large class of morphology is possible, and the case of perfect helix seems to be not representative of
helical state. In that respect, it seems unreasonable to take a perfect helix as a structure to make comparisons with.

Linear chains of boron nitride [4] could illustrate the existence of non standard helix. Like carbon nanostructures,
boron nitride (BN) nanostructures present a wide variety of physical and chemical properties. They also present a
wide variety of MOs according to both the number of atoms on the chains (even or odd), and to the nature of the
Ap and Ay atoms (boron or nitrogen) as illustrated in the tables reported below.
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TABLE 1. Molecular orbitals of a linear chain B=N=B=N=B obtained at the B3LYP/6-311G(d.p)
level of theory - ¢ = charge

a-HOMO-1 a-HOMO a-LUMO o-LUMO+1
¢ =0 - doublet = . I I ' m N
B-HOMO-1 B-HOMO B-LUMO B-LUMO+1
a-HOMO-1 a-HOMO a-LUMO oa-LUMO+1
c=0 - quadruplet m‘ m ” I
B-HOMO-1 B-HOMO B-LUMO B-LUMO+1

TABLE 2. Molecular orbitals of a linear chain N=B=N=B=N obtained at the B3LYP/6-311G(d.p)
level of theory. ¢ = charge

HOMO-1 HOMO LUMO LUMO+1
a-HOMO-1 a-HOMO o-LUMO o-LUMO+1
c=1 - triplet m l ‘ II
B-HOMO-1 B-HOMO B-LUMO B-LUMO+1

s T8 338 08
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TABLE 3. Molecular orbitals of a linear chain B=N=B=N=B=N obtained at the B3LYP/6-
311G(d.p) level of theory. ¢ = charge

¢ =0 - singlet
a-HOMO-1 a-HOMO a-LUMO a-LUMO+1
¢ =1 - doublet I m ! I |
B-HOMO-1 B-HOMO B-LUMO B-LUMO+1
a-HOMO-1 a-HOMO a-LUMO a-LUMO+1
¢ =2 - triplet
B-HOMO-1 B-HOMO B-LUMO B-LUMO+1

&% L8 838 doa:

2.5. Some properties of Hiickel distributions for 0 < 6 < /2 twisted [N]-cumulene. From a theoretical point
of view, helical Hiickel distributions are the only ones that can be dealt with. A complete treatment can be done for
twisted [N]-cumulene. In this case the Hiickel distribution Zp,ckei(0) is obtained through the set of vectors given
by:

(26) Vi(z) = anR(0/2)Dy, 1, R(knz+ On),

where Dj : R? — R? denotes a dilatation map of weight A defined by (x,y) +— (x,Ay), 8, satisfies:
(27) tan(5,) = —a,/b,tan(0/2),

and k,, satisfies the equation:

(28) sin®((N + 1)k,) = cos*(0) sin’(k,), for 1 <n<2N.

In general, it is not possible to obtain explicit values for the distribution angles unless the case 6 =0 or 6 = 7/2
which are discussed in the next section. We can nevertheless give some hints on its structure. Indeed, for each
twist angle 6, the Hiickel distribution Zg,cre1 (N, 0) of twisted [N]-cumulene by an angle 6 possesses the following
structure.

The distribution Zgcker(N, 0) is such that:
(29) O(N—2)—9(N/2)=¢(N/2)—9(z), z=0,...,N.

The distribution possesses an axis of symmetry directed along the vector ¢(N/2). As ¢(0) =0 and ¢(N) = 6, this
axis is at 6/2 or 6/2+ /2 depending on the number of turns and if the helix is right handed or left handed.
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It must be noted that this property is not as trivial as it looks due to the fact that we have a dilatation map which
sends the components of y(z) on an ellipse. It can be seen as follows:

R (g) D%(pcirc(z)

Dilatation Rotation E [ S v
Peirc(2) /\ % . G
) /—9\4 N\
e (51 ¥
(/lClTC(N-ZJ —//‘

FIGURE 8. Construction of the helical distribution from the circular distribution.

The distribution is obtained from the circular distribution Z,;..(6) defined by:

(30) 0n(2) = knz+ 6.

This distribution is symmetric with respect to 0, meaning that we have:
31) Pu(N —2) = —¢(2),
forz=0,...,N.

The distribution Zpcrer () is then obtained from Z;,(6) by a dilatation map D, , from the vectors v, (z) = ae'®),
i> = —1 followed by a rotation ¢'®/2, Rotations are isometric transformations so that they preserve angles. Dilata-
tions are not preserving angles, but they preserve the structure of the circular distribution as can be seen by a simple

computation.

A formal proof of the previous result can be obtained using the circularly polarized MOs version of the previous
case studied by S. Gunasekaran et al. in ([2], p.4-5). They consider a modified Hiickel matrix by increasing the
coupling between the terminal lone p orbitals from 7 to v/2¢ instead of a constant coupling ¢ between the atoms of
the chain (see [2], fig. 5 (a) p.5).

This simple change made the mathematical analysis greatly simplified and explicit expressions for the distribution
given by ¢,,(0) =0, ¢,(N) = 6 can be obtained:

0+mn, n=2m+1
mr—0, n=2m

(32) 0n(2) =knz, 2=1,...,N—1, Nkn—{

For a given z € {1,...,N — 1}, we can rewrite ¢,(z) as:
(6 +m7r)£, n=2m+1

z
33 n(2) = Nk, — =
&3 #(2) N (mn—@)ﬁ, n=2m

The quantity ¢,(z) is well defined for z = N/2 and gives:

(6 +m7r)1, n=2m+1
(34) 0 (N/2) =

(mﬁ—@)i, n="2m
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We can verify directly the previous symmetry results on the distributions Zg,ck.1(0), i.e. that (29) is satisfied.
Indeed, we have:

1z
0+mr)(=——), n=2m+1
(35) 0n(N/2) = 9a(2) = o n)(% 1}’) ’
mm 9)(§_N)’ n="2m
and
O+mr)(1—2—1) n—oms1
(36) 9a(N—2) = 9a(N/2) = N7 = 0u(N/2) = 9u(2)

2.6. Properties of distributions for C,-adapted MOs of 6 = 0 or 6 = 7/2 twisted cumulene. For 6 = 0 or
0 = /2, cumulenes do not possess helical MOs. This is due to the fact that the 7,-system and the 7,-system are
decoupled in this case (see section 4.1 for more details). However, we can look for C;-adapted MOs, where C,
mixes the 7, and 7, system (see section 5).

Remark 5. Looking for Cy-adapted MOs is natural when cumulenes are considered as linear versions of cyclic
chains under the Mobius topology. This can be understood as replacing the electronic complexity by a geometric
complexity keeping symmetry properties here given by a C; symmetry group. We refer to [1] for more details.
In particular, one can note that the angular distribution for the Mdbius cyclic system is perfect but this property
is lost when looking for a cumulene analogue. We refer to [1] where this problem is studied in details and to the
following sections.

2.6.1. The case 6 = ir/2. For 6 = 1r/2, the m-system of cumulenes can be obtained by a N-chain of atoms from
z=0toz= N —1 governing the p, part and a N-chain for p, fromz=1toz=N.

For a N-linear chain, the coefficients cy ,(z) of the wave function y;,(z) for z=1to N are of the form:

(37) un(d) = || g ald)
where:

(33) ay n(z) =sin(kyz), z=1,...,N,
with k&, satisfying the equation:

(39) k=" for1<n<N

N+1’

The special form of the Hiickel matrix in this case implies that (see Appendix D.1):

2 2
4 n 1 =0,..., —1’ Y = n :1,..., 5
(40) cy(z) = VN1 (z+1), z=0,...,N cx(z) = VN (2), z N

with ¢y(N) = 0 and ¢,(0) = 0.

Looking for C-adapted MOs, we obtain:
(41) Vin= (ey(@)py+ex(@px), and yo, = =5 (ey(@)py —cx(2)px)
V2 V2

Choosing v, or Y_ , give rise to a right (resp. left) hand helix.
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In the following, we focus on v ,. We then have:

2 an n(z)
42) Yn(z) = N—|—1< ax;,,ém >

Forz=0,...,N, we want to compare ¢, ,(z) and ¢, ,(N —z). As the coefficients a, satisfies:
(43) ann(N—z+1) = (=1)"lay n(2),

(see Appendix B) we deduce that y,, (N — z) can be written as:

_ 2 an(N—z) _ n+ 2 ann(z+1)
(44) Ya(2) = N+1< aZ,,,<N_§+1> ) == N+1< az,n(; >

As a consequence, Y, ,(N —z) is obtained from y,(z) by axial symmetry along the line y = x (diagonal symmetry)
and multiplication by a factor (—1)"*!. Denoting by S : (x,y) — (y,x) the diagonal symmetry map, we have:

45) Yin(N—2)=(=1)""'S (ya(2)).

We directly deduce the relationship on the distribution of the angles (29).

In this case (see Appendix C.1), an explicit expression can be obtained for the angle @y , . .. between v ,(0)
and Y, ,(z) and is given by:

1
46)  Dnyo.=cos ' | E(aya(1)E(aya(z+1)) , 2=0,...,N—1,
e (awall))elamal \/1 + (ann(2)/ann(z+1))?
and
47 D nron=(—1)""1)/2,

where €(x) denotes the sign of x.

As an example, we obtain for N = 3 and N = 4 the following distributions:
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TABLE 4. Distribution for 6 = /2, N=3,n=1,n=2 and n =3 - Corresponding MOs obtained
by the CASPT2(8:10)/6-311G(d.p) level of theory for the [3]-cumulene in its ground triplet state
(see Table S2 for details).

Hapr00
o

> 8} %,u,os

o)
39,403
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FIGURE 9. Distribution for 6 = /2, N=4,n=1,n=2,n=3 and n = 4.

We can check some consequences of our previous results using the simulations, namely that:

e By (47), the angle between y,(0) and y,,(N) is equal to /2 when n is odd and —7/2 when n is even.

e For all n, the family of vectors y,(z), z=1,...,N are making a turn of an angle of (2n — 1)/4 with respect
to its initial position ¥, (0). As an example, for N = 3, n = 1 (a quarter turn) , n = 2 (three quarter turn)
and n = 3 (five quarter turn). In the same way, for N =4, n = 1 (a quarter turn) , n = 2 (three quarter turn)
, n =73 (five quarter turn) and n = 4 (seven quarter turn) etc.

2.6.2. The case 6 = 0. For 6 = 0, the m-system of cumulenes can be obtained by a N + 1-chain of atoms from
z=0to z= N governing the py part and a N — 1 chain for p, forz=1toz=N —1.

The special form of the Hiickel matrix in this case implies that (see Appendix D.2) :

2 2 . (nm(l+2z)
) cy(2) \/N+2a1v+1,n(z+ ) \/N+281n< N2 >, z=0,...,
cx(z) = %a ()—stin L_I)M =1 N-—1
x\Z) = N N—1,n—1\Z) = N N y =1, )

with ¢,(0) = 0 and ¢,(N) = 0.

Looking for C>-adapted MOs, we obtain, focusing on y_,:

(49) Vi(2) \/NTHsin <n 7551:;))
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forz=1,...,N—1.

Here again, one can compute explicitly the distribution of angles for particular values of n. In particular, using the
same notations as before, we have (see Appendix C.2):

1—(—1)"t+1 . .
(50) ymyon= LZCET) { 0 ifnisodd,

2 m  otherwise.

As an example, we obtain for 8 = 0, N = 3 and N = 4 the following distributions:

.08T
H2,403

FIGURE 10. Distribution for 8 =0,N =3, n=2,n = 3.
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TABLE 5. Distribution for 8 =0, N =4, n =2, n =3 and n = 4 - Corresponding MOs obtained
by B3LYP/6-311G(d.p) level of theory for the [4]-cumulene in its ground singlet state (see Table
S3 for details).

The simulations illustrate our previous results:

e The angle between y,(0) and y,(N)) is 0 when 7 is odd and 180 when 7 is even.

e For all n, the family of vectors y,(z) are making (n— 1) /2 turns with respect to its initial position ,(0).In
particular, for N = 3, n = 2 (half turn) and n = 3 (one turn). For N =4, n = 2 (half turn) , n = 3 (one turn)
and n = 4 (one and a half turns) etc.

Note that the results of distributions for N = 10 and 8 = 10 are illustrated in figures S1-S3.
3. HOW TO DETECT HELICAL ORBITALS - ALGEBRAIC APPROACH

Following S. Gunasekaran and L. Venkataraman in ([2], p.5-6), it is possible to detect helical orbitals in a pure
algebraic way.

The idea is to use the Lowdin partitioning technique [5], which is a simple technique allowing focus on a partic-
ular part of the molecule by "constructing an effective Hamiltonian which acts only on the target model space but
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gives the same result as the original Hamiltonian acting on the complete space” (see [6]).

The Hamiltonian H of the complete system can be written as:

Haa HaC 0
(51) H=| Hco Hce Hep
0 Hpe Hp

The left group is associated to a set p, = (p1,..., ps) of basis orbitals and the right group to p;, = (p7,...,p}). The
central chain consists of 2N orbitals given by p;, pr and 2(N —2) orbitals p,;, pyi, i =1,...,N — 1. We denote by
pc this vector.

The matrix H is then a a+2n-+ b square matrix. By construction of the Hamiltonian, we have H}., = H,c where ¢ de-
a n

notes the transpose. The associated Schrodinger equation H - y = E'y gives for y = Z cipi+erpr+ Z CxiPxi+
i=1 i=1
b
Cy,iPyi+ CRPR+ Z cj pj a linear system of the form:
j=1

Haapa + HanC = Epa’
(52) Hcupa+Hcepe +Heppy = Epc,
Hycpc +Hpypy = Epyp,

For any integer d > 0, let us denotes by 1, the identity matrix of size d. Assuming that for a given E the matrices
El,— H,, and EI, — Hp}, are invertible, one can express p, and p,, using pc, namely:

(53) Pa=(El,—Haa) "Hacpe,  po = (Ely —Hy) ™' Hyepe

Replacing in the second equation p, and p by their expressions, we obtain the following equation:

(54) Hea(Ely = Haa) ™' Hacpe + Heepe + Hey(Ely — Hyy) ™' Hyepe = Epe

This last equation can be understood as the action of an effective Hamiltonian H, s defined over pc by:
(55) H.pp =X +Hc+Xg,

where the matrix ¥; and Xy are defined by:

(56) Y1, = Hea(El,—Hua) "' Hac and g = Hey(Ely — Hpp) ™ Hyc,

leading to a 2N x 2N Hamiltonian.

The two matrices X, (E) and Xg(E) are 2N x 2N and depend only on the coupling between the end groups and the
terminal orbital of the chain py and pg.

The main result of S. Gunasekaran and L. Venkataraman in [2] can be stated as follows:

Existence criterion: A necessary condition for H to yield helical states is that X1 and X do not commute, i.e.

[X1,XR] # 0, where the bracket [;) is defined by |A,B] = AB — BA.

The main difficulty in applying this result is due to the computation of the two matrix ¥;, and X which is in general
not tractable and only possible in simple configurations. We refer to [6] for more details. However, we can deduce
from the previous result the following statement:
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Genericity of helical orbitals: A linear chain satisfying the previous assumptions admits generically helical or-
bitals.

The proof of this statement relies on the existence criterion. Indeed, let A and B be two arbitrary square matrices.
The condition of non-commutation is open, i.e. that sufficiently small perturbations of A and B do not commute.
Another way of saying that arbitrary close perturbations of commutative matrices are in general non-commutative.

As a consequence, helical orbitals are not special; on the contrary they are the most common behavior of orbitals
for linear chains.

Despite its interest, the previous criterion is not effective to detect helical orbitals for a specific molecule as it
demands the explicit computation of the matrices £; and Xg. In the following, we rely on an approach suggested
by Garner and co-workers in [1] making an essential use of the symmetry properties of the molecule.

4, HOW TO DETECT HELICAL ORBITALS - SYMMETRIES APPROACH

4.1. Basic structural properties. We restrict ourself to linear molecules made of N atoms A;, i =1,...,N. We
denote by A = {A;};—1,.n the family of atoms and by L, the corresponding linear molecule. We assume that a
coordinates system is given such that z is in the direction of the molecule.

In order to observe helical MOs in a linear molecule L4, one needs to deal with atoms supporting a -system which
is two dimensional, i.e. with atoms having as a basis set p, and p,, p, supporting the 6-bond. We assume that we
have n such atoms.

As a consequence, along the molecule we have two planes &, and &, containing the family of p orbitals p.(z)
and py(z) respectively where z denotes the integer position of each atom along the chain.

The previous restriction implies that one has to restrict attention to atoms belonging to the bloc p of the peri-
odic table of the elements. Moreover, in order to have a structure which can be understood, it seems reasonable to
restrict our attention to elements of the bloc p of the second and third line of the periodic table.

The boundary of such a chain can be generated by a single MO. For more simplicity, we assume that the left bound-
ary MO is p, = po and the right one is an MO denoted by py which can be arbitrarily oriented in the x —y plane.
We have then N = n+ 2 atoms in the linear chain.

The left and right atoms of the linear chain belong to some structures denoted by S; and Sg.

The Hiickel matrix of such a molecule takes the form, taking as a basis set py = px, p', p; i=1,...,n, pN:
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N-1 N-1 1
Po PLPy Py Pr Px ?f,/—/'i/' y-system
Po [[@ia0 P
Py a.
vllo A 0 0
: mixing
pﬁ,v_l 8 a Z G)" 0 ”O/ [ matrix
p
"1 0 olea oo 0
Y1 010 010 O ala
0 a
— X-system
0 0 A,
220
. : J « Y P,
y-part X-part

FIGURE 11. General matrix

where the A matrix is given by:

FIGURE 12. A Matrix

The characteristic polynomial of H can be decoupled in two cases:

21

(1) when ®ll = 0, corresponding to the case where py is orthogonal to P> 1.e. py = py. The mixing matrix

reduces to:
o'=0
(@] 0 0
Mixt= (0 a ®l>
0 0" [a

FIGURE 13. Orthogonal matrix

and the characteristic polynomial has the form:

(57) P(x) =Py (x)PAL@L (x).

(2) when ®* = 0, corresponding to the case where py is orthogonal to Py, Le. that py = px. The mixing

matrix reduces to:

ot=0
i] O"i 0
0 0 W

FIGURE 14. Mixing matrix
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and the characteristic polynomial is given by:
(58) P(x) =Py (x)PA@H (x).

The first case corresponds to the orthogonal configuration of the ethylene and the second one to the planar config-
uration.

In all the other configurations, we have a mixing between the components of the p, and p, orbitals which is a
necessary condition for the existence of helical orbitals.

4.2. Symmetry properties. The existence of helical states implies that we have a mixing between MOs p, and p,
in a very special way. In particular, we assume that there exists what is called an helicogenic C; symmetry axis
(see [1]), i.e. a C; axis such that C>(py) = py.

As an example, for the ethylene we have:

e the planar configuration of the ethylene possesses three C, axes: one directed along the chain and two
passing through the centre directed along x and y. None of these C, axes are helicogenic.

e the orthogonal configuration also possesses three C, axes: one along the chain and two which are dihedral.
These last two axes are helicogenic.

However, as already discussed in the previous section, none of these two examples possess explicit helical MOs. In
the first case, no mixing is induced by the symmetries so that one cannot wait for helical MOs. For the orthogonal
case however, this is due to the fact that despite the mixing generated by the symmetry axes, the characteristic
polynomial factorizes and the behaviour of the p, and p, family is disconnected. This last property can be related
to the existence of another symmetry of the molecule, namely that the orthogonal configuration of the ethylene
possesses a mirror-plane symmetry. As a consequence, we have to assume that no mirror-plane symmetry must
be present in order to generate helical MOs.

4.3. The helical orbitals criterion - symmetries. Following the previous discussion, we are led to the following
statement, which was originally made by M.H. Garner, R. Hoffmann, S. Rettrup and G.C. Solomon in [1], p. J) for
cumulenes:

The helical orbitals criterion: Linear chain Ly satisfying the structural assumption, without mirror-plane sym-
metry, admitting a Cy helicogenic axis, has explicit helical MOs.

The proof of such a theorem can be deduced from the properties of the Hiickel matrix associated to such kind of
molecules.

The absences of a mirror-plane symmetry implies that the molecule is chiral, i.e. that the image of the molecule
by a mirror plane is not invariant. This remark can be used to give an alternative statement of the helical orbitals
theorem:

Helical orbitals criterion: linear chain Ly satisfying the structural assumption and chiral admitting a C, helico-
genic axis, has explicit helical MOs.

This statement can be related to the Curie’s principle in which he states informally in his paper "On Symmetry
in Physical Phenomena" [7] in 1894 an intuitively plausible relationship between the symmetry of an effect and its
cause, namely that "when certain causes produce certain effects, the elements of symmetry of the causes must be
found in the effects produced" (p. 401). Indeed, we are waiting for helical molecular orbitals. These objects are
naturally chiral so that following Curie’s principle, one must find chirality in the initial geometry of the molecule
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which induces the orbitals structure. As a consequence, chirality is unavoidable. The Curie’s principle gives a
physical support to the sentence "the formation of helical symmetry-adapted MOs requires chirality; not surprising
considering a helix is a chiral object” made by M.H. Garner et al. in ([1], page J): this is not surprising indeed and
is a consequence of the Curie’s principle.

We refer to Chalmers [8] as well as Ismael [9] for more details and discussion about the validity of the Curies’s
principle.

5. INDUCED HELICAL MOS FOR NON HELICAL LINEAR CHAINS

The previous characterization of helical MOs can be used to induce helical states from a molecule which does not
admit it at a first glance. Several strategies can be tested.

5.1. Breaking of symmetries and chirality. Let us consider a linear chain which does not satisfy the helical or-
bital criterion but satisfying the structural assumptions.

By definition, the core chain possesses two C, helicogenic axes and one C, axis along the chain. Moreover, the
core chain also possesses also three orthogonal mirror planes o, ,, 0y ; and oy, (see figures ?? and 2?).

In order to satisfy the helical orbital criterion, we have to break the mirror-plane symmetries. This will depend on
the fragment we put on the boundaries. This can be done in several steps:

90°. "1

FIGURE 15. Representation of the HOMO and LUMO MOs obtained at the B3LYP/6-311G(d.p)
level of theory for the N = 3 cumulene in its ground singlet state at a 0°, 50 © and 90 °rotation (see
Table S1 for details).
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HOMO LUMO

HOMO LUMO

HOMO LUMO

FIGURE 16. Representation of the HOMO and LUMO MOs obtained at the B3LYP/6-311G(d.p)
level of theory for the N = 4 cumulene in its ground singlet state at a 0°, 50 ° and 90 °rotation (see
Table S3 for details).

e Breaking the o, ; mirror-plane symmetry means that the molecule is not planar.

Let us now consider a non-planar linear chain. This condition is not sufficient as the orthogonal configuration of
the [N]-cumulenes in their ground states does not support helical MOs for example.

o Taking the left fragment L to be contained in the plane o, ., the breaking of the mirror-plane o, ; will be
effective with a right fragment R which is not contained in &,

Such a choice, will naturally induce the breaking of the oy, mirror-plane symmetry.

The previous remarks imply that an axis torsion of the end group of a linear chain will generically induce helical
MOs.

5.2. Using exited states of molecules. The previous result is valid as long as one considers a stable minimal con-
figuration, i.e. the fundamental configuration of a given molecule.
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a-LUMO

B-LUMO

a-HOMO «-LUMO

B-HOMO B-LUMO

a-HOMO a-LUMO

90°. "1

FIGURE 17. Representation of the HOMO and LUMO MOs obtained at the B3LYP/6-311G(d.p)
level of theory for the N = 3 cumulene in its first excited triplet state at a 0°, 50 ° and 90 °rotation
(see Table S2 for details).

25



26 J. SABALOT-CUZZUBBO, D. BEGUE, AND J. CRESSON

a-HOMO a-LUMO

FIGURE 18. Representation of the HOMO and LUMO MOs obtained at the B3LYP/6-311G(d.p)
level of theory for the N =4 cumulene in its first excited triplet state at a 0°, 50 ° and 90 °rotation
(see Table S4 for details).

However, the symmetry group of the MOs of a given molecule depends on its energy state. As a consequence,
if the symmetry group of a given molecule is such that the molecule does not admit helical OMs but contains
symmetry elements which alone satisfy the helical state theorem, one can find an excited versions of it, which can
nevertheless exhibit helical MOs thanks to symmetry adapted MOs.

As we see, the previous remark also applies also for different electronic multiplicities.
In the next section, we study more complex examples illustrating the previous discussion. In particular, we observe

the following results:

e There exists generically excited version of the molecule leading to stable configuration admitting helical
states.
e Symmetry adapted MOs can be used to predict the characteristics of the helixes.



GENERATION OF HELICAL STATES - BREAKING OF SYMMETRIES, CURIE’S PRINCIPLE, AND EXCITED STATES 27
6. INDUCED HELICAL MOS - EXAMPLES

6.1. Cumulenes containing double-bonded heavy elements. Cumulenes are a highly varied class of compounds,
including such species as ketenes, allenes, ketenimines, and isocyanates, as well as analogues where carbons Cy
and Cy are replaced by silicon, germanium, oxygen, sulfur, nitrogen phosphorus and/or arsenic. In agreement with
the review of Escudié et al. [10] fifteen families of compounds were studied in order to scan a major part of the
experimentally known cumulenes containing double-bonded heavy elements. Examples of molecules (see table 6)
were tested at the B3LYP/6-311G(d.p) level of theory in order to study the presence of helical orbitals.

TABLE 6. Cumulenes containing doubly bonded heavy elements

A/An L1 L, Ry R

Cumulene C/C H H H H
N=3:
Phosphabutatriene PC H - H H
Diphosphabutatriene P/P H - H -
Arsabutatriene AssC H - H H
Silabutatriene S’/C H H H H
N=2:
Phosphaallene PC H - H H
Diphosphaallene PP H - H -
Phosphaazaallene PN H - H -
Arasaallene AssC H - H H
Arsaphosphaallene  As’/P H - H -
Diarsaallene As’/As H - H -
Silaallene S/C H H H H
Phosphasilaallene SY‘P H H H -
Silaketene SO H H - -
Germaallene Ge/C H H H H
Germaphosphaallene Ge/P H H H -

TABLE 7. N = 3. Molecular orbitals obtained at the B3LYP/6-311G(d.p) level of theory for a
rotation of 25°.

HOMO-1 HOMO LUMO LUMO+1

Phosphabutatrienes

Diphosphabutatrienes

Arsabutatrienes

LY
SN
$88¢%
§L&es

Silabutatrienes
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TABLE 8. N = 2. Molecular orbitals obtained at the B3LYP/6-311G(d.p) level of theory for a
rotation of 25°.

HOMO-1 HOMO LUMO LUMO+1
Phosphaallenes “ “ h a
Diphosphoallenes “ “ “ “
Phosphaazaallenes % “ * “
Arsaallenes a a “ %
Arsaphosphaallenes “ n “ “
Diarsaallenes “ ' “ “
Silaallenes ’ a “ “
- $& Jo 9P

Phosphasilaallenes 7
Silaketenes 8‘3 ‘ a ¢
Germaallenes ” ’ u m
Germaphosphaallenes “ “ “ “
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6.2. Model DPBD (Diphenylbutadiyne). Our interest was also focused on the DPBD molecule for its particular-
ity to have a linear chain containing an alternation of triple and simple bonds like carbyne systems [11].

FIGURE 19. Representation of the molecule of Diphenylbutadiyne

The B3LYP/6-311G(d.p) calculations were done with a C, symmetry. We have observed the shape of the orbitals

for rotations from 0° to 90°. We have listed in the following tables the angles of rotation for which we observed
changes in the shape of the orbitals.

TABLE 9. Molecular orbitals and energies obtained at the B3LYP/6-311G(d.p) level of theory for
the DPBD system for rotations of 0°, 20°, 40°, 60°, 80°and 90°(see Table S5 for details).

) 2 9 2 2 2 2
388 d)eeld) 930000 e
0° 13) d 9 9 9 J‘ ’ P 0

HOMO-1 (-0.29609 u.a) HOMO (-0.25606 u.a) LUMO (-0.01465 u.a) LUMO+1 (0.03893 u.a)

nReaas 4 . @ ;
OIS C'OOCD .90
b 2 Jd 9 J 9 9 J‘J 9

20°

J :J EJ

HOMO-1 (-0.29259 u.a) HOMO (-0.25677 u.a) LUMO (-0.01385 u.a) LUMO+1 (0.03008 u.a)

2 2 2 2 2
M‘ ‘m“ d"M M
40° J 9 J J B 9 4 o o) 9

HOMO-1 (-0.28601 u.a) HOMO (-0.25889 u.a) LUMO (-0.01152 u.a) LUMO+1 (0.02042 u.a)
)

> o

~ 4)9%ie ¢)eois Qe

HOMO-1 (-0.27911 u.a) HOMO (-0.26234 u.a) LUMO (-0.00771 u.a) LUMO+1 (0.01166 u.a)

80°

499932 199932 Jesese oJeees2

HOMO-1 (-0.27265 u.a) HOMO (0.26698 u.a) LUMO (-0.00251 u.a) LUMO+1 (0.00398 u.a)

¢

. 719888 d)9es- o200es 10088

9 9

HOMO-1 (-0.26970 u.a) HOMO (-0.26970 u.a) LUMO (-0.00058 u.a) LUMO+1 (-0.00058 u.a)

6.3. Tolanophane. Carbyne molecules are very promising for electronic and mechanical applications. They would
offer, in their chain version, a "specific resistance surpassing that of all known materials to date" [12]. Flexible and
very resistant, these materials also have singular electrical properties. Carbyne-carbyne cross-linking are equally
promising. The tolanophane molecule is a representative example of these systems [13]. It consists of two tolane
(diphenylethyne) units (see fig.20). X-ray analysis revealed that this molecule has a twisted structure with D,
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symmetry in agreement with the modelling. Our study shows that these systems generate helical states. These
helical states appear for a twist of the molecule in the form of a braid.

x; o’ ‘fir
2./ "“M&J

,\” ' ‘/H"“”“ } o’

e oyt

]

FIGURE 20. Representation of the molecule’s tolanophane

Note here the presentation of the LUMO+3 because it is the only energy level for which we obtain a helix.

TABLE 10. LUMO orbitals and energies obtained at the B3LYP/6-311G(d.p) level of theory for
the tolanophane system for various selected rotations (see Table S6 for details).

65°(E =-0.00623 u.a)

9

9 9

95°(E =-0.00960 u.a) 105 °(E =-0.00819 u.a)

125°(E =-0.00659 u.a) 135°(E =-0.00326 u.a)

9

145°(E =-0.00149 u.a) 155°(E =-0.00149 u.a) 165°(E =-0.00192 u.a)




GENERATION OF HELICAL STATES - BREAKING OF SYMMETRIES, CURIE’S PRINCIPLE, AND EXCITED STATES 31

7. BEYOND p-ORBITALS - HELICAL STATES USING d-ORBITALS AND METALLACUMULENES

As recently reported by Garner and coll. [3] the prospective of helical states using d-orbitals has started. In
particular, the metallacumulenes are potential classes of molecules that may exhibit helical MOs in the linear
fragments of the molecules. If some MOs of the trans-[EtC = (C =)4C = Ru= (C =)4CMe]** system are somewhat
helical, Garner also reports that at the ruthenium centre there exists a jump not yet identified in the evolution of the
helical MOs. This jump is assigned by the authors to the inherent sign-change in the metal d-orbitals that couple
to the carbon m-orbitals.

The presence of variable helicity in different parts of a molecule is then clearly highlighted. However, the question
that now arises is whether the existence of possible helical MOs of the metal part. In a last perspective we finally
wanted to imagine the helical MOs of the metallic part through, for example, the study of a metal-metal bonds.
Theoretical investigations refer to the existence of multiple metal-metal bonds, mainly consisting of a combination
of o and 7 interactions in all the [Mng]Z* species investigated [14]. In addition, d-like interactions also occur in the
complexes of rhenium (M=Re) in particular. The conformation of the [Re,Hg]?>~ system where hydrogen ligands
are eclipsed (Dy;,) were studied in its lowest energy configuration represented as [627*82]. The main reason of
this decision was that conformation allows for maximum §-0 overlap between the Re(IIl) centre resulting in the
formation of a potential helix when the (Dy4;,) symmetry is broken as shown in figure ??.

FIGURE 21. Representation of the HOMO-5 and the HOMO of the [Re,Hg)*>~

8. CONCLUSION

Starting from the work of M.H. Garner et al. [1], we studied in generality the generation of helical orbitals for
particular chain of atoms which include in particular [N] cumulenes.

We first discuss the definition of helical orbitals following [1] and [2]. In particular, we discuss the possibility to
associate a perfect helix to a given distribution of angles representing the evolution of the 7-system along the chain.
We introduce as an index of helicity a correlation number obtained by linear regression between an hypothetical
perfect helix and the exact feature of the m-system under consideration. This index is different from the MAD
index of [3]. Taking as an example linear chains of boron nitride, we show that perfect helix are not the rule and a
more general definition of helices are needed, as long as one is interested in characterizing as precisely as possible
helical orbitals by a single parameterized function.

We then give a global description of distribution obtained using Hiickel theory for twisted [N]-cumulenes general-
izing and completing previous work of M.H. Garner et al. [1] which is limited to even numbered [N]-cumulenes.
Explicit formula are given and several general properties of Hiickel-distribution are proved. Simulations are pro-
vided in order to illustrate these properties.

We then discuss minimal assumptions under which a given linear chain admit helical orbitals. Several methods
exist.

We first focus on an algebraic characterization of helical orbitals given by S. Gunasekaran et al. in [2] based on the
Lowdin partitioning technique. Using this characterization, we deduce that helical orbitals are generic. Indeed, the
existence criterion is based on the fact that two matrices do not commute which is a generic property for a set of
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matrices. Despite its interest, this criterion is not useful from a practical point of view because the computation of
the matrices entering in the criterion are in general too complicated to compute explicitly.

We then discuss more precisely the structural properties of linear chain focusing on the role of symmetries of the
molecule. As helical orbitals are associated to special geometrical properties of the molecule and are chiral objects,
we deduce using Curie’s principle, that a necessary condition for a molecule to possess helical orbitals is chirality.
This assumption joins observation made by M.H. Garner et al. in [1]. Moreover, the existence of helicogenic axes
of symmetries as defined by [1] is also necessary. The previous conditions are necessary when looking for helical
orbitals at the ground state. If not, as the symmetry group of MOs for a given molecule depends on the energy state,
one can look for excited version of a given molecule for which symmetry adapted MOs lead to helical orbitals. The
previous remark opens many possibilities for a huge number of structures to exhibit helical orbitals, in particular
when different electronic multiplicities are allowed. This point clearly proves again that helical orbitals must be
more generic than usually believed. Several examples are given in order to illustrate these ideas.

Helical orbitals are constructed by focusing on 2p orbitals. However, the criterion for helicity based on helicogenic
axes and chirality suggests that d orbitals can be a good candidate to construct helical orbitals of a new kind. Fol-
lowing a recent result presented in [3] we discuss this possibility using metallacumulenes. The main observation is
that thanks to 0 interaction and breaking of symmetries, helical orbitals are again observed.

We hope that this work provides significant information and tools to study helical orbitals in various situations. The
use of d-orbitals seems to be very promising as it opens the possibility to construct helical orbitals for new types of
molecules with possibly different helical morphology.

APPENDIX A. COMPUTATIONAL METHODS

Ground and excited-states geometries were determined at the DFT level using the B3LYP exchange-correlation
functional with the 6-311G(d.p) basis set. Calculations were performed using Gaussian 09 program package [15].
In order to obtain reliable energies and OMs CASPT2(8:10)sp/6-311G(d.p) calculations were also carried out.
Calculations were performed using Molpro program packages [16].

APPENDIX B. A TECHNICAL RESULT

Forall N >1,z=0,...,N, the function a,(z) = sin ( ]\Z,’f] ) satisfies the equality

(59) an(N—z+1) = (—=1)"a,(z)

Proof. This is a simple computation. We have

an(N—z+1) = sin (N—z—i—l)]\;lfl),
R (N+1)nm n
= SI{“—x3T — I\ZHEI)’

(60)

= sin(nm)cos (If,"—ﬁ) — cos (n7) sin ( o >,

N+
= —cos(nm)sin (#2) = (~1)" 4y (2).
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APPENDIX C. PROOF OF THE ANGLE FORMULA FOR CUMULENE

C.1. The case 6 = /2. The aim of this section is to prove the following formula:

(O Y )t )
©b hinsoe=eos” (i) (w /anm)))

where €(x) is the function equal to +1 if x > 0 and —1 if x < 0.

Proof. The two vectors ¥, (0) and y,(z) are given by

(62) Yo(z) = Nil< an(()l) ) and yn(z) = Nil( afé'é(fl) )

whose scalar product y,(0) - y,(z) is given by
2
(63) Va(0) - y(z) = m%(l)m,(z—i— 1).

The norm of each vector y,(0) and y,(z) is given by

(64 O = | g LD | and a2l = g )+ (e 1)

‘We then obtain

(65) "Q{N7ﬂ7+707z — COSil <| an(l)an(z—{— 1) ) '
An

D V/(@n(z))? + (an(z+1)2

Asa,(z+1)#0whenz=1,...,N—1, putting (a,(z+ 1))? in factor in the square root, we deduce

1
66 N = - n(1 n 1
(66) N n,+,0,z = COS (8(" (1))e(an(z+ \/1 (z)/an(z+1))? )

When z = N, we have a,(N + 1) = sin(nm) = 0 and @y , 1 oy reduces to 40, = cos ' (0) = £7/2. Due to
the symmetry relation (45), we deduce that the sign depends only on n and is given by (—1)"*!. This completes
the proof. O

C.2. The case 6 = m/2. By definition, we have

0 0

(67) v, (0) = 2 sin [ "™ and y,(N) = 2 sin nm(N+1)
N+2 N+2 N+2 N+2

N+1
As sin ArN+1) —sin(nn— " = (—1)""sin T , we obtain
N+2 N+2 N+2

(68) Ya(N) = (=1)" 'y, (0).

We deduce directly that for n odd, y,,(N) = y,(0) and the angle is null and for n even y,(N) = —y,,(0) and the
angle is 7. This concludes the proof.
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APPENDIX D. PROOF OF THE FORMULA FOR THE OM COEFFICIENTS OF C; SYMMETRY-ADAPTED LINEAR
COMBINATIONS FOR 6 =0 AND 6 = /2 TWISTED CUMULENE

D.1. The case 6 = m/2. This is the simplest case. Indeed, denoting by Ay (w) the N x N matrix given by

w1 0O ... 0
1w .o
(69) Avw)=1 0 . . .0 |
1
0 ...0 1w

o—A
and posing as usual w = ——, the secular determinant Sy(A) of the Hiickel matrix Hy defined by Sy(A) =
det(Hy — AId) is such that

2
(70) Sn(A) = BN (Pv(w))",
where Py(w) = det(Ay(w)) and Ay is the classical matrix associated with a N-linear chain of carbon atoms.

The N roots of Sy are doubly degenerate and are symmetrically distributed around the value & and are given by
(71) An = 0t +2P cos (knn) ,
with ky , =nmw/N + 1.

We refer to the work of C.A. Coulson ([17], Appendix p.393-394) for more details.

D.2. The case 6 = 0. This case is more complicated. The secular determinant Sy(A) for the Hiickel matrix reads
in this case as

(72) Sn(A) = B Py1 (w)Py_1(w)

We have 2N roots which are non-degenerate and obtained by intricating the symmetric roots of Py.(w) and
Py_1(w). The roots of Py_; corresponding to the p, system and those of Py to the p, system.

Symmetry-adapted linear combinations in C; of atomic orbitals coming from the p, and p, systems are possible
only for atomic orbitals which are not too far in energy. As a consequence, we must understand how the two
spectrums are intricated. Denoting by 4, , the eigenvalues induced by the y part and 4, , the eigenvalues induced
by the x part we obtain an intrication of the following form

(73) AN+17y < l/\/fl,x < l}\/‘y << lz’y < l]x < ll_’y.

Taking explicit values (see just below), one can observe that taking » for a particular energy level corresponding to
JL,,ﬂy ,n=2,...,N, the closest values of A, , is obtained for k = n— 1.

As an example, taking N = 3,4 and 5 representing only the value 2cos(ky1,,) for A, and 2cos(ky_1,,) for A, ,,
we obtain:

for N =3 (see figures 19 and 20) : Ay, = a+1.6188 < A, = o+ 1.0008 < A3, = ¢ +0.618a < A, =
a—0.6188 <A, =a—1.0008 <Aiy=A =a—1.6188

for N=4: Asy = a+1.732B < A, = a+ 14143 < Ay = a+ 1.0008 < Lo, = o+ 0.0008 < A3, = ot +
0.00008 < Ay = &t — 1.000B < Ay, = 0 — 14148 < Ay = o — 1.732f3
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for N=5: Ay =+ 1.8028 < Ay, =+ 1.6188 < As, = a4+ 1.247 < A3, =  + 0.6188 < Ay = ot +
0.4458 < Az, = a0 —0.4458 < Mo, = 00— 0.6188 < Ay = @ —1.247 < Ay, = o — 1.618B < A1, = o — 1.802f8

The intrication of these values is resumed in the following table for each of these three cases:

A Asy — 1732 ’16.37 — -1.802
4y — 1618 g — 1618
: e —— L /1” 1.247
ﬁz'x —— -1.000 A4y e -1.000 AS'J’ 0- iy
3,y =—— -0.618 5 06

’ Ay Aa o e 0.000 Ay, = 0445
A Zx T3y 0.000 /13,3; — 0.445
i 0.618 A Aoy = 0618
1,X =— 1.000 2Y  — 1.000 ’
1 My —— 1414 ily —_— 1247
1y = 1.618 Ay m— 1732 /ﬁf; — i.gég

N=3 N=4 N=5

FIGURE 22. Representation in diagram form

As a consequence, taking the general form of the coefficients cy ,(z) for a linear chain given in (37), we obtain for
agivenNandn=2,...,N

(74) conn(2) = enria(z+1), and ¢ %(z) = en-1a-1(2)-

This concludes the proof.

A working example is given in the next Section for N =3 and N = 4.

APPENDIX E. EXPLICIT COMPUTATIONS OF C>-ADAPTED LINEAR COMBINATION OF MOS FOR THE 6 =0
TWISTED [N]-CUMULENE, N = 3,4.

As an example of the computations and quantities manipulated in the previous section, we derive explicit values
for the case N = 3,4 in the 6 = 0 case, where the plane of the molecule is (z,x) and the orthogonal one corresponds
toy:

0=0-N odd 0 =0-N even

/
N

/N

AN
/

N =3 (67 electrons) N =4 (87 electrons)

As already observed, the molecular orbitals are made of two perpendicular 7 systems contained in the (x,z) plane
and (z,y) plane respectively corresponding to a N + 1 linear chain in the (z,y) plane represented in blue and a N — 1
linear chain in the (x,z) plane.
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y part :

y part :

OO0

X part :

XX

N, e
/s AN

Computing the coefficients cgf,?n (z) for all value of n and z using formula (74) and finally the corresponding

eigenvalues corresponding to 2cos(mn/N +2) gives:

cg 3:2 (z)

z/n 1 2 3 4
0 037 0.60 0.60 0.37
1 0.60 037 -0.37 -0.60
2 0.60 -0.37 -0.37 0.60
3 037 -0.60 060 -0.37
Ay | 1.618 0.618 -0.618 -1.618

an(@)
z/in| 1 2 3 4 5
0 [0289 050 0577 050 0289
1 050 050 0 -050 -05
2 10577 0 -0577 0 0577
3 /05 -050 0 050 -05
4 10289 -050 0.577 -0.50 0.289
Ay | 1732 1 0 -1 -1.732

These values are corresponding for each n to the following OMs configurations:

Aoe QA

In the same way, the coefficients c?30, (z) are given by:

=
—
[\

-C
o0 O
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250 (2)
z/n| 1 2 3 4
0 . 0 0
1 . 0707 0.707
2 . 0.707 -0.707
3 . 0 0
Auy | . 1.000 -1.000

which corresponds for each 7 to the following MOs configurations:

n|l 2 3
N N,

& ®0

- - +

/N s

clan(@)
z/n |1 2 3 4 5
0 0 0 0
1 0.50 0.707 0.50
2 0.707 0 -0.707
3 0.50 -0.707 0.50
4 0 0 0
Anx 1.414 0 -1.414
1 2 3 4 5
\\.// \\.// N //
| \ |
:L) T‘ .J;
\j‘ | Ct\,ﬁ
.F, (_,_Dr %
RN 7N N

We then obtain the following table for C;-adapted linear combinations of MOs using equation (42):

‘//3,n(z)
z/n 2 3
o | (o) (o)
0.60 0.60
i 0.707 (0.707)
0.37 —0.37
) 0.707 —0.707
—0.37 —0.37
3 0 <0)
—0.60 0.60

Supporting Information

The Supporting Information is available for free.

(o) (05) (osm) (05) (omm)
2 (o) (63) (87) (55%) (o)
s (o) (*07) Cosmn) (0 )osm)
o) () (e (o)
5| (o) (05) (o5m) (05) (o)
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