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In this paper we consider a one-dimensional model of ferromagnetic rings taking into account curvature and
anisotropy effects. We describe relevant stationary configurations of the magnetization and we investigate their

stability in the Liapunov sense.

I. INTRODUCTION

Ferromagnetic nanowires give promising solutions to de-
sign low-power-consuming devices ensuring non-volatile
storage with fast access to the information (see [20]). In such
devices, one observes the formation of domains in which the
magnetization is almost constant and tangent to the wire di-
rection. These domains are separated by domain walls (DWs),
thin zones in which the magnetization switches abruptly. This
property plays an important role in numerical data storage
since the information is encoded by the localization of DWs
(see [2, 15, 20]). Because of these potential applications, DW
dynamics in ferromagnetic wires is intensively investigated as
well in Physics (see [16, 19, 23-27]) as in Mathematics (see
[3, 8, 10, 17, 22]). In [12, 14, 18], DW dynamics and magne-
tization reversal in ferromagnetic rings are investigated. In the
present paper, we consider a one-dimensional model of ferro-
magnetic ring justified by asymptotic methods in [4]. We aim
to exhibit all the in-plane stationary solutions and to investi-
gate their stability. In [17], S. Labbé, Y. Privat, and E. Trélat
address a similar issue: existence and stability of L-periodic
steady states for an infinite straight nanowire. They compute
all these configurations and prove their instability, excepted
for uniform configurations in which the magnetic moment is
oriented in the direction of the wire. Here, we enrich the
model by taking into account curvature and anisotropy effects
due to the geometry of the considered rings. The consequence
is that we exhibit more stable configurations, which reflects
the complex landscape observed in experiments.

A. Model for ferromagnetic rings

We recall the usual 3-dimensional dynamical model of fer-
romagnetism.

We denote by (eq,es,e3) the canonical basis of R?, by -
(resp. |.|) the euclidean scalar product (resp. the euclidean
norm) in R, and by x the cross product. We consider the
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ring Q, obtained by rotation around the z-axis of the ellipse

: : - .o (=R 22 2
contained in the plane x = 0 of equation “——+ 75 <17,
where a > b and 7 is a small dimensionless parameter.

Ferromagnetic materials are characterised by a spontaneous
magnetization described by a vector field called magnetic mo-
ment. We consider a ferromagnetic device occupying the ring
Q. We denote by M(t,X) the distribution of the magnetiza-
tion at time t and at point X = (x,y,z) € Q;. We suppose that
the material is saturated, i.e. the norm of M is a constant equal
to M, (expressed in A.m~1):

IM(t,X)| = M; ae. (1)

The magnetic induction B and the magnetic field H are linked
by the constitutive relation

B=uyH+M),

where M is the extension of M by zero outside Qy, and where
Uo = 4m.107"kg.m.s~2. A2 is the vacuum permeability.

The variations of M satisfy the following Landau-Lifschitz
equation (see [1, 6, 13]):

oM a
S = 1M Hepr(M) - ﬁ’/M x (M x Hg(M)),  (2)
where:

e 7 (expressed in A.s.kg™!) is the gyromagnetic ratio,
o the dimensionless term o is the damping coefficient,

e H,g is the effective field (expressed in T =kg.s 2. A1)
given by:

A
Hegr(M) = WAM + uoHy (M),

where we denote by A the exchange constant (expressed
in J.m~!) and by Hy(M) the demagnetising field ob-
tained from M by solving the Maxwell-Faraday equa-
tion:

curl H;(M)=0 and div(H;(M)+M)=0 inR> (3)



The effective field Her(M) is related to the micromagnetism
energy &,,(M) by the relation Hegr = —dp &)y, with

1A

1
En(M) = e /Qn [VxM|*dX + E“O/Ra [Hy (M) [*dX.

“4)

In order to obtain a dimensionless model, we write

M(t,X) = M_ym(%,%), where the characteristic time 7 is
given by

oo RZM,
-

(we recall that R is the radius of the ring). We denote by
t =1 the dimensionless time and by X = (x,y,z) = X € R’
the dimensionless position. Then, m(¢,X) is defined for ¢ €
R* and X € &y, where O, is the ring obtained by rotation
around the z-axis of the ellipse contained in the plane x = 0 of

. 2(v_1)\2 22 .
equation 1{(2721) + Rbfzz < n?. It satisfies:

m:R* x & — $?, where $? is the unit sphere of R,

®)

Using [4] and [21], we take the limit of the 3d-model (5)
when 1 tends to zero. The limit domain is the unit circle con-
tained in the plane z = 0 (of equations x*> +y? = 1 and z = 0).
The limit m of the 3d-magnetic moment m only depends on
time 7 and on the position on the circle parametrised by arc-

cos O
length by 6 — | sin@ |. It satisfies:
0
m:Rf xRy — s2, 2z-periodic in the variable 6,
om
i Hese(m) — om x (m X Hegr(m)),
(6)
’m 1
Hagr(m) = 503 + 7 Halm)
with  (m)=———(m-e,)e — L mse
d = atb r)€r atb 3€3,
where we denote:
cos O —sin @ 0
e,=|sin@ |, eg=1| cosO |, es=10],
0 0 1

and where the dimensionless parameter A is given by:

A

A= PR

The dimensionless energy related to the limit model is given
by :

1 /2% Om
&(m) = 5/0 52 as

1 /2 b 5 a 2\ 40

o, (m“”'er) Tarem™! ) :
@)
As already observed in [4, 10, 21], we remark that the limit
demagnetising operator .77 is local in the one-dimensional
model and is analogous to an anisotropic term. We remark
also that (6) is invariant by rotation-translation, i.e. if m sat-
isfies (6), then for all ¢ € R, (,0) — Rpm(t,0 — @) is also

solution for (6), with

cos¢ —sing 0
Ry=|sing cosg O]. ()
0 0 1

In what follows we define the spaces:

Lf, = {f e L} (R,RY), such that for a.e. x, f(x+2m) = f(x)},
H; = {w € Hf .(R,R"), such that for all x, w(x+27) = w(x)}.
We denote by < | > the scalar product in L,z, and by || . || 3

the associated norm:

1

<uly>= /02ﬂu(9)v(9)d6, lullzz = (/Omu(e)%ze)z.

We also denote by || . ”Hlﬁ the norm in H;:
k i 2 %
du
lullgs = ( 3| E4] )
g j;) dé’ ||

B. Statement of the main results

Our goal is to describe all the in-plane steady states of (6)
and to discuss their stability. The in-plane solutions are of
particular interest in applications. Indeed, in experimental de-
vices, the considered rings are thin in the z-direction, so that
a > b in our model. Since the demagnetising field behaves
like an anisotropic term where the z-axis is a bad axis of mag-
netization, the observed configurations in the experiments are
in-plane.

We write the in-plane steady states M for (6) on the form:
M°(0) = (cosu(8))e,(8) + (sinu(6))eg(6), )

where u € H} (R;R) satisfies:
JkeZ,V0 € R,u(6+2m) =u(0)+2kn. (10)

The latest condition in necessary to ensure that M° is 27-
periodic. We remark that k4 1 is the topological degree of



M as a function from the unit circle S' into itself. In Section
II, we calculate all these static solutions. A simple calculation
gives that MY satisfies (6) if and only if u satisfies the pendu-
lum equation:

b
M/’+mcosusinu20, (11D
and we use a shooting method to construct solutions for the
pendulum equation satisfying (10). In the case k = 0, we es-
tablish the following theorem:

Theorem 1. Let A >0, a >0 and b > 0. Let ! € N such

that | < /% <1+ 1. There exists | distinct 2x-periodic

solutions M JQ for (6), which topological degree equals one,

and such that all degree-one steady state M° is equal to either
+eg, te, or :I:R((p)///jo(ﬂ — @), where ¢ € R.

FIG. 1. Solution eg. FIG. 2. Solution e,

i
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FIG. 3. Solution .,

FIG. 4. Solution (///20 .

For k # 0, the landscape is simpler, since we prove exis-
tence and uniqueness up to translation-rotation of the solu-
tions:

Theorem 2. Let A >0, let k € Z, k # 0. There exists a sta-
tionary solution for (6) denoted M]? 4 Of degree k+ 1, such

that all steady state M° of degree k+ 1 satisfies:
Jp R, VO R, MO(6) = R(9)MY, (6 — ).

We investigate also the stability of the solutions described
in the previous Theorems. We recall that a steady-state so-
lution M € H,) is said to be stable for (6) if for all & > 0,
there exists 19 > 0 such that all solution m of (6) such that
||m(0, -) —M0(~)HH1! < no satisfies:

Vi >0, [lm(t, ) ~MO()ly < €.

FIG. 5. Solution MY , . FIG. 6. Solution M , .

FIG. 7. Solution M° . FIG. 8. Solution M, , .

In addition, we say that M° ¢ H;l is asymptotically stable if it
is stable and if there exists 171 > 0 such that all solution m for
(6) such that ||m(0, -) —MO(- )||H117 < m satisfies:

[|m(t, ')—MO(')lall — 0 when ¢ — oo,

Concerning the solutions in the case k = 0, we first obtain
the instability of +e,:

Theorem 3. Let a > 0 and b > 0 such that a > b. For all
A >0, te, is unstable.

Concerning +egy, we establish the following result:

Theorem 4. Leta > 0 and b > 0 such that a > b. If A > a“ﬂ,
then +eg is unstable and if A < -2, then +teg is asymptoti-

a+b’
cally stable.

In the critical case A = a%, we remark that there exists a
one-parameter family of steady states given by:

My : 6 — cos @eg(0) + sin @es.
We obtain the following stability theorem for eg:

Theorem 5. Let a > 0 and b > 0 such that a > b. We assume
that A = ﬁ. Then ey is stable. In addition, there exists 11 >
0 such that all solution m for (6) such that ||m(0, - ) —eg HH]]] <

M1 satisfies that there exists @ € R such that m(t, -) tends to
My in H; when t tends to oo

We conclude the case of the steady-state solutions of degree
one by the following result:



Theorem 6. Let a > 0 and b > 0 such that a > b. For all A >
0, the solutions ,//ZJQ given by Theorem 1 are linearly unstable.

In the case k # 0, we must take into account the invariance
of (6) by rotation-translation. We give the following defini-
tion:

Definition 1. We say that M° ¢ H []7 is asymptotically stable
modulo rotation-translation if it is stable and if there exists
M1 > 0 such that all solution m for (6) such that ||m(0, -) —
MO(-)||H[1’ < M satisfies:

3. €R, ||m(t, - ) —R(p)M°(- — @)y — O when t — +oo.

We establish the following theorem, in which for a fixed
k # 0, we discuss the stability of M,?_ , depending on the values

of A:

Theorem 7. Let a > 0 and b > 0 such that a > b. For all
k € Z*, for A > 0 small enough, MI?A is asymptotically stable
modulo rotation-translation. 7

Forall kin Z\{0,—1}. Then, for A > 0 large enough, Ml?,l

is linearly unstable.

We also prove the following result, in which for a fixed A,
we discuss the stability of M]? 3 depending on k:

Theorem 8. Let a > 0 and b > 0 such that a > b. Let A > 0.
Then for |k| large enough, M,?l ;, is linearly unstable.

The paper is organised as follows: Theorems 1 and 2 are
proved in Section II. As already said, we use a shooting
method to construct solutions of the pendulum equation (11)
satisfying the degree condition (10).

The rest of the paper is devoted to the study of the stability
for the solutions described in Theorems 1 and 2.

The first difficulty to be tackled when proving stability or
instability results is due to the saturation constraint |m| = 1.
In order to deal with perturbations satisfying this constraint,
as in [7, 10, 11], we express the perturbations m of MO in the
mobile frame (M°, M', M?) writing:

m(t,0) = ri(t,0) M (0) +ry(r,0) M?

/1= (1 (1,6))2 — (r2(1,0) 2 M(0),
where:
M'(8) = —(sinu(8))e,(0) + (cosu())eq(6) and M? = e3.

In Section III, we rewrite Equation (6) in the mobile frame.
We obtain an equivalent equation in the new unknown r =
(r1,r2) of the form:

or = (_la :é) ZLr+F(0,r,0d9r,dger), (12)

where . = (:gzzg 12 2) (the functions f; and f> depend

on the considered solution MO), and where F' is a non linear

4

term, also depending on M°. The stability of M° for (6) is
equivalent to the stability of the null solution for (12). It is
strongly related to the sign of the eigenvalues of .Z.

In Section IV, we establish the instability of e,. In this case,
the coefficients of (12) do not depend on 8, so by considering
a constant-in-0 perturbation of 0, we are back to the o.d.e.
case, and we conclude by proving that the linearization for the
o.d.e admits an eigenvalue which real part has the bad sign.

Theorems 4 and 5 are proved in Section V. The instability
for large A is established as in Section IV. For A < -4, £ is
positive definite and we establish the asymptotic stability by
variational estimates.

In the critical case A = a“q, £ is positive, but 0 is in its
spectrum. This is due to the fact that there is a one-parameter
family ¢ — M(@) of steady states such that eg = M(0). By
projection on the mobile frame, 0 belongs also to a one-
parameter family ¢ — V(@) of solutions for (12). The per-
turbations r of zero are then described as

r(t, ) =V(p(t))+w(t, ), where w(t, -) € (Ker.Z)" .

Since .Z is positive definite on (Ker .£ )L, variational esti-
mates yield that w(z, -) tends exponentially to 0, which im-
plies that ¢@(¢) tends to a finite limit @, so that r tends to
V(o).

Section VI is devoted to the proof of the linear instability
for the steady states .#". We prove first that % admits a non-
positive eigenvalue, and we establish that this implies that the
null solution is unstable for the linearization of (12).

In the last section, we tackle the case of the solutions M,? 1
given by Theorem 2. Because of the invariance by rotation-
translation of Equation (6), O is the spectrum of .Z and we
conclude with the method used for eg in the critical case.
When £ admits non-positive eigenvalues, we establish lin-
ear instability with the same arguments as in Section V1.

II. EXISTENCE OF STEADY-STATES SOLUTIONS

We look for in-plane steady-state solutions for (6), writing
it on the form:

MO(G) = (cosu(0))e,(0)+ (sinu(0))eqg(0). (13)
These solutions satisfy:
MO X %ff(Mo) = 07 (14)

and plugging (13) into (14), we obtain that MV satisfies (14) if
and only if u satisfies:
b
" 4 ———cosusinu =0,

Ala+Db) (15)

JeZVOo e Ru(6+2m)=u(6)+2kmn.
As already said, the latest condition ensures that MO is 27-

periodic. By multiplying (15) by #' and by integration we
obtain that there exists a constant p such that for all 0,

b .
(u’)2+m51n2u:p2. (16)



A. Proof of Theorem 1: case k =0

We look for 2z-periodic solutions u of (15). We remark first
that the constant functions 0 — k%, k € 7, are solutions. The
corresponding solutions for (6) are on the form : 8 +— +e, for
k even and 0 — +ey for k odd. If A is small enough, there are
also non constant solutions. The 27z-periodic solution for (15)

are either on the separatrix, i.e. the lines p = :I:W cosu in

the phase portrait, or inside one cell %, between the separa-
trix, where:

Cm = {(u,p) ER?, |u—mn| < g,

b
2 2
Pl < grargy oo }

(from classical argument, a trajectory cannot cross the separa-
trix so it cannot get out of a cell).

In the first case, we have p2 = ﬁ, and the only 27-
periodic solutions on the separatrix are the constant maps 6 —
u(@) = % mod (xr). Hence, the corresponding solutions for
(6) are M® = +eg.

For solutions inside the separatrix, we investigate first the
solutions contained in the cell €.

By translation in the variable 0, we can assume that u(0) €
[0,5[ and «'(0) = 0. If u(0) = 0, we recover the constant
solution u = 0 corresponding to M = e,.

In order to investigate the non constant 27-periodic solution
for (15) which trajectories are contained in %o, for y €]0, 7|,
we denote by uy the solution of:

u'}f—i— cosuysinuy =0,

_b
A(a+b) an

uy(0) =7y and u(0)=0.

By classical calculation, the period L(7y) of this solution is
given by:

Ala+Db) [7 du
L(y) =4y .3
b /O \/sin? y—sin® u

If uy is L(y)-periodic , then nL(y) (n € N*¥) is also a period for

uy. So it comes that the function uy satisfies uy(0) = uy(27)

if and only if there exists n € N* such that nL(y) = 2.

The function L is continuous and non decreasing (see [11]).

In addition, we have lim L(y) = 4o, and limL(y) =
y—% r—=0

b b
Therefore, if -———~ <1, forall y €]0, 3[, L(y) > 27, so

Aa+b)
there is no 27-periodic solution of this type.

b
If ———— > 1, then there exists / € N* such that / +1 >
Aa+b)

v/ )L(ab+b) > [ and we have:

2r 27
— <1 —
[+1— }'ILIE)L(Y) < l

So, by monotonicity arguments, for all n € {1,...,1}, there
exists only one ¥, €]0, Z[ such that nL(y,) = 2x. Therefore,
there are exactly / 27-periodic solutions (modulo translation
in 0) in the cell %p.

By classical argument, the solutions v contained in the cell
%1 are on the form 6 — 7 —u(6), where u is a solution in the
cell %p. In addition, the solutions w in the cell &), are on the
form w(0) = u(6) + mm if m is even and w(6) = mm — u(6)
if m is odd.

B. Proof of Theorem 2: case k # 0

Now we look for planar static solutions of (6) of degree k +
1, k #0, i.e. we look for solutions u for (15) such that u(0 +
27) = u(0)+2km, with k # 0. These solutions are outside the
separatrix, since the solutions inside the separatrix take theirs
values in intervals which sizes is less than 7. These solutions

For k£ > 1, we consider, for p > ,/ %, the solution v,
of (15) such that v, (0) = 0 and vj,(0) = p. Writing (16), we
obtain that v, reaches the value 2k7 at the point p such that:

2km dv
6:(p) ::/ —or.
0 2 Lsinzv
P Xa+b)
3 dv
We have: 6;(p) = 4k/ : . We re-
JO 2 .2
\/p FYPA) sin“v

mark that the function 6y is continuous and non increasing. In
addition, we have:

li 6 =+ocoand lim 6 =0.

im_ 6(p) = +and lim_6,(p)

= 1w
Then we deduce that for all fixed k > 1, there exist a unique

p €l W’+oo[ such that 6 (p) = 2.

By the same way we prove the same result for £ < —1 with

P<"\Aa+b)

III. EQUATIONS IN THE MOBILE FRAME

We investigate the stability in the Liapunov sense of the
static solutions we calculated in the previous section. Since
we must only consider perturbations satisfying the saturation
constraint [M| = 1, we use the mobile frame technique intro-
duced in [10]. Let M° be a static solution for Equation (6),
obtained either in Theorem 1 or in Theorem 2:

M°(8) = cosu(8)e,(8) +sinu(6)eq ().
We denote by p? the conserved quantity:

b
2 N2 . 2
p =) +A(a+b)sm u.



We introduce the mobile frame (M°(8),M'(6),M?), where
—(sinu(0))e,(0)+ (cosu(6))eq(0)
We consider perturbations of M as follows:

m(t,0)=ri(t,0)M"(0)+ry(t,0)M>+ (1+v(r(t,0)))M°(6),
(19)

with v(r) = /1—r}—r3 — 1, so that we consider only

perturbations satisfying the saturation constraint |m| = 1.

M'(6) =

We write the Landau-Lifschitz equation with this new un-
known and by projection on M! and M? we obtain that if M
satisfies (6), then r satisfies the following quasilinear equa-
tion:

or = Ar+F(0,r,0¢1,0dggr). (20)

The linear part of this equation writes Ar = J.Zr, where

(1" )

5%
with
A = —0dgg+s0and L =L +P, (22)
where
so = L(sinzu—cosz u)
A(a+D)
(23)
a 2 !
P=——— 2 1).
Tatp) P T
The nonlinear part F(6,r,dgr, dggr) is given by:
F(0,r,091,0g97) = Fi(r)deer+ F2(r)(der,dgr)+
(24)
+F3(9,r)89r+F4(9,r),
with
e €€ (B O,%),.Z R%;R?))
r)+2a 1
av(r)+2a
}"% —rirn
a (25)
—rirn r%
—ry—ory —arv(r)
+ dv(r),
—ar,—arnv(r)
o F, €6~ (B(0,5);- 4 (R* xR R?)):
—rp —or; — Ocrlv(r)
FZ(r)(aeraaer): zv(r)(aeraaer)7

ri—ary —arnv(r)
(26)

and M?=e;.

o K€%~ (RxB(0,1); Z(R:R?)):

r2+ar1+ar1v(r)

F5(0,r)dr = 2(u/ +1) dori
—r1+ar+orv(r)
a(1—(r)?)
+2(u' +1) dv(r)(dgr),
—1—v(r)—arnr
(27)
o F, €€~ (RxB(0,5);R?):
r1r2+ocr%+ocv(r)r%
Fy(0,r) = 2u4"(0)
—r%—l—ar] rn+oav(r)rr
rﬂ’%
+aP(0)
—r12r2
so(0)r
—a (vz(r) + 2V(r)) ’ 1
(P(6)+50(6))r2
—(P(0) +50(6))r2
+v(r)
SO(G)rl
(28)

As it is proved in [10], using the saturation constraint |m| =
1 automatically satisfied from (19), we have that m satisfies
(6) if and only if r = (ry,r) satisfies (20). In addition, My is
a stable solution for (6) if and only if zero is a stable solution
for (20).

We remark that since v is smooth on the open ball B(0, 1),
Equation (20) is valid for |r| < 1. The nonlinear terms can be
estimated as follows:

Proposition 1. There exists K such that for all r € B(0,
all 6 e R,

)for
|Fi(r)| < K|rl?, |Fa(r)] < K|rl, |F3(6,r)] < K|r|
and |Fy(8,r)] < K|r|?,
and

|dFi(r)| < K|rl, |[dF2(r)| < K, |dF3(6,r)| <K
and  |dF,(0,r)] §K|r|

(we denote by dF| the derivative of F; with respect to r).

IV.  PROOF OF THEOREM 3

The solution e, corresponds to u = 0, so Equation (20)
writes



or = (—106 —é) Lr+G(r,0or,0907),  (29)

where

b
P = _899 o A(a+b) 0
- 0 —dgo+ =L — 1)
66 T T(a+b)

and
G(r,0gr,0ggr) = Fi(r)dggr+ F>(r)(dgr,dgr)
+G3(r)dor + Gu(r),

with F; and F, are given respectively by (25) and (26), and
where G3 and G4 are given respectively by (27) and (28) re-
placing u by 0.

Since the coefficients of Equation (29) does not depend on
0, if we consider an initial data ry constant in 6, then the
solution remains constant in the variable 8 and satisfies the
ordinary differential equation:

% = Ar+Ga(r), (30)

where A is the matrix:

b
P =1\ { ~ @) 0
V1l —«a 0 ab__ 1|
A(ath)

and where Gy : B(0, 3) — R? satisfies G4(r) = O(|r|*) in a
neighbourhood of zero. In order to prove that O is unstable
for (29), it suffices to prove that zero is unstable for the o.d.e.

(30). Writing A = B, where

Ala+Db)

(o =6 e a Ala+Db)
p= (% 3) winamt 1 Mo

we have to prove that for all o > 0 and all § € R, B admits
at least one eigenvalue with strictly positive real part. We de-
note by A = o>(1 — 8)? +4(1+ «?)$ the discriminant of the
characteristic polynomial X> — (1 — 8)X — (14 o?)8.

If A <0, then 6 < 0 and the real part of the eigenvalues
equals a(1 — &), which is positive.

If A > 0, the eigenvalues are real. If & > 0, there product is
negative, so that one of them is in R™. If § = 0, then o > 0
is an eigenvalue of B. If § < 0, the eigenvalues have the same
sign, and their sum equals a;(1 — 8) > 0, so they are positive.

Therefore, for all § € R, for all oc > 0, B admits at least one
eigenvalue with strictly positive real part. So, the same result
occurs for A, and the null solution is unstable for (30). This
concludes the proof of Theorem 3.

O

V. STABILITY RESULTS FOR ¢y

The solution eg corresponds to u = 7, so Equation (6)
writes

or = (la _;) Zr+G(r,09r,dggr), 3D

where

b
¥ —899+W Oa ’

and
G(r,09r,dggr) = Fi(r)dggr+ F>(r)(dgr,dgr)

+G3 (r)89r+ G4(r),

with F; and F, are given respectively by (25) and (26), and
where G3 and G4 are given respectively by (27) and (28) re-
placing u by 7.

A. [Instability for A > .3

As in the previous section, since the coefficients of (31) do
not depend of 0, we focus on constant-in-0 perturbations of
0, and we are led to study the instability of zero for the o.d.e:

dr

o =Ar+Ga(r), (32)

where A is the matrix:

b
A:(_a —1) A(a+b) 0
1 —«a 0 -1
A(ath)

We define 1 € R** by p = —26H) g6 hat A = %B,

1 > The characteristic polynomial of B
oau

has a strictly positive discriminant, so that the eigenvalues are
real. In addition, their product equals —(1 + a?)u < 0, thus
one eigenvalue of B is strictly positive. So A admit a strictly
positive eigenvalue, therefore 0 is unstable for (32), which im-
plies that eg is unstable for (6).

with B =

B. Asymptotic stability for 1 < e

We consider now the case A < ﬁ. In this case, both &} =

b _ a . BT
—dge + YY) and % = —dgg + YY) 1 are self-adjoint
coercive operators, so there exists ¢; > 0 and ¢, > 0 such that

forall r € H; we have:

clHrHiI}) << Zrlr>< cz||r||121,p1, (33)
and
Irl7e < 127 < elrl; (34)
C]VHI%_ I"L%_Cerg.

We have the following estimate concerning the nonlinear
part of (20):



Lemma 1. There exists a constant c such that for all r € H;
with ||r||i= < %, we have:

1
IF(6,1,90% 300713 < c < Lr|r > || 27| 5.

Proof. Using Proposition 1, assuming that ||r||z~ < %, we
have:

IE1 ()l < [F1(P)llz=[1doer Iz
< Kl|rl[=lrll gz
< Kl Il
by Soboblev embeddings,

1F2(r)(Opr, der)llz < I1F2(r)lle=l1 04,

K| rll=l19eoril2

by Gagliardo Nirenberg inequality,
K/l 17l

by Soboblev embeddings,

IA A

IN

1F3(-,r)drll2 < [F3(-,r)|= [ dorll 2,
K||rf|z=|dorl 2,

K/l -

VANIVANIVAN

K HrH%,

Kl

by Soboblev embeddings,
K7l 17 -

1F2(r) |2

IAIA

IN

Adding up these estimates, using (33) and (34), we conclude
the proof of Lemma 1.
O

Let us prove that If A < -, ¢y is asymptotically stable.

a+b’
Proof. Taking the scalar product in LIZ, of the equation (20)
with Zr, we obtain:
1d<.,2”| >= —o|| L5+ <F| ZLr>
—— rir>= — r r
2dt Ly ’

< —al Zrl, +IF 5127y

So, by Proposition 1, as long as || 7|z~ < %, we have:

%%<$r|r>§ —aHo?rHilz}—&-c<fr|r>% ||Lr||i%,
that is:

1i<.,aﬂr|r>+(oc—c<.,aﬂr|r>%)||Lr||22 <0.

2dt Ly =

Using the Sobolev embedding H' L in 1d and Estimate
(33), we fix 1 > 0 such that 7 < £ and such that

1
< Zrlr>1<n = |lrle- < 5.

1 . 1
As long as < Lr,r >2< 1, we obtain & —c < Lr,r >2> &
and we have

d
—<Z allLr|]?, <O0.
dt< rlr>+af r||L%_

From Estimates (33) and (34), we have ||.,2”r||i2 > 4 <
D

)

1
ZLr|r >, therefore, as long as < ZLr|r >2< 1, we have:

d
— <Zr|r>+ac—1<$r\r>§0.
dt (o))

Using a comparison lemma, we deduce that as long as <
1
Lrlir>1<n:

<Zr@)|rt)> < <Zr(0)]r(0)>e 2 (35)
We fix g = % Suppose that:
< Zr(0)]r(0) >2< np. (36)
So, we have:
Vi>0, < Zr(t)|rt) >1< n. 37

If it is not the case, there exists # > 0 such that:
1
<ZLr(t")|r(') >2>n.

Let ¢, be the smallest time in which (37) is not satisfied. Then
at time 1, we have:

< Zr(n)|rt) >%:n. (38)

For all ¢ € [0,7,[, we have
<ZLr(t)|r(t) > < <Zr(0)|r(0) >e

By continuity, we have < .Zr(t1)|r(t;) >< in? and this is in
contradiction with (38).

Finally, under the assumption < .£r(0)|r(0) >1< Mo, for
all positive time, Estimate (35) is valid, so that ||r|| ;1 is small
for all ¢ and ||r|| H) tends to zero as ¢ goes to infinity.

C. Critical case A = ﬁ

In this case, the effective field writes:

’m b
—(m-ey)er —maes.

Hof(m) = 202 4

We remark that there exists a one-parameter family of steady-
state solutions for Eq. (6) given by:

my (6) = cos Peq(6) + sin @e3.
By projection on the mobile frame (M',M?), we obtain that

(20) admits a one-parameter family of steady-state solutions
given by:

Voo = (Mol ) < (o). oo



The existence of this one-parameter family induces that 0 is
in the spectrum of the linearization .Z, as it can be seen from

the fact that:
(55
—dge

We claim the following Proposition:

Proposition 2. We assume that there exists a function V of
class €', defined on ] — 19, 7| (1o > 0), with values in 6y,
such that:

o Vo €| — 1,7, V(@) is a steady state for (20),
e V(0) = (0,0), V/(0) £0,
o Ker = Vect V'(0),

We assume in addition that:

Jec>0,Vve (Kerf)LﬂH]%, < ZLv|v>> c||v||iz. (40)
P

Then O is stable for (20).

In addition, there exists Mo > 0 such that for all solution
r of (20) such that ||r(0, )”le < No, then there exists Qo €
| — 10, To[ such that ||r(z, - ) — V(@e) (- )||Hp1 tends to zero when
t tends to +oo.

Proposition 2 will be established in subsection E. We prove
in subsection D. that eg in the critical case falls under this
proposition.

D. Application of Proposition 2 in the critical case

Let us check that the assumptions of Proposition 2 are sat-
isfied in the case A = =5 for the steady state eg, with V given
by (39). Indeed, on the one hand,

vo.viore) - (]).

so that Ker . = RV’(0), and on the other hand, for all v =
(vi,v) € (Ker.Z)* ﬂH,%,

2r 5 b 5 2 5
<$V|V>: / <8xv1| +£‘V1| >+/ |(9XV2‘
0 0

b 2 2
> 2, + vl

by Poincaré-Wirtinger inequality which can be applied to v,
2

since v € (Ker .£)* implies that vy =0.

Therefore, by Proposition 2, 0 isostable for (20), and starting
from an initial datum close to 0, a solution r for (20) satisfies
that there exists . such that r(z,-) tends to V(@) in H[l
when ¢ tends to +oo. This implies that ey is stable for (6) and
that if m is a solution for (6), if m(0, -) — ey is sufficiently
small in H]i, then there exists @. such that m(z, -) tends to
my, when ¢ tends to +oo.

E. Proof of Proposition 2

We remark that .Z is a positive self-adjoint operator with
compact resolvent and admits O as a simple eigenvalue. We
define Lf,"J‘ and Hg’l by

Lt ={ve (L)’ <v|V(0)>=0}
kL _ (pgk\2 ~ 72,1
HY = (Hf) NL2
From (40), we have the following estimates:

Proposition 3. There exists ¢y > 0 and ¢y > 0 such that for
2,1
allw € Hy™ we have:

cilwlfy < < Zwlw> < afwlz,
cilwllzy < 12wl < eallwllze.

1. New unknown

In order to deal with the null eigenvalue, we rewrite the
unknown r in the following system of coordinates:

r(t,0) = V(p(t))(8) +w(z,6), (41)

where ¢ € € (R*;R) and w € €’ (R*;Hg) such that w satis-
fies the orthogonality condition:

vt>0, <w|V(0)>=0.

The decomposition (41) exists while » remains in a neighbour-
hood of zero as it is established in the following proposition:

Proposition 4. There exists 1o > 0 such that for all ¥ € (L})?

with ||r||r < Mo, there exists a unique pair (¢, w) € R x Lf,’l
such that

r=V(p)+w. (42)

In addition, ifr € HL‘ then w € Hllﬁ’l.

Proof. Suppose that r admits a decomposition as (42). Tak-
ing the L,z,-inner product of r with V'(0), we obtain that

<r|V(0) >=< V()| V'(0) >.
We define the function y by:
y: R — R
s — < V(s)|V(0) >

since y(0) = 0 and y'(0) = [[V'(0)|2, > O then v is a 6’'-
‘P

diffeomorphism in a neighborhood of zero, so ¢ is character-

ized by:

p=y ' (<r|V(0)>).



By subtraction we obtain that w is characterized by w =r —
V() which is in L+ O

Plugging (41) in (20), we find the following equation equiv-
alent to (20):

d
d%’ V() +dw=Aw+G(0,9,w,dgw, dggw),  (43)
where
G=G1+Gy+G3+ Gy,
with

Gi =Fi(r)(deew) +F1(r)(w)(dee V(9)),

Gy =2F(r)(dgw, 09V (9)) + F>(r)(dew, dgw)
+F(r)(w)(9eV(9), 99V (9)), (44)

Gz =F5(0,r)(dw) +F3(6,r)(w)(dV(9)),

Gs = Fa(r)(w).

In (44), we denote r = V(¢) +w, and the terms F;(r) are ob-
tained by writing the Taylor expansion of F; at the point V(¢):

)= [ anvi

We remark that F(r) and F3(r) are in Z(R?* .2 (R%;R?)),
B(r) € Z(R?* 4 (R? x R%;R?)), and Fy(r) € Z(R%R?).
Taking the le,-inner product of (43) with V'(0), we obtain:

Q)+ sw)ds.

de

g =< Aw|V'(0)>+ <G|V (0)>, (45

—2(9)
where

g(@) =<V'(9)|V'(0) >

Since g(0) = HV/(O)Hiz, # 0, there exists 171 > 0 such that if

|@| < M1, then [g(@)| > 1|g(0)|. So we can divide Eq. (45) by
g() and we obtain the following equation, valid for |@| < 1,
and for w such that [[V(¢) +w|[rz < 1:

1

do
=) =)

di (< Aw|V'(0) > + < G|V'(0) >).

(40)
Replacing d¢ in equation (43) by the expression given in
(46) we find:
ow=Aw+.%(0,0,w,dgw, dggw), 47
=G—=H(9,w)3sV(9).

where &

2. Estimate of the nonlinear part

Using Sobolev embedding of H' into L™, using Proposition
3, we introduce 12, 0 < M2 < 11 such that if |@| < 1, and

< Lw|w >3 < 1y, then V(@) +wlz < 1.
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Proposition 5. There exists a constant C > 0 such that as long
as < Lwlw >1< M2 and | Q| < M, then

(@, w)| < C < Lw|w>1,
and
17(8,9.w, 90w, dpgw)llz < C (14 < Lw|w>1 ) | Ll

Proof. Using Vis in ¢! (] — 7, %[;%;") with V(0) =0,
there exists a constant K such that for s in a neighbourhood of
0 and for all @ € R, we have:

[V(s)(6

Using Proposition 1, we estimate each term of G on the
following way: starting by Gy, we have:

I <Klsl, [dgV(s)(8)] <K, [dpoV(s)(0)] <K.

|Gi| = |Fi(r)(dgew) + Fi(r)(w)(dee V(9))|
< C(rl[dogwl + |rl|w]),

then

1Gll, < CIV(o)+wley (1powlzz + Iwllz )

<C(Iol+ Iwlz; ) il
It comes that
1G1ll < 101+ Wy ) 1l
In addition, on the one hand we have:
< Fi(r)(deew)|V'(0) >= < dggw|(Fi(r))*(V'(0)) >
= — < dew|dp((Fi1(r))*(V'(0))) >

SO

‘<F1( )(gew) | V'(0) >’<C||WHH1<C<$W|W>2.
On the other hand,

| <Fi(r)(w)(deoV(9)) [ V'(0) > | <

£ ()l Wl 1V (@) |z [TV (0) .y
<Clwllyy <C < Lwlw>?
Therefore, there exists a constant C such that
| <G| V(0)><C< ZLwlw >3
Concerning G, we have:

Ga| < [2F2(r)(dew, Do V (@) + F2(r)(dew, dow))|
+F2(r)(w)(de V()6 V(9))],

Clr(|dew||0p V (@)| +Clr(|pwl* +Clw||dp VI,

IN

N

C(lol+ wl) (10ew] +[9pw[*) +Clwl||dp V|>.



Then

1G2ll3 < € (lo1+ Iwllzz ) (190wl + 19wllzs )

FClwl 12119 Vi3

Using that H89v||L;;7 < ||v||Lopo||899v||L12), we obtain:
1G2l3 < € ((101+ Iwliz ) 1wl + 1wl 9]

< ¢ (lpl+ Wy ) Il
We have also that:
| <G| V(0) > | < [|Gallyy [V (O) ez

and since

1Gallzy < Co1+wllz)(1lly + 196 2) +Cliwl 3 96 VI,

we obtain that
| <G2|V(0) > | < Cllwll-
Concerning G3, we have:
|Gs| = |F3(8,r)(dew) +F3(8,r)(w)(de V(9))]
< Clrl|dgw|+K|w||de Vol

Thus

1Gsli3 <€ (1l +1wllz ) 190wl 3 + K 1wl 2 -

So,
|<G3|V/(0) > | < Cllwlly <C< Lw|w>2,
and
16323 < € (191 + 1wl ) I3

We finally estimate Gy:

1Gallzz = () )llz <€ (10l + Il ) Iwllzz-

So, we obtain both that:

1Gallg <€ (Io1+ Il ) Iz
and that:

| <G4|V'(0)> | <C < Lw|w>2.

Adding up all the previous estimates, we obtain first that:

1613 <€ (1ol + Wl ) Il
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Using Proposition 3 we get

1
61l <€ (lol+ < 2wlw>1) | Lwlz.  @8)

In addition, we remark that:

—a 1

<Aw|VI(0)>= <2w|| _| _, V'(0) >
= <w|¥ :‘f _la Vv'(0) >

0 1
= <w|lZ| O)V’(0)>.

since . is self-adjoint and since ZV’(0) = 0. Therefore,
| <Aw[V'(0) > [ < K[[wl| 3
Using the previous estimates, we obtain that:
|< Aw|V'(0) > + < G|V/(0) >| <C < Lw|w> . (49)

Next, we recall that since |@| < 1y, |g(@)]| is bounded by
below by 1g(0)|. So we obtain that:

1 2
|m|§m~ (50)

Coupling (49) and (50), we obtain that there exists C such
that

1 (@,w)| < C < Lw|w>1, (51)

and coupling (48) and (51), we conclude the proof of Propo-
sition 5.

O
3. Proof of the stability
Taking the scalar product in Lf, of (47) with Lw we find:
1d & |w> +a|lw|? =< .F |w > (52)
—— wlw w7, = w>.
2dt L3

Using Proposition 5, as long as < Lw|w >1< Mo and |@| <
Mo, we have:

1d
§E<$w|w>+(a—C(|(p|+<$w|w>%)) 1Lw]2, <O0.
D
As long as < Lwlw >1< N1 and |@| < min{no, 5=} we
find

1d o 1 2
- - — 2 <0.
2dt<$w|w>+<2 C< Zwlw> )||$w||L%_O

Let n; = min{ny, 1= }. Aslong as < Zw|w >i< M2, we
have:

d o



Using comparison lemma, we deduce that as long as
1
< Lwl|w >2< 1, we have:

k

< ZLwt)|w(t) > < < LwO0)|w(0)>e 2. (53)

As in the proof of the stability of eg in Section V B, we can
prove that if < .Zw(0) |w(0) >1< L then ||wl|;1 is small for
all time ¢ and it tends to zero as ¢ goes to infinity.

In addition, using Estimate (53) together with Equation (46)
and the estimate on .7# in Proposition 5, we obtain that:

—ok

d"” < C < Lw(0)|w(0) > e,

Vt>0
>0, |%
and by integration, we obtain that if @(0) and <
Zw(0) |w(0) > are small enough, then for all ¢, @(¢) remains
small and tends to a finite limit when ¢ tends to +oo.

This concludes the proof of Proposition 2.

VI. LINEAR INSTABILITY RESULTS
A. Linear instability criterion

Proposition 6. Let M° = (cosu)e, + (sinu)eg be a steady
state for Equation (6). We assume that £ given by (21)-(22)-
(23) admits a negative eigenvalue L associated to the eigen-
vector &. Then the linearised system o,v = J.£v admits solu-
tions v € €°(R"; Hy) which are unbounded in L*(R*:H)).

Proof. The operator .Z is self-adjoint with compact resolvent,
so that we can split L,z, as:

L=E & E'@E", (54)
where E~ = D ker(Z —Ald), E® =ker.Z, and E*
Aesp(L)NR*-
is the closure of GB ker(£ —Ald) in le,. We remark
AeSp(L)NRH

that both E~ and E° are finite-dimensional. In addition, .Z is
coercive on E T, thus there exist ¢; > 0 and ¢5 > 0 such that:

YweET, ¢ ||w||12,111 << ZLwlw>< cz||wa11.’.

We assume that . admits a strictly negative eigenvalue A
associated to the eigenvector & € H,%.

We consider the solution v € %O(RJF;H,%) of the Cauchy
problem:

ov=JLv,
(35)
Let us assume that v is bounded in L°°(]R+;H;), ie

3C, V1 >0, [v(t)]y <C. (56)
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By taking the Lf,—inner product of (55) with .Zv, we obtain
that:

2 <$v|v>+aH$v||L%:0, (57)

so that 1 —< Zv(t)|v(¢) > is non increasing. In particu-
lar, since < Zv(0) |v(0) >=< L& |& >= 7LH§||%2P <0, and
since < .Zv(t) |v(t) > is bounded by below by (56), we obtain
that:

lim <. Zv(t)|v(t) >e R*". (58)

t—oo

In addition, integrating (57) between 0 and ¢ and using (56),
we obtain that for all > 0,

t
/ 12v|%,dr < 2C,
0 »

SO
ZvelX(RY:L), (59)
and by (55),
W R 60
E € ( > p)‘ ( )

Using (56), we consider a sequence of times #, tending to
+oo such that v, := v(z,, - ) converges to v weakly in H; and
strongly in le,. Using (54), we split v, as v, = v, +v) 4+ v,
and we have:

<LV |vn >=<$v;\v;>+<$v;|v:>.

By projection into each subspace, (v;7) tends to v weakly in
H} and (v, ) tends weakly to v™ in H,.

Since E~ is finite dimensional, (v,
for all norms.
LV v >

By convexity of w < Zw|w > in HyNE", we obtain
that < Zv* vt ><lim < Zv; v} >.

Therefore, by summing a limit plus a limit inf, we obtain
that:

) tends to v~ strongly
In particular, < Zv; |v, > tends to <

< ZLv|v><lim< ZLv,|v, > . (61)

1
We define w;, by wy,(-) = / v(ty + s, - )ds. We have:
0

by = [ ][ 05,0~ vl 1)

//1 Ivrn+sx
Lol
< L)l

2
dx,

IN

(tn,x)|2dsdx,
2
dsdx,

IN

tn +7,x)d7

2
dtdx.

tn—|—’L' X)

So,

teo dy
||Wn v"HL,Z, S/In || ot (57 )”L%



Y € L*(R*;L3), we obtain that ||w, —

Zero SO that w, tends to v strongly in LIZ,.
Now, we remark that

Smce Va2 tends to
P

1
||.$w,,||i%:/ | #vion+s)dstax
X
S/ / |-2v(t, + 5)|*dsdx
x= 0
< [T I2ve) s

In

Using (59), we obtain that .Zw,, tends to zero strongly in L127'
Since Zw, tends to .£v in the distributions, we obtain that
Zv =0. In particular, we have: < Zv|v >= 0, which con-
tradicts (58) and (61).

O

Remark 1. Using spectral theory arguments, it is possible to
prove directly that if £ admits a negative eigenvalue, then A
admits a positive eigenvalue, so that O is unstable for (55).
The main arguments of this proof, due to J. F. Bony and V.
Bruneau, from IMB, UMR CNRS 5251, Université de Bor-
deaux ([5]) are that for large o, A is a small perturbation of
—a.%Z, so it admits a positive eigenvalue, and that the imagi-
nary axe is an impassable barrier for o > 0.

B. Proof of Theorem 6

Leta>0,b>0, andl>OsuchthatM

sider a steady-state solution ,//ZJ(-) for Equation (6), obtained in
Theorem 1. We recall that in this case, u is a solutlon of the
pendulum equation inside the separatrix, so that p? < Tath)
2

D) > 1. We con-

a+b)
— W)COSH. So p —
ﬁ is a negative eigenvalue corresponding to the eigen-

vector cosu. Therefore, using Proposition 6, we obtain that
zero is linearly unstable for Equation (20), so that the solu-
tions ///? exhibited in Theorem 1 are linearly unstable for (6).

We remark that .} cosu = (p

VII. STABILITY RESULTS FOR k # 0

We fix a and b such thata > b > 0. For A > 0 and k € Z*,
we consider the solution M? Aobtamed in Theorem 2 on the
form:

M,?JL = (cosuk’l(9)> e (0)+ (sinu“(@)) eg(0),

kA satisfies:

d2 kA b
G0 Ty Sl cosu® =0,

where u

ubA (21) = 2k, k #0.

We denote p** = %(0) and we recall that all 6 € R,

(1) = (dm <e>)2+ Ty T OF, @)
40 Ala+Db) '
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We define the self-adjoint operators .i”lk’l and D?Zk A by:

2 kA

kA .
7 :—899+W(sm u 2ukt),

—Ccos~u™
jzkﬁ :glkﬂ + Pk

- <(pk=’1)2+2‘h‘“(9)+1>
Ala+b) de '

By invariance of Equation (6) by rotation-translation, since
uk* is not constant, there exists a one-parameter family Mg
of static solutions for (6) given by:

=R(9)M (6 —9),

where P4 (0) =

M, (6)

where R(¢) is defined by (8). By projection of the mobile
frame (M}, (6),M?), we construct a one-parameter family

V(@) of static solutions for (20) given by:

vigie) = (P, (63
where
P (9)(8) = My(6)-M;,(6),
= —sinu**(0)cosuk* (6 — @)
+cosut* (0) sinu** (6 — ).

The existence of this one-parameter family induces that

0 is in the spectrum of ﬁkvl, associated to the eigenvector
A

dpV(0) = (56(9). Indeed, we have the following proposi-

tion:

Proposition 7. The operator flk’l
; . 7
tive. In addition ker .,Sflk"l = Rdz’w

is self-adjoint and posi-

. . kA
Proof. We first remark that in the considered case, d(’je never
vanishes. We set

kA kA

b sinub? cosuk

{=0dp+ Iy
Ala+Db) %

Then we have £* ol = .Zlk 4. So Xlk *isa positive operator.
We have also

"S/pk,ﬂf duk,l _ d2 kA N b
LT de?  A(a+b)

!
cosub* sin uk”l> =0,

In addltlon, since < flk’xw|w >= 2 if flk’xw =0,
then /w = 0, so w € ker/ which is of dimensional at most one
since the operator /£ is of order one. O

In order to establish the stability of M, k 5» the crucial point

is the positivity of fz . On the one hand, using Proposition
6, we have the following instability results:



Proposition 8. If .i”zk'l admits negative eigenvalues, then Q is
linearly unstable for (20).

Corollary 1. We assume that for all € R, P*(8) < 0. Then
0 is linearly unstable for (20).

Proof. We have
ka|?

.- /2ﬂPk,l du
0

do

duf?r  dukt

< gkt
2 4de | de

de <0,

so by min max argument, since .,%zk A s self-adjoint, it ad-
mits negative eigenvalues. Therefore, by Proposition 8, 0 is
linearly unstable for (20). O]

On the other hand, using Proposition 2, we obtain the fol-
lowing results of asymptotic stability modulo translation un-

der positivity assumption for .sz"/l:

Proposition 9. We assume that fzk s positive definite. Then
M]g 5 Is asymptotically stable modulo rotation-translation for
Equation (6).

Proof. We use Proposition 2 with ¢ — V(@) given by (63)
Then,
d kA
v (0)(0) = (@) 20

In addition, if £ (vi,v2) = 0, then fl“vl = .,iﬂzk’lvz =0.

Since fzk A is definite positive, then v, = 0, and since
KA

ker(i”lk’)L =R4" then:

de >
ker.Z =Rd,V(0).

So the assumptions of Proposition 2 are satisfied, thus we con-
clude first that O is stable for (20), so M(];’)L is stable for (6).

In addition, as it is stated in Proposition 2, for initial data
close to zero, r(t) tends to V(¢ ), which implies that the cor-
responding flow for (6) M(t) tends to M(¢) when ¢ tends to
oo,

O

Corollary 2. We assume that for all 8 € R, PY*(0) > 0. Then
M,?‘ 3, is asymprotically stable modulo rotation-translation for

Equation (6).
Proof. Since .,2”2]‘ A = .,Sflk 4 4 PRA | since .,Sflk’)“ is positive by
Proposition 7, the assumption of Corollary 2 implies that

.fzk * is definite positive, and using Proposition 9, we con-
clude the proof of the corollary. O

A. Estimates on P**

. kA .
Case k > 1. In this case, p’“’1 >/ ﬁ and % remains
positive so that, using (62), we have:

dul* b
— k,AN2 in2 kA
\/(p ) i ) sin” u*t .
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So, forall 8 € R,

b duF*
kAN2 kA
f¢@ P Tarn = e O =P 69

and by integrating for @ € [0,27], since u** (27) = ub*(0) +
2k, we obtain:

b
kA2 7 << pht 65
With this estimate, we obtain also that:

b
<ph*t < k24—,
k<p _1/k+k(a+b> (66)

Using (64) and (66), on the one hand, we obtain that

duk,?L

T (@) +1< (M 1),

2
b
2
(i)
so that, for all 6,
; 2
kA a _ 2
P (G)ZA(Hb) <1+,/k +l(a+b)> . (67

On the other hand, using (64), we have:

2
(047422 (0) 41> <1+\/<pkﬁl>2—”>
6 = A(a+b)
b

Ala+b)’

(P2 +2

IN

+

so that

2
P (9) < QL?a;erb)_ (1 +\/(pk=l>2—l(f+b)) - (68)

Case k < —1. We assume now that k < —1. In this case,
kA o b

p A(a+b)
(62), we have:

duk . . .
and €5 remains negative so that, using

dul* b
_ kA2 _ Y
a6 \/(p P Taen

So, forall 8 € R,

du? kA2 b
70 (G)S\/(P’ ) BACED)) (69)

and by integrating for 6 € [0,2x], we obtain:

pht <

b
kA _ kA2 _



so that
b

2 k,AN2 2
k=< (p™*) <k @ D) (71)

On the one hand, using (71) and that ' is negative,

kAN2 dul* 2
’ 2— O+ 1<k 4+ ——+1
(P4 +2 55 (0) 11 <R T,
SO:
pas _9Tb ey (72)
~ Ala+b)
On the other hand, using (69), we obtain that:
kAN2 dul* kA2
(p"") +2w(9)+12(1+l3 )
Now, from (70),
p* +1<k+1<0,
SO
(P* + 1) > (k+1)2.
Thus:
d kA
(p“)2+2;t—6(9) 1> (k+1)%
Therefore, for all 0,
POy < —L (k1) 73
()‘Maer) (k+1) (73)
B. Proof of Theorem 7
We fix k£ > 1. We remark that M%er) -

2
b a—>b
1 1/k2 — i ivalent to —— > 0
< + +7L(a—|—b)> 1s equivalent to 2a+b) >

when A — 0. So, using (67), for A > 0 small enough, pkA
is positive, thus, by Corollary 1, M,g 5 is asymptotically stable
modulo rotation-translation for (6).

When A tends to oo, by (66), pkv;L tends to k, so

a—>b

2
b
m— (1 + \/(pk’k)z— 7L(a+b)> — —(1+k)2 <0.

Therefore, using (68), for A large enough, P** is bounded by
a negative constant, so by Corollary 2, M+ s linearly unsta-
ble.(20).

Now we fix k < —1. Since a > b, when A tends to zero,
a—>b

Ala+Db)
so0, by Estimate 72, for A small enough, we have:

_(k+1)2 —>+°°a

Ve eR, PFY(0) >0,
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and using Corollary 1, we obtain that for A > 0 small enough,
M,({)‘ 5 is asymptotically stable modulo rotation-translation.

When A tends to oo,

a
———— —(k+1)*tends to — (k+1)*.
Aash) (k+1)" tendsto — (k+1)
Therefore, if k < —2, for A large enough, using (73), Pk s
negative, thus Mg’}L is linearly unstable by Corollary 1.

This concludes the proof of Theorem 7.

C. Proof of Theorem 8

We fix A > 0. From (65), when k tends to +oo, pk*’1 tends
to 4oo. Therefore, with Estimate (68), for k large enough, for
all 8, PA*(0) is negative, which implies that M** is linearly
unstable.

Using (73),for k in a neighbourhood of —eo, for all 0,
P**(0) is negative, which implies that M** is linearly un-
stable.

This concludes the proof of Theorem 8.

VIII. CONCLUSION

We described all the in-plane static configurations for the
one-dimensional model of ferromagnetic ring (6), and we
gave criteria to determine de stability of these solutions.

It could be interesting to describe the non-planar solutions.
Some of them are evident: the magnetization constant equal to
e3 for example. A precise description of all these non-planar
solutions could help us to prove that the solutions =///é and

Mg"/1 are isolated. This could be of great help in demonstrat-
ing true instability results instead of linear instability theorems
(see Theorems 6, 7, and 8).

Concerning the solutions Mk’l, as it can be observed in nu-

merical simulations, we conjecture that for all A > 0, My LA
is asymptotically stable modulo rotation-translation.
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