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Introduction

Computational Fluid Dynamics (CFD) has developed to a key technology which plays

an important role in design, development and optimization in engineering practice. Al-

though increasing computer capacities enable a broader use of highly resolved computa-

tional schemes such as Direct Numerical Simulation (DNS) and Large Eddy Simulation

(LES), the statistical turbulence modelling used in the framework of the Reynolds Av-

eraged Navier-Stokes (RANS) approach represents the current industrial standard. The

ERCOFTAC-IAHR Workshops on Refined Turbulence Modelling (SIG-15) aim to bring

together scientists, researchers, users and developers from industry and from the academic

field.

Following the previous workshops, the test cases chosen for the workshop to be held

in Poitiers are all very challenging cases, involving complex underlying mechanisms of

primary significance for industrial applications. Two of the test cases, i.e., the flow over a

periodic 2D hill and the flow around the Ahmed body (simplified car body), were already

selected for the preceding workshop held in Darmstadt, Germany: the complexity of the

underlying mechanisms and the challenge they represent for turbulence models have led

to the renewal of these test cases.

The QNET-CFD network is associated to this ERCOFTAC-IAHR workshop because

the case 9.4 (Flow around a simplified car body) is one of the 53 test cases under con-

sideration in this network, in its Thematic Area 1 (External Aerodynamics), Application

Challenge 5 (Ahmed body). This network is aimed at providing European industries

with a knowledge base of high quality application challenges and best practice guide-

lines. Therefore, the second day of the workshop is going to be completely dedicated to

the Ahmed body test case, in order to analyse in detail the features of the flow and the

performances of the models.

Test cases

The workshop focuses on three test cases involving complex features: boundary layer

separation on a smooth wall, recirculation, reattachment, boundary layer recovery, wake/mixing

layer interaction, three-dimensionality, massively separated wake, etc.

• Case 10.1: Contra-rotating jets (wake/mixing layer interaction)

• Case 9.2: Periodic flow over a 2-D hill

• Case 9.4: Flow around a simplified car body (Ahmed body)

After the workshop, the participants were given the opportunity to update their results

or to submit new computations: new results were submitted during more than one year

after the workshop. Therefore, the present proceedings does not contain exactly the same

results as the draft proceedings distributed during the workshop. Moreover, it has been

enriched by reports written by R. Manceau, M. A. Leschziner and F. Menter about the

three test cases. Despite the cautiousness in avoiding omissions and mistakes, the local

organizers apology for any missing or misplaced results.
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Programme

October 9:

18.00-20.00 Registration and proceedings handout

October 10:

8.00– 9.00 Registration and proceedings handout

9.00– 9.05 Welcome (J.-P. Bonnet, head of the LEA)

9.05– 9.15 Opening (SIG-15 chairman: Prof. Hanjalic)

Case 10.1: Contra-rotating jets (wake/mixing layer interaction)

Chairman: Dr. Bonnet

9.15–9.45 Presentation of the reference experiments (Dr. Delville)

9.45– 10.45 Presentation of the computations by the participants

Merci, De Langhe, Lodefier, Dick (Ghent University)

Deng, Visonneau (Ecole Centrale de Nantes)

Pellerin, Fournier, Goossens (LIMSI–CNRS)

Manceau (Université de Poitiers/CNRS/ENSMA)

Coffee Break

11.15– 11.45 Comparison of the results (Dr. Manceau)

11.45– 12.00 General discussion

Lunch

Case 9.2: Periodic flow over a 2-D hill

Chairman: Prof. Launder

14.00–14.30 Presentation of the reference LES (Prof. Leschziner)

14.30–16.00 Presentation of the computations by the participants

Jakirlić, Šarić, Djugum (TU Darmstadt)
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Merci, De Langhe, Lodefier, Dick (Ghent University )

Salo, Hellsten (Helsinki UT)

Rumsey (NASA Langley)

Kolkka, Ahlstedt (Tampere UT)

Uribe, Laurence (UMIST)

Wang, Jang, Leschziner ( Imperial College)



Coffee break

16.30–17.30 Comparison of the results (Prof. Leschziner)

17.30–17.45 General discussion

19.30 Departure of the bus

20.00 Dinner

October 11:

Case 9.4: Flow around a simplified car body (Ahmed body)

Chairman: Prof. Hanjalic

9.00– 9.30 Presentation of the relevance to industry and

of the structure visualizations performed at the LEA (Dr. Spohn)

9.30–10.00 Presentation of the reference experiments (Dr. Lienhart)

10.00–11.00 Presentation of the computations by the participants

Hinterberger, Garcia-Villaba, Rodi (University of Karlsruhe)

Leonard (NUMECA Int.)

Hadžiabdić, Hanjalić, Khier, Liu, Oulhous (TU Delft)

Craft, Gant, Iacovides, Launder, Robinson (UMIST)

Kuntz, Menter, Durand (CFX Germany)

Coffee break

11.30–12.15 Comparison of the results (25◦ case) (Dr. Menter)

12.15–12.30 General discussion

Lunch

14.00–14.30 Comparison of the results (35◦ case) (Dr. Menter)

14.30–15.00 General discussion

15.00–16.00 Plans for the future workshops

Chairman: Prof. Hanjalic

16.00 Closing of the workshop
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Figure 1: Repartition of the participants

1 Introduction
Computational Fluid Dynamics (CFD) has developed
to a key technology which plays an important role
in analysis, design, development and optimization
in engineering practice. Although increasing com-
puter capacities enable a broader use of highly re-
solved computational schemes such as Direct Nu-
merical Simulation (DNS) and Large Eddy Simula-
tion (LES), the statistical turbulence modelling used
in the framework of the Reynolds Averaged Navier-
Stokes (RANS) approach represents the current in-
dustrial standard. The ERCOFTAC-IAHR Work-
shops on Refined Turbulence Modelling (SIG-15) aim
to bring together scientists, researchers, users and de-
velopers from industry and from the academic field.

The QNET-CFD network was associated to this
ERCOFTAC/IAHR workshop because the case 9.4
(Flow around a simplified car body) is one of the 53
test cases under consideration in this network, in its
Thematic Area 1 (External Aerodynamics), Appli-
cation Challenge 5 (Ahmed body). This network is
aimed at providing European industries with a knowl-
edge base of high quality application challenges and
best practice guidelines. Therefore, the second day of
the workshop was completely dedicated to the Ahmed
body test case, in order to analyse in detail the fea-
tures of the flow and the performances of the models.

2 Participants
The workshop attracted 32 participants from 9 coun-
tries, distributed as shown in figure 1.

Most of them came from European universities or
research institutes (24), 7 from European industries
and 1 from NASA.

They represented 24 different institutions. 15 of
them submitted results.

Figure 2: Sketch of the wake/mixing layer interaction
test case

3 Test cases
This series of workshops of the Special Interest Group
on Refined Turbulence Modelling (SIG-15) aim at
evaluating the comparative performances of turbu-
lence models in the prediction of very challenging test
cases, involving complex underlying mechanisms of
primary significance for industrial applications.

Two of the test cases, i.e., the flow over a peri-
odic 2D hill and the flow around the Ahmed body
(simplified car body), were already selected for the
preceding workshop held in Darmstadt, Germany [2]:
the complexity of the underlying mechanisms and the
challenge they represent for turbulence models have
led to the renewal of these test cases.

3.1 Case 10.1: Wake/mixing layer interac-
tion (contra-rotating jets)

The flow is generated by two coaxial jets with op-
posite rotation. An azimuthal mixing layer develops,
and an interaction between the wake of the inner noz-
zle and the azimuthal mixing layer takes place, as
shown in figure 2.

A transition from a wake to a mixing layer be-
haviour occurs as the flow develops is x-direction. In
particular, the Reynolds stress tensor experiences a
drastic change in its structure.

Detailed experiments performed at the LEA [1] at
Re = 212, 000 were made available for this workshop.
The database contains profiles of the mean velocities,
Reynolds stresses (6 components) and budgets at 15
location downstream of the nozzle.

3.2 Case 9.2: Periodic flow over a 2-D hill

This case is a statistically 2D turbulent flow in a chan-
nel with a wall consisting of a periodic series of hills,
as shown in figure 3. Separation occurs on the lee-
ward face of the hill due to adverse pressure gradient
and reattaches on the flat part, before the next hill.
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The main difficulty of the case is to predict the lo-
cation where separation and reattachment occur, as
well as the high level of turbulent stresses in the shear
region.

Detailed statistics of the flow were available from
a highly resolved LES [4].

3.3 Case 9.4: Flow around a simplified car
body (Ahmed body)

The Ahmed body is a simplified car, shown in fig-
ure 4, defined by the car industry in order to focus
on a particular aspect of the flow: the complex wake
structure at the origin of the drag crisis experienced
by ground vehicles when the angle of the hatchback
approaches 25 degrees.

Detailed experiments were provided by Lienhart,
Stoots and Becker, 2000.

4 Programme
4.1 October 10

Morning: case 10.1 (chairman: Dr. Bon-
net)

The first talk was given by Dr. Delville (LEA,
university of Poitiers/CNRS) who presented the test
case, its underlying physics and the experiments per-
formed at the LEA.

The 4 teams that performed computations of the
case presented their numerical methods and turbu-
lence models. 12 different computations had been
submitted, using 7 different RANS models and 1 LES
model.

Dr. Manceau (LEA, university of Poitiers/CNRS)
then presented cross-plots of the results submitted by
the participants and tried to analyse the relative mer-
its and weaknesses of the different turbulence models.

Finally, an open discussion allowed commenting
and completing this analysis.

Afternoon: case 9.2 (chairman: Pr. Laun-
der)

First, Pr. Leschziner (Imperial College) presented
the test case and the highly resolved LES performed
by Imperial College.

8 teams then presented the computations they had
submitted for this case, i.e., 38 different computations
using 23 different turbulence models.

Pr. Leschziner gave a synthesis of the comparative
performances of the numerous turbulence models.

An open discussion closed the first workshop day.

4.2 October 11

Case 9.4 (chairman: Pr. Hanjalić)
The first talk was given by Dr. Spohn (LEA, uni-

versity of Poitiers/CNRS), who presented visualisa-
tion performed at the LEA at a low Reynolds number
in order to better understand the flow structures.

Figure 3: Geometry of the case 9.2

Figure 4: Geometry of the case 9.4

The second talk was given by Dr Lienhart (Erlan-
gen University), who presented the flow conditions
and the experiments performed at Erlangen.

The 5 teams that had submitted results for this
case then gave an overview of their numerical meth-
ods. 10 computations were presented for the 25 de-
gree case and 11 for the 35 degree case, using 11 dif-
ferent RANS models and 1 LES model.

Dr. Menter (CFX) then synthesized the compu-
tational results for both the 25 and 35 degree test
cases.

5 Conclusions
So many comments were made about the relative per-
formances of the models in the reproduction of the
different physical mechanisms involved in the 3 test
cases that it is not possible to go into details in the
frame of this report. However, some aspects were
particularly interesting and deserve some comments.

Wake/Mixing layer interaction. It was clear
that linear eddy-viscosity models are not suited to
this case in which the turbulence production mecha-
nisms of the different components are absolutely not
the same. However, even for nonlinear and Reynolds
stress models, which are able to reproduce these sub-
tle production mechanisms, the transition from a
wake to a mixing layer behaviour, which is clearly
seen in the experimental budgets, is not obtained cor-
rectly.

Periodic flow over a 2-D hill. Pr. Leschziner
particularly emphasized the large scale unsteadiness
of the flow at the origin of large variations of the
instantaneous locations of the separation and reat-
tachment points: this feature, observed in the highly
resolved LES computation, makes the case very chal-
lenging for statistical models. Reynolds-averaged
computations do not resolve this low frequency un-
steadiness and the turbulence models do not predict
its mean effect, which is probably far from standard
turbulence agitation.

Flow around a simplified car body (Ahmed
body). While the low-drag configuration (35 de-
grees) is correctly predicted by different turbulence
models, the complex 3D structure of the wake of the
body for the high-drag case is only reproduced by
LES. Conclusions must be drawn with caution for
this very complex flow, but it seems like either some
fundamental physical mechanism is missed by RANS
models or large scale unsteadiness plays again a cru-
cial role in the sustainment of the complex 3D wake.
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6 Proceedings
Detailed descriptions of the test cases, the numerical
methods used by the participants and the results can
be found in the proceedings of the workshop:

R. Manceau, J.-P. Bonnet, M. A. Leschziner,
F. Menter, editors. Proc. 10th ERCOF-
TAC (SIG-15)/IAHR/QNET-CFD Workshop on Re-
fined Turbulence Modelling. Laboratoire d’études
aérodynamiques, UMR CNRS 6609, Université de
Poitiers, France, October 10–11, 2002.

Links to the databases used for the workshop can
be found on the workshop web site:

http://labo.univ-poitiers.fr/informations-
lea/Workshop-Ercoftac-2002/Index.html

7 Acknowledgement
Beside ERCOFTAC and IAHR, the workshop was
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Main conclusions of the workshop

R. Manceau, M. A. Leschziner, F. Menter

Comparisons of the relative performances of the different turbulence models used by

the participants were presented during the workshop. The three following articles are

summaries of the main remarks that were made during the workshop by the participants

chosen by the committee of the 15th Special Interest Group to analyse the cross-plots:

• Case 10.1: Contra-rotating jets (wake/mixing layer interaction)

Rémi Manceau (Université de Poitiers/CNRS/ENSMA, France)

• Case 9.2: Periodic flow over a 2-D hill

Michael Leschziner (Imperial College, London, UK)

• Case 9.4: Flow around a simplified car body (Ahmed body)

Florian Menter (CFX, Otterfing, Germany)

The complete set of crossplots can be found on the CD-Rom that contains:

• A color PDF version of the present report;

• All the crossplots for the case 10.1:

– Wake width and mixing layer vorticity thickness;

– Profiles of U , W , and all the Reynolds stresses, at 15 downstream locations;

– Budgets of the turbulent kinetic energy equation at 15 downstream locations.

• All the crossplots for the case 9.2:

– Streamlines;

– Profiles of U , V , k, uv, u2, v2, and the length scale l at 10 locations;

– Budgets of the turbulent kinetic energy equation at 10 locations.

• All the crossplots for the case 9.4 (25 deg and 35 deg):

– Vector plots and turbulent energy contours in the symmetry plane;

– Velocity and Reynolds stress profiles in the symmetry plane over the slant part;

– Vector plots and turbulent energy contours in constant-x plane (upstream of

the base and in the wake);

– Contours of pressure coefficients on the slant part and the base.
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Case 10.1

Results and comments



-



Contra-rotating jets (wake/mixing layer

interaction)

Analysis of the results

Rémi Manceau

Laboratoire d’études aérodynamiques

UMR 6609, CNRS/Université de Poitiers/ENSMA, France

A brief description of the test case is given in the report published in ERCOFTAC

Bulletin (see a few pages before the present report). For a more detailled description,

see the CD-Rom or the web-site

http://labo.univ-poitiers.fr/informations-lea/Workshop-Ercoftac-2002/Index.html

Contributions

10 series of results were submitted, from 4 different research teams: École centrale de

Nantes (France), Ghent University (Belgium), LIMSI (CNRS, France), and LEA

(Université de Poitiers/CNRS/ENSMA, France). The list of contributions is given in

table 1. The turbulence models used by the contributors are of 4 types:

• Linear eddy-viscosity models: EC–Nantes/k–ω–BSL, EC–Nantes/k–ω–SRSST, Ghent–

U/Low–Re–k–ε–Yang–Shih, LEA/k–ε.

• A nonlinear eddy-viscosity model: Ghent–U/cubic–k–ε.

• Reynolds stress models: EC–Nantes/RSM–IP, EC–Nantes/RSM–SSG.

• Large-eddy simulation: LIMSI/LES.

For the sake of concision, the results are crossplotted in two groups:

• Eddy-viscosity models

• Reynolds stress models and Large-eddy simulation

Moreover, Ghent University and LEA both studied the influence of the use or not of the

inlet condition Vin = 0, which are presented in separate crossplots.

Details on the models used by the participants can be found from page after the present

report.

The complete set of results is given on the CD-Rom.



Results

Some definitions

The wake is visible in plots of U as a function of y, and the mixing layer in plots of the

azimuthal component W as a function of y. The downstream evolutions of their

spreading rates can be investigated separately.

• Width of the wake: A self-similar plane wake satisfies the following relation:

U(x, y) = U∞ − Us(x) exp

(

−1

2
κ

y2

b(x)2

)

(1)

where Us(x) is the maximum of the velocity deficit. κ = 1 can be used [?]. b(x) is

thus the half-width of the wake. Since

U∞ − U(x,±b(x))

Us(x)
= exp

(

−1

2

)

≃ 0.607

the width of the wake, 2b, is thus evaluated by y2 − y1, where y1 and y2 are the 2

locations where this function takes the value exp(−1/2).

• Vorticity thickness of the mixing layer: A self-similar mixing layer satisfies the re-

lation:

W (x, y) =
1

2
∆W erf

(√
π

y

δω

)

(2)

where ∆W is the mean velocity difference. Using this definition, δω can be simply

evaluated by:

δω =
∆W

(

∂W

∂y

)

max

The downstream evolutions of these quantities are plotted in Figs. 1 and 2.

The width of the wake, 2b, scales with
√

x in a standard self-similar wake. In the

present case, 2b seems to behave as
√

x before x/r0 ≃ 2 (but the wake does not reach a

real self-similar state). After x/r0 ≃ 2, the spreading of the flow is driven by the mixing

layer, and the behaviour of 2b experiences a transition to a “mixing-layer type”, with

2b ∝ x

Concerning δω, after a short region of establishment, before x/r0 ≃ 3, it seems to grow

linearly in the downstream direction: δω ∝ x.

Predictions of 2b and δω

• Only models based on ω are able to reproduce correctly the spreading of the wake

(before x/r0 ≃ 2) and of the mixing layer (Figs. 1 and 2). This is quite surprising

since both the BSL and the SST models are supposed to be equivalent to k–ε models

in free flows.

• Note that the strong underestimation of δω by the EC–Nantes/k–ω–SRSST, Ghent–

U/Low–Re–k–ε–Yang–Shih and EC–Nantes/RSM–SSG are not due to a true un-

derestimation of the spreading, but to the prediction of steep gradients of W close

to the outer boundary of the mixing layer (Figs. 7 and 9). The max of ∂W/∂y used



Authors Institution Identifier

Béharelle, Delville, Bonnet LEA, University of Poitiers Experiments

Deng, Visonneau Ecole centrale Nantes EC–Nantes/k–ω–BSL

Deng, Visonneau Ecole centrale Nantes EC–Nantes/k–ω–SRSST

Deng, Visonneau Ecole centrale Nantes EC–Nantes/RSM–IP

Deng, Visonneau Ecole centrale Nantes EC–Nantes/RSM–SSG

Merci, De Langhe, Lodefier, Dick Ghent University Ghent–U/Low–Re–k–ε–Yang–Shih

Merci, De Langhe, Lodefier, Dick Ghent University Ghent–U/cubic–k–ε

Merci, De Langhe, Lodefier, Dick Ghent University Ghent–U/cubic–k–ε–Vin = 0

Pellerin, Fournier, Goossens LIMSI–CNRS LIMSI/LES

Manceau LEA, University of Poitiers LEA/k–ε

Manceau LEA, University of Poitiers LEA/k–ε–Vin = 0

Table 1: List of contributions for the case10.1.

in the definition of δω is reached in this region: δω does not represent correctly the

width of the mixing layer.

• None of the models is able to capture the transition of the wake width to a behaviour

in x: although the Yang-Shih low-Re model reproduces the correct evolution of 2b,

this is only fortuitous, since it is seen in Figs. 3 and 4, as well as Figs. 7 and 8 that

this model actually gives the poorest predictions.

Near-wake region

• In the near-wake region, i.e., before x/r0 ≃ 2, the mean flow can be considered a

superposition of a wake and a mixing layer, as a first approximation. The shapes

of all the components of the Reynolds stress can thus be explained by simple mech-

anisms. The figure below explains almost everything: the shapes of the different

components of the production tensor are guessed, simply by using Eqs. (1) and (2)

as basic shapes for the mean velocities and assuming that v2 is roughly Gaussian

(which can be seen in experiments). Derivatives in the x–direction are neglected.

Pij =
















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

















The shapes on the Reynolds stresses (Figs. 3 and 4) are basically the same as those

of their respective production components: redistribution of energy from w2 to v2

explains why v2 is not zero, and the conjugate influence of diffusion and redistribu-

tion from w2 explains why the double peak of u2 is smoothed. Moreover, profiles are

slightly asymmetric, which is inherited from the boundary layers along the nozzle

wall.



• Reynolds stress models and LES are able to predict these shapes correctly (Figs. 5

and 6), because the production mechanisms are solved exactly rather than modelled.

However, it is clear that the amplitudes are not accurately obtained for all the

components, in particular with LES. The SSG model performs slightly better than

the IP model.

• Linear eddy-viscosity models are, by construction, unable to reproduce correctly the

Reynolds stress tensor (Figs. 3 and 4). This is explained by the use of the Boussinesq

hypothesis:

uiuj = −2νtSij +
2

3
kδij

Assuming that νt is basically Gaussian (this is confirmed by the results), and that

k has the same shape as its production rate Pk, the following shapes are obtained:

uiuj =




































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









Therefore, linear eddy-viscosity models predict completely wrong Reynolds stresses

(Figs. 3 and 4):

– u2 = v2 = w2 is predicted.

– Only uv and vw, which can be directly related to the two mean shear compo-

nents ∂U/∂y and ∂W/∂y by a mixing length argument, are correctly reproduced.

– The double peak of u2 is totally missed, because k is driven by the total pro-

duction Pk, which is dominated by P33.

– uw is close to zero (only non-zero values of ∂W/∂x prevent uw from being

exactly zero). This is the most striking drawback of the Boussinesq hypothesis.

This component is indeed produced by the wake/mixing layer interaction:

P13 = −uv
∂W

∂y
− vw

∂U

∂y

(uv is produced by ∂U/∂y and vw by ∂W/∂y). This problem is fixed by the

use of a nonlinear constitutive equation, as shown by the results of the Ghent–

U/cubic–k–ε, which gives excellent predictions of all the Reynolds stresses in

this region (even better that second moment closures).

• Finally, it can be noted that all the models used predict a much too sharp turbulent/non-

turbulent interface (all the Reynolds stress components): this is a common drawback

of virtually all one-point closures.

Far-wake region

• Further downstream, all the models but LES strongly underpredict the width of the

wake (Figs. 1 and 2, and Figs. 7–10): the flow in this region is driven by large-scale



coherent structures generated by the mixing layer, which is missed by steady-state

computations.

• As a consequence, the amplitude of the Reynolds stress component linked to the

wake profile, uv, is strongly overestimated.

• The mean velocity profiles are also shifted towards positive y’s, which is missed by

all the computations but those of Ghent University.

• Since the turbulence is now mainly driven by the mixing layer, linear eddy-viscosity

models are able to predict the correct shapes of the Reynolds stresses u2, v2 and w2,

although they are all equal to 2/3 k.

• The cubic k–ε model yields different levels of normal stresses, but underestimates

the total turbulent energy, contrary to linear models.

• Reynolds stress models also slightly underestimate the turbulent kinetic energy,

and in particular the component v2 (Fig. 10). The IP model globally gives better

predictions than the SSG model in this region.

Budget of turbulent kinetic energy

Figs. 11 and 12 show the budget of k at two different locations.

• At x/r0 = 4.17, the budget is clearly the budget of a standard mixing layer: diffusion

exhibits a single, negative peak at the centre and two positive peaks at the edge of

the mixing layer; convection is negative, and nearly zero at the centre.

• On the contrary, at x/r0 = 1.25, the budget is influenced by the wake: diffusion dis-

plays a double negative peak, and convection is positive on the centreline. However,

production is dominated by P33, i.e., by the mixing layer.

• It is clear from Figs. 11 and 12 that the models fail to predict this transition from a

wake-type to a mixing-layer-type budget. In particular, for all the models, including

LES, convection remains positive at the centreline. The double negative peak of

diffusion disappears much too slowly.

• The cubic k–ε model gives quite a good budget in the wake region (Fig. 11), but

predicts a spurious drop of production at the centre, which survives all along the

domain.

Influence of the inlet condition for V

Ghent University and LEA have investigated the influence of enforcing Vin = 0 instead

of the profile from the experiments.

• The influence on the spreading of the wake and the mixing layer is significant

(Fig. 13): the use of Vin = 0 artificially increases both spreading rates.

• In the near-wake region, the inlet condition has a strong influence on U (Fig. 14):

actually, the discrepancies due to the inlet condition is much more significant than

those due to the choice of the model.



• The Reynolds stresses are also strongly influenced by the inlet condition for the cubic

k–ε model, while for the linear k–ε model, the influence is much weaker (Fig. 15).

• The modification in the inlet condition is felt throughout the domain (Figs. 16

and 17), in particular as concerns the profile of U . The influence on the turbulent

energy level is still of the order of 8%.

• In general, the predictions are improved by using inlet conditions from the experi-

ments. Note that the results by Ghent University and LEA presented in previous

crossplots are those obtained with the experimental V profiles.

Conclusions

• This test case is very challenging for turbulence models, because of the interaction

of two different flow types, oriented in orthogonal directions. It appears that the

transition from a wake-dominated to a mixing-layer-dominated flow is particularly

difficult to predict.

• Linear eddy-viscosity models are by construction unable to reproduce the underly-

ing mechanisms. Firstly, they predict equal levels of normal stresses (u2 = v2 = w2),

while these components are driven by completely different production mechanisms.

Secondly, they predict uw ≃ 0: this component is actually produced by the inter-

action between the wake and the mixing layer, which is totally missed by linear

eddy-viscosity models.

• The cubic k–ε model used by Ghent University yields much more realistic Reynolds

stresses in the wake-dominated region. However, the analysis of the turbulent energy

budgets shows that the transition to a mixing-layer-type behaviour is missed, or at

least much delayed.

• Reynolds stress models give quite satisfactory results in the near-wake region, but

fail in some respects in the far-wake region: they underestimate the turbulent energy

and the wake width.

• The LES computation is a preliminary computation, and is not sufficient to draw

conclusions about the LES capabilities in this configuration.

• Although the inlet V velocity is very weak, it has a significant influence on the

results, even far downstream: the use of Vin = 0 must be avoided.
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Contra-rotating jets: WAKE WIDTH AND MIXING LAYER VORTICITY THICKNESS

Eddy-viscosity models
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Figure 1: Eddy-viscosity models. Downstream evolution of 2b and δω.



Contra-rotating jets: WAKE WIDTH AND MIXING LAYER VORTICITY THICKNESS
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Figure 2: Reynolds stress models and LES. Downstream evolution of 2b and δω.



Contra-rotating jets: PROFILES

Eddy-viscosity models

Location: 0004 (x = 150 mm)
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Figure 3: Eddy-viscosity models. Profiles at x/r0 = 1.25.



Contra-rotating jets: PROFILES

Eddy-viscosity models

Location: 0004 (x = 150 mm)

◦ Experiments

LEA/k–ε

Ghent–U/Low–Re–k–ε–Yang–Shih

EC–Nantes/k–ω–BSL

EC–Nantes/k–ω–SRSST

Ghent–U/cubic–k–ε

-0,22 -0,11 0 0,11 0,22

y/r
0                                            

-0,002

-0,001

0

0,001

0,002

0,003

0,004

0,005

u2
__

/U
02 

-0,22 -0,11 0 0,11 0,22

y/r
0                                            

0

0,001

0,002

0,003

v2
__

/U
02 

-0,22 -0,11 0 0,11 0,22

y/r
0                                            

0

0,001

0,002

0,003

0,004

0,005

w
2

__
/U

02 

-0,22 -0,11 0 0,11 0,22

y/r
0                                            

-0,0004

-0,0002

0

0,0002

0,0004

uw__
_ /U

02 

Figure 4: Eddy-viscosity models. Profiles at x/r0 = 1.25 (continued).



Contra-rotating jets: PROFILES

Reynolds stress models

Large Eddy Simulation
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Figure 5: Reynolds stress models and LES. Profiles at x/r0 = 1.25.



Contra-rotating jets: PROFILES

Reynolds stress models

Large Eddy Simulation
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Figure 6: Reynolds stress models and LES. Profiles at x/r0 = 1.25 (continued).



Contra-rotating jets: PROFILES

Eddy-viscosity models

Location: 0013 (x = 700 mm)
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Figure 7: Eddy-viscosity models. Profiles at x/r0 = 5.83.



Contra-rotating jets: PROFILES

Eddy-viscosity models

Location: 0013 (x = 700 mm)
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Figure 8: Eddy-viscosity models. Profiles at x/r0 = 5.83 (continued).



Contra-rotating jets: PROFILES

Reynolds stress models

Large Eddy Simulation

Location: 0013 (x = 700 mm)
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Figure 9: Reynolds stress models and LES. Profiles at x/r0 = 5.83.



Contra-rotating jets: PROFILES

Reynolds stress models

Large Eddy Simulation
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Figure 10: Reynolds stress models and LES. Profiles at x/r0 = 5.83 (continued).



Contra-rotating jets: BUDGETS

Location: 004 (x = 150 mm)
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Figure 11: Budget of k (except dissipation) at x/r0 = 1.25.



Contra-rotating jets: BUDGETS

Location: 011 (x = 500 mm)
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Figure 12: Budget of k (except dissipation) at x/r0 = 4.17.



Contra-rotating jets: WAKE WIDTH AND MIXING LAYER VORTICITY THICKNESS

Analysis of the influence of the

inlet condition for V
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Figure 13: Influence of the inlet condition for V . Downstream evolution of 2b and δω.



Contra-rotating jets: PROFILES

Analysis of the influence of the

inlet condition for V

Ghent U. and LEA
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Figure 14: Influence of the inlet condition for V . Profiles at x/r0 = 1.25.



Contra-rotating jets: PROFILES

Analysis of the influence of the

inlet condition for V

Ghent U. and LEA
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Figure 15: Influence of the inlet condition for V . Profiles at x/r0 = 1.25 (continued).



Contra-rotating jets: PROFILES

Analysis of the influence of the

inlet condition for V

Ghent U. and LEA
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Figure 16: Influence of the inlet condition for V . Profiles at x/r0 = 5.83.
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Figure 17: Influence of the inlet condition for V . Profiles at x/r0 = 5.83 (continued).
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Introduction

One of the principal goal of the present test case is to study the influence of rotation on the mixing layer. It
is well known that the conventional linear eddy-viscosity models are unable to take adequately into account
the effect of rotation. Considerable efforts have been devoted during the past three decades to develop more
advanced models. Reynolds stress models, cubic nonlinear models and rotation sensitive linear eddy-viscosity
closures are among the most representative. The main object of the present work is to compare the performance
of Reynolds stress model and rotation sensitive linear eddy-viscosity model for the present configuration.

Turbulence models

The first turbulence model selected for the present study is a rotation sensitive linear eddy-viscosity model
based on the k-ω SST model proposed by Menter [1]. It contains a rotation and curvature correction proposed
by Hellsten [2] which is further retuned by the authors for swirling flow [3]. It is based on the Richardson number
defined by

Ri = max

[

max

(

2,
|Ωij |
|Sij |

) (

max(2,
|Ωij |
|Sij |

) − 1

)

,− 0.8

Csr

]

The destruction term in the ω equation βρω2 is multiplied by the swirling correction function computed by

Fsr =
1

1 + CsrRi

Where Csr = 2.75, |Sij | =
√

2SijSij , and |Ωij | =
√

2ΩijΩij , Sij and Ωij being the strain-rate and the vorticity
tensor. The second revision concerns the eddy-viscosity limiter in the SST model. Hellsten [2] discovered that
the limiter in the SST model is not rotational invariant, hence unsuitable for rotating flow computation. The
revision proposed by Hellsten has been found to be unable to give satisfactory prediction for swirling flow by
the authors [3]. In our implementation, the following eddy-viscosity limiter is proposed :

νt = min

(

k

ω
,

0.31k

max(2|S12|, 2|S13|, 2|S23|)

)

νt = min

(

νt,
2

3
k

2Sii

)

if Sii > 0 (with no summation on i). The second limiter that does not exist in the original SST model ensures
the positiveness of the normal stress. The first eddy-viscosity limiter should be activated only on wall boundary
layer. No mechanism has been designed in the present implementation to prevent the activation of the eddy-
viscosity limiter in the free shear layer. It should be employed with caution. In the following, the SST model
with the above mentionned revision will be referred as SRSST model.

The second selected turbulence model is a Reynolds stress model. Two different pressure-strain models have
been used, namely the IP [4] and the SSG models [5]. Details concerning the Reynolds stress models can be
found in the references and will not be repeated here. Finally, Menter’s k-ω BSL model [1] is chosen as reference
model. In the present configuration, the BSL model should give the same result as the standard k-ǫ model.

1

Results and discussions

Geometry and flow characteristics are described in the test case instruction for the workshop (http://labo.univ-
poitiers.fr/informations-lea/Workshop-Ercoftac-2002) and will not be repeated here. All computations have been
performed with the ISIS code developed by our team. It is a finite volume unstructured code for incompressible
fluids. Viscous flux is evaluated with second order central difference scheme. Inviscid flux is computed with 50%
second order upwind interpolation and 50% second order downwind interpolation. For rotationally symmetric
configurations, computation is performed in a 3D domain with one control volume in the circumferential direction
where rotationally symmetric condition is applied. Results submitted to the workshop were obtained on a
151x110x2 grid. Grid independency is ensured by a 251x169x2 fine grid solution.

As requested by the workshop, symmetry conditions are applied on both boundaries in the radial direction.
Such boundary conditions are not physical in an axisymmetric configuration. With the ISIS code, this treatment
results in an oscillation of the V velocity component near the boundaries and a decrease of U velocity component
approaching the upper boundary as shown in figure 1. Such behavior may have an impact on the accuracy of the
numerical computation. Figures 2 to 4 compare the axial velocity profiles for different turbulence models. All
tested turbulence models give similar solution. The SRSST model performs slightly better than other models.
Results obtained by the RSM-IP model are very similar to that obtained with the BSL model. The SSG model
presents no advantage compared with the IP model. Discrepancies observed between the computation and
the measurement are quite important. The center of the wake shifts up in the measurement while it stays
almost at the same position in the computation. The wake spreads much faster in the measurement than in the
computation.

Conclusions

Two coaxial jets with opposite rotation have been computed with four different turbulence models. Models
with different sensitivity to rotation give similar prediction, which suggests that the effect of rotation is small.
On the other hand, considerable discrepancy is observed between the measurement and the computation. Even
uncertainty concerning boundary condition exists in the computation, such discrepancies are more likely due to
physical phenomena, such as the interaction between laminar and turbulent flow, which are difficult to simulate
with statistical models.
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Figure 1: Effect of boundary condition.

++
++
++
++
++
++
++
++

+++++++++
+ + + + + + + + + ++

++
++
++
++
++
++
++

++
++
++
++
++
++
++

++
+++++++++++

+ + + + + + + ++++
++
++
++
++
++
++
+

++
++
++
++
++
++
++

++
++++++++++

++ + + + + + + ++++
++
++
++
++
++
++
+

++
++
++
++
++
++
++

++
++++++++++

+++ + + + + + ++++
++
++
++
++
++
++
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+

+
+

+
+
+
+
+
+

+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+

+
+

+
+
+
+
+
+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+

+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

y

U

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
SRSST
BSL
Exp.+

Figure 2: Comparison between BSL model and SRSST model.
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Figure 3: Comparison between RSM-IP model and SRSST model.
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Figure 4: Comparison between RSM-IP model and RSM-SSG model.
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Case 10.1: Description of the Cubic Low-Reynolds k � " Model, the Grid andthe MethodB. Merci1, C. De Langhe, K. Lode�er and E. DickGhent University - Dept. of Flow, Heat and Combustion Mechs.Tel.: +/32/9/264.33.14, Fax: +/32/9/264.35.86, E-mail: Bart.Merci@rug.ac.be1 Postdoctoral Fellow of the Fund for Scienti�c Research - Flanders (Belgium) (FWO-Vlaanderen).1 Model DescriptionThe model, which is completely described in [1], consists of a new constitutive law for the Reynolds stresses andan improved " transport equation.1.1 Constitutive LawThe anisotropy tensor a, de�ned as aij = v0iv0jk � 23�ij ; (1)with �ij the Kronecker delta, is expressed in terms of the dimensionless strain rate tensor (S�t) and vorticity tensor(
�t), where �t is the turbulence time scale (de�ned in eq. (4)).The tensors S and 
 are: Sij = 12( @vi@xj + @vj@xi )� 13�ij @vk@xk (2)and 
ij = 12( @vi@xj � @vj@xi ) : (3)The turbulence time scale �t is de�ned as: �t = k" +r ��" : (4)Two following tensor invariants are used:S =p2SijSij ; 
 = p2
ij
ij ; � = �t(S2 +
2)1=2 : (5)The constitutive law is given by:aij = � 2c�f��tSij+ q1�2t (SikSkj � 13�ijSlmSml)+ (q2 + q1=6)�2t (
ikSkj � Sik
kj) (6)+ �3t (c1SmnSnm + c2
mn
nm)Sij+ c3�3t (
ikSklSlj � SikSkl
lj) :The expression for c� is: c� = 1A1 + As� ; (7)1

with A1 = 4 ; As = p3cos� (8)� = 13arccos(p6W ) ; W = 21:5SijSjkSkiS3 : (9)The damping function f� is de�ned as:f� = 1:� exp(�6 10�2pRy � 2 10�4R1:5y � 2 10�8R4y) ; (10)with Ry = �pky� , y being the normal distance from the nearest solid boundary.The coe�cients q1 and q2 are: � q1 = (7 + 2:1�+ 4:2 10�3�3)�1q2 = (10 + 3:6� + 1 10�2�3)�1 (11)The coe�cients ci are:� S � 
 : c1 = c2 = �min(40c4�; 0:15)S < 
 : c1 = c2 = �min(min(600c4�; 0:15); 4f�c�=(
2�2t � S2�2t )) (12)and c3 = �2c1 : (13)1.2 Dissipation rate equationThe transport equation for k is standard:@@t (�k) + @@xj (�kvj ) = �Tij @vj@xi � �" + @@xj [(�+ �t�k ) @k@xj ] ; (14)with the eddy viscosity �t � �c�f�k�t. The transport equation for the dissipation rate is original[1]. It is acombination of the equation in [2] and the one in [3]:@@t (�") + @@xj (�"vj) = (1� fRy )c"1 �Tij @vj@xi�t + fRyC1S�" � c"2f2�" 1�t + @@xj [(�+ �t�" ) @"@xj ] + E : (15)The blending function fRy goes from zero to one as Ry goes from 1000 to 2000:fRy = 12 + 12sin(�2min[max( Ry500 � 3;�1); 1]) : (16)Due to the blending, good results are obtained for free shear 
ows (in particular, the plane jet - round jet anomalyis resolved), as well as for wall-dominated 
ows. The model parameters are as follows:c"1 = 1:44 ; C1 = max(0:43; Sk="5 + Sk=" ) ; (17)c"2 = max(1:83 + 0:075
�t1 + S2�2t ;C2fRy ) ;C2 = 1:9 (18)f2 = 1� 0:22exp(�Re2T36 ) ; Ret = �k�t� ; �" = 1:2 : (19)The source term E has been determined from the standard k � ! model:E = �1:8(1� f�)(�+ �t�" ) @k@xi @��1t@xi : (20)2



2 Grid DescriptionThe structured computational grid consists of 101� 81 grid nodes. Stretching is applied in both directions, withgrid re�nement in the mixing layer and towards the inlet of the computational domain.3 Method DescriptionA �nite volume method is used. The scheme is a second-order AUSM-like discretization, with a dissipation termin the mass equation for stability reasons, as described in [4] and [5]. The method contains preconditioning andmultistage (pseudo-)time stepping towards the steady state solution, with four stages.The boundary conditions are as described on the web. At the inlet boundary, all quantities are imposed, exceptfor static pressure, which is extrapolated from the 
ow �eld. At the outlet boundary, static pressure is imposedand zero axial derivatives are used for all other quantities.An important remark, however, is that it was found that the in
uence of the radial velocity component at theinlet is not small, although this velocity component itself is small. Therefore, results have been submitted withinlet V = 0 and with inlet V as in the �rst data pro�le.References[1] Merci, B. and Dick, E., 'Predictive Capabilities of an Improved Cubic k � " Model for Inert Steady Flows',Flow, Turbulence and Combustion (in press).[2] Merci, B., De Langhe, C., Vierendeels, J. and Dick, E., 'A Quasi-Realizable Cubic Low-Reynolds Eddy-ViscosityTurbulence Model with a New Dissipation Rate Equation', Flow, Turbulence and Combustion, 66(2):133{157,2001.[3] Shih, T.H., Liou, W.W., Shabbir, A., Yang, Z. and Zhu, J., 'A New k � " Eddy Viscosity Model for HighReynolds Number Turbulent Flows', Computers and Fluids, 24(3):227{238, 1995.[4] Vierendeels, J., Merci, B. and Dick, E., 'A Blended AUSM+ Method for All Speeds and All Grid Aspect Ratios',AIAA Journal, 39(12):2278{2282, 2001.[5] Merci, B., Steelant, J., Vierendeels, J., Riemslagh, K. and Dick, E., 'Computational Treatment of Source Termsin Two-Equation Turbulence Models', AIAA Journal, 38(11):2085{2093, 2000.
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Des
ription of the 
omputations of the 
ase 10.1S. Pellerin, G. Fournier, T. GoossensLIMSI-CNRS, UPR 3251, BP 133, 91403 Orsay Cedex, Fran
eNumeri
al methodEquations and formulationThe in
ompressible Navier-Stokes equations, using a velo
ity-vorti
ity for-mulation are solved by a �nite di�eren
es method. The 
ow 
onsidered
orresponds to high Reynolds numbers and the Large Eddy Simulation isthen 
hosen. In LES, only the largest eddies are solved and the smallest onesare modeled. Any variable � is splitted into two parts, � = � + �0 where �is the resolved or �ltered part, and �0 the subgrid part, not 
al
ulated, butwhi
h e�e
ts will be taken into a

ount using a subgrid model. The �lteredNavier-Stokes equations are given by:�!�t �r� (v � !) = � 1Rer�r� ! +r� � (1)! = r� v r:v = 0 � = v � ! � v � ! (2)where v and ! 
orrespond to the �ltered variables. The ve
tor � representsthe subgrid s
ale 
ontributions and has to be modeled. The vorti
ity transferde
omposition of Taylor (1932) is used to link the subgrid ve
tor � to thelo
al �ltered vorti
ity ! as: � = � �tRe r� ! (3)where �t is the eddy vis
osity.Subgrid modelThe eddy vis
osity is modeled using the mixed s
ale subgrid model (TaPhuo
, 1994), jointly developed at LIMSI and ONERA. This model balan
esthe ma
ros
opi
 e�e
ts (using the �ltered vorti
ity) and the mi
ros
opi
 ones(using the subgrid kineti
 energy k0) and is given by:�t = �(CS�)2k!k�� �CB�qjk0j�1�� (4)where � represents the 
uto� length s
ale related to the grid 
ell volume.1

Dis
retization and resolutionA staggered M.A.C. grid is used for the spatial dis
retization. The spa
ederivatives are dis
retized with se
ond order 
entered s
hemes in order tominimize the numeri
al di�usion. The temporal derivative is evaluated usinga se
ond order ba
kward Euler s
heme. For stability reasons, the di�usiveterm is treated impli
itly. The 
onve
tive term is linearized by a se
ond orderAdams-Bashforth extrapolation.The transport equation of the vorti
ity 
omponents 
an then be solved si-multaneously by a 
oupled algorithm. Moreover, the velo
ity 
omponentsare 
onsidered as solutions of a Cau
hy-Riemann problem, solved using afra
tional step method (Lardat, Bertagnolio and Daube, 1997). Thevelo
ity v and �ltered pressure �elds 
an then be solved. The LES 
ode usedis ve
torized and runs on a NEC-SX5 (IDRIS, Orsay).Geometry and GridWe modeled the 
ase of two 
oaxial jets and more pre
isely the vi
inity ofthe separating wall position. The domain 
onsidered is 3D 
artesian and aplane approximation is used for the azimuthal dire
tion. Uniform meshes are
hosen for propagation (x) and azimuthal (z) dire
tions. The (y) grid for theradial dire
tion is re�ned 
lose to the jets interfa
e.The grid used is 701(x)�71(y)�84(z) i.e. 4.2 million points. The dimensionsof the domain are 1050 mm for the propagation dire
tion (x) and 180 mm forthe radial dire
tion (y) (from -90 mm to 90 mm, with y = 0 lo
ated at theinterfa
e position). For the azimuthal dire
tion, the length of the domaindoes not 
orrespond to the entire 
ir
umferen
e, but to 1/6 of it, i.e. 60degrees, for grid size 
onsiderations.Boundary ConditionsThe upstream 
ondition 
orresponds to mean velo
ities, a

ording to experi-mental values. A white noise perturbation is superimposed on this 
onditionin order to obtain a 
orre
t development of the 
ow (Pellerin, Dulieu,Tenaud and Ta Phuo
, 2001).At the outlet surfa
e, a 
onve
tive transport hypothesis is applied (vis
ouse�e
ts negle
ted). The vorti
ity tangential 
omponents are 
al
ulated usingan extrapolation along the 
hara
teristi
s. The outlet propagation velo
ityvx is dedu
ed from vorti
ity, taking into a

ount the mass 
ux 
onservationover this surfa
e. In the inhomogeneous dire
tion (y), a slip 
ondition isimposed at the lower and upper surfa
es. A periodi
ity 
ondition is used forthe spanwise dire
tion (z). 2



Di�eren
es with the experimental 
on�gurationThe plane approximation has been used before for 
omputations of an in-
ompressible turbulent 3D mixing layer. For the same experiment in LEA,numeri
al and experimental results are then in very good agreement (Pel-lerin et al., 2001). We have supposed here that this approximation 
an stillbe used. For grid size reasons, the z size of the domain is smaller than thetotal 
ir
umferen
e of 2�r0 indu
ing probably an in
uen
e of the periodi

onditions and redu
ing the rotation e�e
t. An additional term may also bein
luded in the 
artesian equations to take into a

ount the rotation, taking
are of the velo
ity-vorti
ity formulation.Moreover, the mean pro�le imposed numeri
ally at the inlet of the domainis 
omputed from experimental values whi
h are the external velo
ity, thedispla
ement thi
kness and the form fa
tor. We don't have these values forthe azimuthal pro�le < w > and 
onsequently we impose a pro�le ratherdi�erent of the experimental one.In addition, the numeri
al solution is 
ertainly under-resolved and next sim-ulations will use �ner grids. Note that the numeri
al results presented in thisworkshop 
orrespond to a �rst attempt. Thus, this study is still in progress.Referen
es(1) Ta Phuo
 L., 1994 Mod�eles de sous-maille appliqu�es aux �e
oulementsinstationnaires et d�e
oll�es, Journ�ee Th�ematique DRET, Paris, Fran
e.(2) Lardat R., Bertagnolio F. et Daube O., 1997 La formulation vitesse-tourbillon en maillage d�e
al�e : une m�ethode de proje
tion, C.R.A
.S
., 324,II b, pp. 747-753.(3) Pellerin S., Dulieu A., Ta Phuo
 L. and Tenaud C., 2001 In
ompress-ible 3-D mixing layer using LES: In
uen
es of subgrid s
ale models and ofupstream perturbations, Pro
eedings of the ISCFD'99, ZARM Bremen (Ger-many) Sept. 5-10, 1999. In Spe
ial Number 2001 of Computational FluidDynami
s Journal, ISSN 0918-6654.
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Contra-rotating jets: wake/mixing layer intera
tion.Computational methodRémi Man
eauLaboratoire d'études aérodynamiqueUMR CNRS 6609, Université de Poitiers, Fran
e

Introdu
tionThese 
omputations are not performed in order to test new models or formulations spe
i�
to this 
ase, but rather to provide a referen
e set of results. This allows the knowledge ofhow the standard k�" model behaves in this 
ase, whi
h serves a basis for 
omparisons.A grid 
onvergen
e test is performed to eliminate this sour
e of error.ModelThe model used is the standard k�" model as provided by Star�CD.Numeri
al s
hemesThe 
ommer
ial pa
kage Star�CD is used. The dis
retization is se
ond order a

urate,with 
entered 
onve
tion.GridsThree di�erent grids are used: ny � nx = 100� 30, 150� 45, 200� 60.Inlet 
onditionsAs a preliminary study shows, the 
hoi
e V = 0 or V 6= 0 at the inlet has only a slightin�uen
e on U pro�les. However, the experimental pro�le is used sin
e it yields a slightlybetter solution.
1



Case 9.2

Results and comments



-



� � � � � � � � � � � 	 � 
 � � � 
 � � � � � 
 � � � � � � � � 
 � � � � 
 � � � � 
 � � � � � 
 � 
 � � � � � �� � � � � � � � 
 � � � � � � � � � � � � � � � 
 � � � � � � 
 � � 
 �� � � 
 � � � � �  � 
 � � � � � � �  � � � ! � � �`W N P N X L O L N a K J O M K U ] L J P _ T K L ` ^ L ] T N M T S \ R N _ S N O M T U T N O K J ] L J Q J T R J I R L \ N ] U W T K S J K L \ ] N P U _ NW T X W R V ` ] L K N R Q L M b Z c S N P ^ a U J U T N O K d \ N ] J K T O X R L ^ L ] T N M T S K L X P L O U H e T X Y E f ^ L ] \ N ] P L MT O M L ^ L O M L O U R V I V g L P P L ] P J O J O M b L K S W h T O L ] J U i j ` b N O M N O J O M e ] N L W R T S W L U J R Y J U U W Lk O T Q L ] K T U V N \ l J ] R K ] a W L d g L P P L ] P J O L U J R Y d D G G m f H e ] N L W R T S W L U J R Y d D G G n f f N O U W L K J P L P L K WS N O U J T O T O X J R P N K U o P T R R T N O O N M L K Y g W L K L K T P a R J U T N O K J ] L J O J R V K L M L [ W J a K U T Q L R V T O e ] N L W R T S W L UJ R d D G G o f Y p S S a ] J S V J O M ] L K N R a U T N O S W L S q K T O S R a M L M J O L [ J P T O J U T N O N \ K ^ L S U ] J H U W L P T O T P a P] L K N R Q L M K S J R L Q K Y U W L l N R P N X N ] N Q K S J R L H U W L S N O U ] T I a U T N O N \ K a I X ] T M ` K S J R L U ] J O K ^ N ] U J O M U W LR L Q L R N \ M L ` S N ] ] L R J U T N O T O I N U W K U ] L J P _ T K L J O M K ^ J O _ T K L M T ] L S U T N O K Y g W L M J U J P J V U W a K I L U J q L OU N I L N \ W T X W r a J R T U V J O M R L Q L R N \ ] L R T J I T R T U V Y

e T X Y E s t L ] T N M T S S W J O O L R K L X P L O U \ N ] _ W T S W U W L b Z c M J U J _ L ] L X L O L ] J U L M



� � � � � � � � � 	 � 
 � � 
 � � � � � � � � � � � � � 	 � � 
 � 
 � � � � � � � � � � � 
 � � 	 � � � 
 � � � � � � � � � � � � 
 � � � � � 
 � � � � � �� � � � � � 	 � � 
 � � � �  � � � � 
 � � � � � � � ! � � � � " � � � � � 
 � � � � � � 
 � � � � 
 � � � � � 	 � � 
 � � � 
 � � � � � � �� � � 	 � 
 � � # �$ � 
 � � 	 � � 
 
 � � � � � � � � � � % � � � � � � 
 � � � � � � � � � � � � � � � � 
 � � � � 
 
 � � � � 
 � 
 � � � � � � � � � 	 � � � � � � � � � �
 � � 	 
 � � 
 � � 
 
 � � 
 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � � 
 � 	 � � � � � � � � � � � � � � � � � � � 
 % � � � � � � � � � � & � � �� � � � � � � � � � � 
 � � � � 
 
 � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � $ � � � � � % 
 � � � � � � � � ' � � � � � � 
 � � � � � � � ( � �� � � � � 
 � � � � � � � � � 
 � � 
 � � � 
 � � � % 
 � � � � 	 � � � 
 � � � � � � � � � � � 	 � � � ) � � � � � � 
 � � � � 
 � � 
 � � � � � 

 � � � � � � � � � � � & � � � � 
 � � � � & � � 
 � � � � � 
 � � � � � � � � � 
 � � 	 � � � � � � � � � 
 � � � � � � � � ! � � � % 
 � � � � � � � � � �� � � � � 
 � � 
 � 	 � � � & � � � � � � 
 � � � � � � 
 
 � � � � � � � % � � 
 � � 
 % � � � � � � � � � � � � � � � & � � 
 � � � � � � � � � � �� � 
 � � 	 � 
 
 � � 
 � � � � � � � � � � � � � � � � 
 % 
 � � � � 
 � � � % � � 	 � � � � � 
 � � � � � 
 
 � � � � � � � � 
 � � � � � � � � � � � 
 � �� � � � � � � � � � � � � � 
 � � � � ! � � � � � � � � � � � � � 	 � � � � � � � � % � � � � � � � 
 � � � � � � � � � � � � 
 � � � � � � ' � � � � � � � � � (� � � � � � � � � � 
 � � 
 � � � � � � � � � � � & � � 
 � � � � 
 � � � & � � � � � � � * 	 � � � � � � � � � 
 � � � � � � � 
 � 
 � � 
 � � � � � �� 
 
 � � � � � � � � � � � � � � � � � � � % � � � ) 
 � � 	 � � � � � 
 
 � � � � 
 � 
 � � 
 � 	 � � � � � � � � 
 � � � � � � � � � � � 
 � � � � � � � ) � � 
 � � �� � � � � 	 � � � � � � � � 
 � � 	 � � � � + � ! � � � � � � � � � 
 � � � � 
 � � � � � � � � 
 � � 
 � � � & � � � � � � � � � � � 
 � � � 
 
 � � 
 � � � %
 � � 
 � � � � 	 � � � 
 � � � � � � & � � � 
 � � 
 � & � � � � � � � 
 � � � � � � � � � 
 � � 
 � 	 � � � & � � � � � � � � � � 
 � � � � 
 
 � �� � � � � � 
 � � � � � � � � � � � � 
 � � � � � � 
 � � 
 � � � � � � � � � � � � 
 � � � � � 
 
 � � � 	 � � 
 � � � � & � � � � � 
 � � � � 
 � � � � � � �� � � � � � " � , # � � � 
 � � � � � � � � � � � 
 � � � 
 � � 
 � � � � � $ � 
 � � 
 % 
 � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � �� � � � � � 
 � 
 � � � � � � � � 
 � & � 
 � % � � � � � 
 � � � � � � � 
 � � � 
 � � �- � 
 � � � � � 
 � 
 � � 
 � � � � 
 � � 	 � � � � + % � � � � � 	 � � � � � � 
 � � � 
 � � . � � � � � 
 � � � � � � � � � 
 
 � � � � � � � � � � � 

 � � � � � � � � � 
 � 
 � � � 
 � � � � � � � � � � � � 
 � � � � � � � � � & � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � 
 � � � 	 � 
 
 � � � � � �� � � � 
 � � � 
 � � 
 � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 
 � � � � � � � 
 � � � � $ � 
 � � � � � � � � � 	 	 � � � � 
 � � �

/ 0 1234 5 6 7 6 8 9 : ; : < : = ; : ; > ; ? 6 77 :;6 @
A B C D E B F G C H I J K H L M L N C B O P Q B L H F C R M E O R H F M F O R D L M C S F MO T F U L Q F R L B V C S M C R D F O R L T M C B W X YZ F [ [



� � � � � � � � � 	 � 
 � � � � � � � � � � � 
 � � � � � 
 � � � � � 
 
 � � � 
 � � � � � � � � � � � � � � � � � 
 � 
 � � 
 
 � � � 
 � 	� � � � � 
 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 	 � 
 
 � � � � � � � � � 
 � � � � � � � � � � 
 � � �
 � � � � � � � 
 � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 	 � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � �� � � � � � � � � � � � 	 
 � � � � � � 
 � � 
 � � � � 
 � � � � 	 � � � � � 
 � � � � � � � � � � � � 
 � � � � � � � � � � � � � � 	 
 � � � � � �� � � � � � � 
 
 � � 
 � � � � � � � � � � � � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � 
 �� � � � � � � � � � � � 	 
 � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 
 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � �� 
 � � � � � � � � � � � � � � 
 � � 
 
 � � � 
 � 	 � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � 	 	 � � � � � � �� � � � � � � � � � � � � � 	 
 � � � � � � � � � � � � 
 � � � � � 
 � � � � � � 
 � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � �� � � � � 
 � � � � � 
 � � � � � � � 
 � � � � � � � � 
 � � � � � � � � � � � � � � 
 � � � � 
 � 
 
 � � � 	 � � � � � � � � � � � � � � � � 
 � � � � � � �� 
 � � � � � � � � 
 � � � � � � � � � � � � 
 	 
 � � � � � � � � � � � � � 
 � � 
 � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � 
 �� � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 � � � 
 � � � � � � � � 
 � � � 
 
 � � � � � � � 
 � � � 
 � �
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � 	 � 
 � � 
 � � � � � � � 
 � 
 � � � � � � � � � 
 � � � � � � � � 
 � � � � � 	 � � � � 
 � � � � �� � � � � � � 
 � � � � � � � � � � � � � � 
 
 � � � 
 � � � � �  � � � � � � � � � � � � � 
 � � 	 
 � � � � � � � � � � � � � � � � � � � � � � � 
 
� � � � 
 � � � � � � � � � � � � � � � 
 � � � � � 
 � 
 
 � � � � � � � � � � � � � � � 
 � � � � � � � � � 
 � � � 
 � � � � 
 � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � 	 � 
 � � � � � � � � � 
 � � � � � 
 � � � � � � 
 � � � � � � � � � 	 � � � � 	 � 
 � 
 � 
 
 � ! � � 
 � � � � � � � � � � � � � � �� � � � � 
 � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � 	 	 � � � � � � � 
 � � � � � � 
 � � � � � � � � � � �� � � � � � � 
 � � � 
 � 
 
 � � � � 	 � � � � � � � � � 
 � " � � � � � � 
 � 
 � � � 
 � 
 � � � � � � � � � � � � � � � 
 
 � � � �  � � � � � � � � � � 
	 
 � � � � � � � 
 � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � 
 � � 
 
 � � 
 � 
 
 � � � � � � � � � 
 � � � � � 
 � � � � � � � � � � �� � � � � � � � � � � � � � � 
 � � � � � � � � � � � 	 � � � � � � � 
 � � � � � � � � 
 � �# � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � 	 
 � � � � � 
 � � 
 � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $ � � � � � � � 
 � � � � � � � � � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � �� 	 � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� 
 � 
 
 � � � � � � 
 � � � � 
 � 
 � 	 � � � � 
 � � � � � � � � � � � 
 � � � � � �  � � � � � � � � 
 � � � � � � � � 	 � � � � � % � � � 
 � � � 
 � �� 
 � � � � � 
 � � � � � � � � � � � � � 
 � � � � 
 � 	 � � � � � 
 � � � � � � � � � � � 	 � 
 � � � � � 
 � � 
 � � � � � 	 � � � � � � 
 � � � � � �� � � � � � � � � � � � � 
 � � � � � � 
 � � � � � � � 
 � � � � � � � � � � 
 � � 
 � 
 � � � � � � � � 	 	 � � � � � � � � 
 � � � � � � � � � 
 � � � � �� � � 	 � � � � � � � � � � � 
 � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � 
 � � 
 � 
 � � � 
 � � 	 
 � � � � � � � � � 	 � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � 	 &
 � 
 
 � 
 � 
 
 � � � � � 
 ' ( ) � � � � � � � � � � � � � 
 � � � � � � 
 � � � 	 
 � � � 
 � � � � � � � � 
 
 � � 	 � � � � � � � 
 � � � � � � � � �� � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � 	 � � � � � � � � � � � � � � 
 
 � � � � 
 � � � � � � 	 � � � � � � � 
 � � � 
 �� � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � * � � � 
 � � � � � + � � 	 
 � � � � � � 	 � 
 � � � � � � 	 � � � � � 
 � � � � � � � � � � � � � � � �� � � � � � 	 � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 	 � � � � � 
 � � � � � � � � 
 � � , � � � � � � � 
 � �



� � � � � � � � � � � � � 	 � 
 � � 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 � 
 � � � 
 � � � � � � � 
 � � � 	 � � 
 � � 
 �� � � � � � 
 � � � 
 � � 
 � � � � � � � � � � � � � � � � 
 � � � � 
 � � � � � � � 
 � � � 
 � � � 
 � � � 
 � � � � 
 � � � � � 
 � � 
 � � � � �
 � � � 
 � � � � 
 � � 
 � � � � � � � � � � � � �  � � � � � 	 � 
 � � 
 � � � � � � � � � 
 � � 	 � � � � � � 
 � � � � � � � � � � 
 � � � � 
 � � � � � �� � � � � � 
 � � � � � � � 
 � 	 � � � � � � ! � � 	 � � � � � � 
 � � 
 	 � 
 � � � � 
 � " � � � � � � � � 
 � � � � � 
 � � � � � � � � 	 � 
 � �� � 
 � � � � � � � � � � � � 
 � # � � � � � � � � � � " � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � 
 � 	 � 
 � � � 
 � " � � � � � � 
 � � 	� � 
 � � � � � 
 � � ! � � � 
 � � � � � � � 
 � � 
 � � � 	 � � � � � � 
 � � 
 	 � � � � 
 � � � 
 � � � � � 
 � � � � � � � � 	 � 
 � � � � 
 � � � � � � � �� � � � � � � 
 � � 
 � � � � � � " � � � � � � � � � � � " � � � � 
 � � 	 � 
 � � � 
 " � � � 
 � � � 
 � � � � � � � � � � � 
 � 
 � � � � � � � � � 
 � 
� � � � � 
 � � � � � � � � � � �  � � � � � � � � � 
 � � � � � � 
 � 	 � 
 � � 
 � � � � � � � $ � � � � 
 � � � 
 " � � � 
 � � % 	 � � � �� � 
 � � 
 	 � 
 � � " � 
 � � � 
 � 
 � � � � � � � 
 � � � � � � � � � � � � � � 
 � � 
 � � � � � 
 � � � � 
 �& ' ( ) * + , - . / 0 1 2 . , / 3 4 - 5 . ) * 0 / 6 7 7 / , 4 8 ) * 3� � � � � � � � 9 : � � 	 � � � � � � � 
 � � � � � � � � � 
 � � � 
 � � � 
 � 
 � " � � � � " � � � � � � � 
 � � � � ; � � �  � " � � < �� � � � � � 
 � 
 � � � � � � 
 � � � � 
 � 	 � � � � � � � � � � � � � 
 � � � � � � � 
 � 
 � 	 � � � � � � 
 	 � � � � � � 
 � � � � � 
 � � = � 
� � � 	 � � � � > � 	 � � � � ? � @ � � � 
 � � � � � � � � � � � � � 
 � � � 
 � � � # � � 
 � � � � � � � 
 � 
 � � � � � � � 	 � 
 � � 
 � � � � � �� � 
 � � � � � � � � � � � � 	 � � � � � � 
 � � � 
 � � � � � � � 
 � � � � 
 � � � � � � � � � � � � � � 
 9 � � � � ? � � � � � � 
 � � � � � � ! A %B � 
 � � 
 � � 
 � � � � � 
 � � � � � � � � 
 � � � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 � � � � � � �� � � � � 9 % � � � 	 � 
 � � � � � � � � � 	 � � 
 � = � 
 � � � � � C � � � � � � 
 � � � � � � � � � � D  %  � 	 � � 
 � � 
 � � � 
 �� � 	 � � � � � � � 
 � � � 
 � � � � � 	 � � � � � � 	 � � � � � 
 " � � � � � 
 � � � � 
 � � � 
 � � 
 � � 
 � � � � 
 � � � 
 � � � � E � � � � � � �� � � � � 	 � 
 � � � 
 � � � � � � " � � � � � � 
 � 
 � " � � � 
 � � 
 � � � 
 � � � 
 � � � 
 � � � � 
 � � � < �F � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 � � � � GH I J K L M K N K O P Q R S L M T U Q V Q W R N X V V Y Q W Q Z Y L [ K V \ ] ^ ^ _ ` aH b Q W S Q M R Z L c R J K V S M K Q W K [ [ d N e S Z f L Z S R d \ g h b i ` j k l m n o p q r s t p m u v n w n x p y z p { x | s t p y s u x o u w o} ~ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   ¡ � ¢£ ¤ � � � � � � � � � � � � � � � � � � ¥ ¤ ¦ § ¨ © ª « ¬ ­ ® ¯ ° ± ­ ² ³ « ¬ « ´ ± µ ¶ ± · ´ ¸ ¯ ° ± ¶ ² µ · ¹ ª « ¬ ­ « ª º · » ¹ « ¼½ ¾ ¿ À À Á ® ¯ ° ± Â ± ´ ¯ ± ¬ ½ ¾ ¿ ¿ Ã Á Ä Å Æ ² ´ Ç Å Å È · ­ É » ± ­ ± ´ ¯ ² ¯ · « ´ µ ® Ê ° · ¹ ° ¶ » ± ´ Ç ¯ ° ± Ë Ì ± Í Î ² ¯ · « ´ ´ ± ² ¬¯ ° ± Ê ² » » Ê · ¯ ° ¯ ° ± Ï Ì ± Í Î ² ¯ · « ´ ½ ¬ ± ª « ¬ ­ Î » ² ¯ ± Ç · ´ ¯ ± ¬ ­ µ « ª Ë Á · ´ ¯ ° ± · ´ ´ ± ¬ ¬ ± ¸ · « ´ ® ² ´ Ç ¯ ° ± µ ±



� � � � � � � � � � � 	 � 
 � 	 
 � � � � 	 
 � � 	 � 
 � 	 � 
 � � � � � � 
 � � 	 � 
 � � � � � � � � � � � � � 	 � 
 � � � 
 � � 	 
 � � � � � �� � � � � � � � � � � 
 � � � 	 � � � � � � � � � � 	 � 
 � � � � 
 � � � 	 � � 
 
 � � � � � � � � � �� � 
 � � � � � �  � � 	 � 
 � � � ! � � � � 	 � 
 � � � 
 � � � " � � � � � � � # 	 � 
 � 
 � � � � � 	 
 � $ % % & � � �� ' � 
  � 	 
 � � � � � � �  � 	 � � � � 	 � � � ' # ( � ) � � 
 � � * + � 	 � 	 � � � � � � � � 	 � , � � 
 � � � �  � � � � � � � ( - . ) �� � � � � � � 	 
 � � � � 	 
 � � 
 � � � � � � � � � - + � � � � � 
 � # � � � 
 / 	 
 � � � $ % % 0 � � ) � � � 	 � 
 � � 	 � 1 � � � � 2 � �3 � � � 	 
 � 
 � 4 � 
 � 
 � � � 
 � � � � � � � 
 � - � � � � � � � � � � 5 � �� , � � 
 � � � �  � � � � � �  � � � 
 � + � � � � � � � � � � , . ) � � 	 
 � � � � 	 
 � � 
 � � � � � 	 � 
 � � � . + � / 	 � � � � � � � � � $ % % $ �� 
 � � 
 � 6 	 � � � 
 � 
 � # � � 
 � � � � � � � � � $ % 7 5 � � � � � 
 	 � + � � � � 
 � � � � 	 � 
 � � 	 
 � � � � 	 
 � � 	 � 
 � 	 � 
� � � � � � 
 � � 	 � 
 � � � � � 	 � 
 � � � �  , � � * � � 
 � 	 � 
 � � 8 
 � 
 � � � � � � � � � � � � � � � 	 � 
 � � � �  , � � � � � � � � �� � � � � � 	 � 
 	 
 � � � �  � � � � � � � � � � � � � �� � � � � $ 9 . � � � � � � � � � � 
 � � 	 � � � 	 � 
 �: ; < = > ? @ A = ; > B : ; C D B E ; C D F B G A H D > ? I B J > ? C B K A < ? C D < = ? L ? D >M N O P Q > H B = Q C = RS T U Q > ? V WX T P Y A Z A H W S T[ Q \ ? > F ? V W ] ^ N _ G MS ` a ] Mb X c ^ d] X G O e Pb ? < O f ; A B D] X G O g Pb ? < O f ; A B D
h i j k l j m l n o p q r st s u v w x y z s { x | } ~ �u � � � � � � | � � � � � � � � � | � �� � � � � � � � � �� � � � � � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¨ ©ª « ¬ ­ ¬ ® ¯ ° ¥ ­ ­ ± ¬ ® ¬ ² ³ ´£ ¤ µ ¶ · ¦ ¸ ¹ ¤ ¥ ¦ º ° ¨ ©

µ ¶ ¨ ª¸ » ¨¼ ¨ ª ½ µ ¶ ¨ ª¼ ¨ ª ½ µ ¶ ¨ ª ¾ ¿ À Á Â ¾¾ Ã Ã Á Ä Ãº ¾ Å Á Ä Ã ÆÇ ¤¾ ¿ À Á Â ¾ Æ­ È É ° Ê Ë ¨ ¬ ® ± ² ¯ Ì ª ¯ Í ° Î Ï Ð Ñ Ò ÓÔ Õ Ö × Ø Ù Ú Û Ü Ý Þ ß àá â ã ä å æ ç è é ê ë ì íî ï ð ñ ò ó ô õ ö÷ ø ù ú ï û ó ü ò ýþ ÿ � î ü û � � � ÿ� � ò � û û ü ï � ú � õ ùú ö 	 
 � � 
 � � � � � � � � � � � � �� � � � � � �  ! " � � # � $ % &  ' �( ) *+ , - . / 0 1 1 2 3 4 5 6 7 8 9: ; < = ; > ? @ A B @ @ C D E F G HA I J F K ; K @ : L M N O I < FA P Q < R ; > S T U VA I J F K ; K @ : @ W ; X M P Y ; ; = P Y
Z Z [ \ [ Z [ ] P < = ; O E ^ _ ` a b c d e f gh i j k l m n o p q r s t uv w x y z { | } ~ � � � z � � t � � � �v w x y z { | } ~ � � � z � � t � � t t �

� � � � z x y �s � � z � � � � � � � zu w x � � z � � �u ~ � z � � z � � � � � � � � � � � � � v u � � � � � � y � ~ � { � � � t � � } � � z � � � ~ � � z � �   � ¡ ¢ £ � � z x y | � � � � � � ¤ ¥ ¦§ ¨ © ª « ¬ ­ ® ¯ ° ® ±² ³ ´ µ ¬ ¶ · ¸ ³ª « ¬ ¬ ­ ¹ « ¯ º » ¼ º ½ ¾ ¿ µ ¬ ¬ ® ¯ © À ¶ Á µ ¯ ­ ­ ¶ ¯ Â ¸ ´ ÃÄ Å Æ Ç µ ¹ Å Æ « © Ã ¶ È ® É ® « ÈÂ ¸ ´ Ã Ê Ã « ¯ ¹ « Æ Ë ´ ½Ì ´ Ã ´ Í « Î ® µ ¬ « « ¹ µ ¬ Ê Ë ´ ½ Ì ¶ « Ê Ã § ´ Ä ½ Ï Ð Ñ Ò Ó Ô Ð ª « ¬ ­ ® ¯ ° ® Õ Â ¸ ´ Ã © ¿ À © Ö × ØÙ Ú Û Ü Ý Þ ß Ý à á â ã ä å æ æ ç è å é ê ëì í î ï ð ñ ò ð ó ô õ ö ÷ õ õ ø ù ú õ ûü ý õ ý þÿ � û � ô � � ï í � ÿ � û � � õ � � î � 	 
 ÷ ý î î � � 	 � ï � �ö í ñ 
 í 	 õ õ 
� ý õ ö ÷ ò ÷ � � ñ � ò ÷ ëô � � ï í � ÷ ø � 
 ï ò ð ô � í � � � � � 	 � í 	 � � � 	� � � í ñ 
 � � � � � õ� � 	 � � � � � � !  � " # ! $ % & % ' ( % & � ) * + ,- . / . 0 1 . / 2 3 4 5 6 5 7 8 9 : ; 7< = > = ? @ = > A B C D E F G H I J K LM N O N P Q N O R S T U V W X Y Z [ \ ] ^ _` a b a c d a b e f g h ij k l k m n o p o q q rs t q t u q tv r w r x y z x { x| } ~ � � � � � � � }t � � � � x � � � � v � s r � � � � � � � � � � � � � � � � � � �� � � � �   � � ¡ � � � � ¢ � £ � � ¤ ¥ ¦§ ¨ © ª « ¬ ­ ®¯ ° ± ² ³ ´ © µ « ¶ ´ · ­ ® ¸ ¹ º © µ » ¼ ¹ ½ ¾ ¿ ¾ À ©¹ Á ® ¶ Â Á ÃÄ Å ¾ ½ Æ ©» ´ ² Á ® ¶ Â Á Ã Ç « È É ­ ® ­ Ê ¨ © ª « ¬ ­ ® © Ë Ì ÍÎ Ï Ð Ñ Ò Ó Ò Ô Õ Ö × Ï Ø Ò Ó Ö Ó Ò Ï × Ö Ù Ú ÛÜ Ý Þ ß à á à â ã ä å Ý æ à á ä ç è é ä ê ëÜ Ý Þ ß à á à â ì í î ï ð ð ñ ñ ò ó ô õ ö õ ÷ ø ù



� � � � � � � � � 	 � � � � 	 � 
 � � 
 � � � � � � � � � � � � � � � � �� � � � � � � � � � � � �  ! " # $ % & " ' %( ) * + , & , - . / 0 ) 1 , & / 2 3 4 / 5 6 /" # $ % & " ' %( ) * + , & , - . / 0 ) 1 , & / 7 8 9 : ; ; < => ? @ A B > C AD = E F ? C G H @ A H B IJ K L K D B M N H O P KQ F > B H ? C H ; < D R S T Q M H ? = P > B N M ? U V W X L Y Z H[ B M H ? Z \ ] ^ L P ; [ Y B _ Y _ H ? A > _D P ; [ Y B ` a b c d c e f g h i j k l m n o c p q r s t u p v w u x t y zk { q | s x t s x }{ ~ � � x � � � ~ � ~� � x � � j ~| u � r � � w x u v l m � � � j | � � x t u v q l � � v � � y s � q � u � ��� � � � � � � � � � � � � � � � � �   ¡ � �¢ � £ ¤ ¥ ¦ § ¨© ª « « ¬ ­ ® ¯ © ° ± ² ³ ´µ ­ ® ® ¶ · ³ ¸ ¹ º ­ · » » ¹ · ¯ © ° ±° ¼ « ½ ¶ ­ ® « « ¬ ­ ® ¾ ° ± ¿ À º « ·® ¹ Á ³ ¾ « « Â ¬ « · » ¶ ¹ ·
Ã Ä Å À Æ ¿ Ç È É Ê Ë Ì Â Í Ì Å À Î Ï ° ³ Ð Ñ ÒÓ Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß à áâ ã ä å æ ç è å é ê ë ì í î ïð ñ ò ó î ô õ í ö ÷ð ñ ò ø ô õ í ô ô ù ú û ü ý í ø þð ñ ò ï ô í ÿ � � � � � � � � � �� 	 
 � � � 
 � � � � � � � � � � � � � � � �� � �  ! " #  � $ % & ' ( ) * + , - - . / 01 2 3 4 ( 5 6 * 7 8 * + , - - . / 01 2 3 9 5 6 * 5 5 : ; - < = * 9 . * + , - - . / 0> ? @ A B C D E F G C H I J H K G L C K> ? M N H B H D O L P A Q Q H B C KR S T S U S U V W W X Y Z [ \ V S [ ] T Y Z ^ [ W V Y T _ [ W X W ` ` S [ W X \ ` ` ^ a T b V Y [ a _ V W T a V Y T ` b [ c [ ^ \ T S [ S d [ e e ` ^ Y S Y `T b Y [ ^ f ^ [ Y Y Z [ \ V f V g T W T Y T [ S ` e Y U ^ g U W [ b \ [ h ` a [ W S V ^ [ d Z [ ^ [ Y ` ` d T b Z T g T Y [ a g X Y Z [ h U W Y T Y U a [ ` eh ` a [ W W T b i _ V ^ T V Y T ` b S T h f W [ h [ b Y [ a d ` e Y [ b ] T Y Z T b ` b [ V b a Y Z [ S V h [ h ` a [ W \ V Y [ i ` ^ X d g X Y Z [_ V ^ T [ Y X ` e i ^ T a S V b a \ ` a [ S U S [ a V b a g X U b \ [ ^ Y V T b Y T [ S V g ` U Y Y Z [ _ V W T a T Y X V b a \ ` b S T S Y [ b \ X ` e Y Z [T h f W [ h [ b Y V Y T ` b f ^ V \ Y T \ [ S j k Z T S f ^ ` g W [ h T S V i i ^ V _ V Y [ a g X Y Z [ ] [ W W l a ` \ U h [ b Y [ a d i [ b [ ^ V W W X Z T i ZW [ _ [ W ` e S [ b S T Y T _ T Y X ` e Y U ^ g U W [ b Y l e W ` ] S ` W U Y T ` b S Y ` [ _ [ b h T b ` ^ _ V ^ T V Y T ` b S T b h ` a [ W e ^ V i h [ b Y S V b ab U h [ ^ T \ V W \ ` b S Y V b Y S d [ S f [ \ T V W W X T b Y Z [ W [ b i Y Z l S \ V W [ [ m U V Y T ` b V b a T b Y Z [ b [ V ^ l ] V W W h ` a [ W j k Z U S de ` ^ [ c V h f W [ d V S T b i W [ h ` a [ W d V f f W T \ V g W X T b T Y S g V S T \ e ` ^ h Y ` Z T i Z l n [ \ ` b a T Y T ` b S V b a Y Z [ bh ` a T e T [ a Y ` ` f [ ^ V Y [ T b \ ` h g T b V Y T ` b ] T Y Z ] V W W e U b \ Y T ` b S d ` ^ ] T Y Z T b V Y ] ` l W V X [ ^ S Y ^ V Y [ i X d ` ^ ] T Y ZV W ` ] l n [ [ c Y [ b S T ` b ` e Y Z [ g V S T \ h ` a [ W d \ V b i T _ [ V b [ b Y T ^ [ W X a T e e [ ^ [ b Y S ` W U Y T ` b Y ` Y Z V Y ` e Y Z [g V S T \ e ` ^ h e ` ^ V e W ` ] ] Z T \ Z T S S Y ^ ` b i W X V e e [ \ Y [ a g X b [ V ^ l ] V W W f ^ ` \ [ S S [ S d V S T S Y Z [ f ^ [ S [ b Y e W ` ] jo b f V ^ Y T \ U W V ^ d S W T i Z Y \ Z V b i [ S T b Y Z [ f ^ [ a T \ Y [ a S [ f V ^ V Y T ` b f ` T b Y \ V b ^ [ S U W Y S T b h V p ` ^ a T e e [ ^ [ b \ [ Se U ^ Y Z [ ^ a ` ] b S Y ^ [ V h d V S f ` T b Y [ a ` U Y T b q [ \ Y T ` b r j k Z U S d Y Z [ f ^ [ S [ b Y V Y T ` b V b a a T S \ U S S T ` b Y `e ` W W ` ] \ V b ` b W X T a [ b Y T e X Y ^ [ b a S ` e h ` a [ W \ V Y [ i ` ^ T [ S d V b a Y Z [ ^ [ V b U h g [ ^ ` e ` f [ b m U [ S Y T ` b S ] T W W^ [ h V T b V Y Y Z [ [ b a T b ^ [ W V Y T ` b Y ` f V ^ Y T \ U W V ^ h ` a [ W S ` ^ _ V ^ T V Y T ` b S j



� � � � � � � � � � 	 � 
 � � 
 � � � � 
 � 
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � ! � � � � � ! ! � � � � � � � � � � � � � � � � � � � � � � ��   � � " � � � � � � � � # � � � � � � $ � � � � � � � � � � � � � � � � � ! � � � � � � � � � � � � � � � � � � % � � ! � � � � � " � & � � � �  � � � � � � �� � � � � � � � � �  ' � � � ( � � � � � � � � � ) " � � � ! � � � � � � � � * � � � ! ! � � �  � ' � � � � � � � � � � � � � �  � � � � � � � ' � � � � � � �� � � � � � �  ' � � � � � � � � � � � � � � � ' * � � � �  � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � �  � � � � � � � �  � � �  � ' � � � + � � � � " � � * � � � ( � � � � � � � � � � � � � � ' � � � � � � � � �  ' � � � � � � ! � � � � ' � � � � � � �  � � � � � � � !� � � � � * � � � �  � � � � � � �   � � � � � � � � � � � � * � � � � $ � � � � � � � � � � � * � , � � � � � � � � � � � - � � � � � � �   ' � � � �   � . � � � *� � � � � �   ' * � � � % � � � ( � � � ' & � � � � � �  " � � � *  � � �   ' * �   � � � � � � � � � � � �  � � � / � � � � � � � � � � , � � � � � " �% � � � � � � � � � � � � � � & * � � � � $ � � � � � � � � � � � � � � � � ! ! � � �  � � � � � � � � " � � � �   � � � � � � � � � � � � � * � � � � � �" � � � ! � � � � � � � � � � � � � � � �   � � � � � � � , � � � � � � � � � � � �  ! � 0 � � � � � � � � � � � � * � � � � " � � * � � � � � �  � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � � � � ( � � � � � � � � ! � � � � � � � ' � � � � � �� � ! ! � � � � � �  '  � � � � � � � � � �  � � � � � � � � �   � � � � � � � � � � � � � ! � � � ! � � � � � � � � � � �  � � � � � � � � � � � � � �� � � �  � � � � � � � � � � � 1 � " � � � � � � �   � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � �   ' � � � � � � $ � � � � �� � � � � � � � - � � � � � � � � . * � � � � � � � � � � � � � � � � � � � � � � ! � � � � � � �  � � � � � � � � � � � ' 2 � 3 � ! � � � � � ) � 3 + $4 5 6 7 8 9 : ; < = 9 > ? @ < 7 A : B : C 8 B D E : F G H I J K L M N O P L M M Q R S T T U V W X Y T Z [ \ X ] ^ _ `a b T b c V _ d e \ f g X ] _ e ] _ h ^ i _ j \ e V _ ] k h ] W l ] \ j m n e g X _ o p q r q m s t u m r m u s v w u r p w V W X x v x r t p v s i c ]i c g e X s X ] _ g n W V i ] X y [ ] X g h [ z { ] g W n e ] d e ] _ ] W i V i g f ] \ j i c ] n e g X [ \ _ i l \ W i e g { h i \ e _ c V f ] h _ ] X ` U c ]_ \ ^ h i g \ W V i | } ~ � q ` � s _ c \ � W g W � g n ` v ` q ` t g W i c ] j \ e [ \ j d e \ j g ^ ] _ j \ e [ ] V W � j ^ \ � V W X i h e { h ^ ] W l ]k h V W i g i g ] _ s _ c \ h ^ X _ h j j g l ] i \ l \ W f ] � i c ] [ V g W [ ] _ _ V n ] ` U c ] X g _ i e g { h i g \ W _ _ c \ � W g W i c ] j g n h e ]V e ] e ] d e ] _ ] W i V i g f ] \ j i c ] { ] c V f g \ h e g W \ i c ] e _ ] l i g \ W _ ` b _ _ ] ] W s n e g X X ] d ] W X ] W l ] d ] e _ g _ i _ h d i \i c ] j g W ] _ i n e g X h _ ] X ` � \ � ] f ] e s f g ] � ] X V n V g W _ i i c ] X g j j ] e ] W l ] _ { ] i � ] ] W e ] _ h ^ i _ j \ e X g j j ] e ] W i[ \ X ] ^ _ s i \ ] [ ] e n ] ^ V i ] e s n e g X X ] d ] W X ] W l ] g _ d e V l i g l V ^ ^ � W ] n ^ g n g { ^ ] { ] � \ W X i c ] y [ ] X g h [ z n e g X `U c h _ s g j i c g _ g _ e ] d e ] _ ] W i V i g f ] \ j \ i c ] e l \ W i e g { h i g \ W _ s V W X g j i c ] [ \ X ] ^ _ V e ] l \ e e ] l i ^ �g [ d ^ ] [ ] W i ] X s g i [ V � { ] V _ _ h [ ] X i c V i i c ] _ \ ^ h i g \ W _ e ] d \ e i ] X e ] d e ] _ ] W i s ] _ _ ] W i g V ^ ^ � s i c ]d e ] X g l i g f ] l V d V { g ^ g i g ] _ \ j i c ] [ \ X ] ^ _ ` � W ] g [ d \ e i V W i h W l ] e i V g W i � i c V i W ] ] X _ i \ e ] g i ] e V i ] X sc \ � ] f ] e s V e g _ ] _ j e \ [ i c ] n e g X e ] _ \ ^ h i g \ W V X \ d i ] X V i � V ^ ^ _ ` U c ] e ] g _ W \ g W j \ e [ V i g \ W s { ] � \ W X i c ]i \ i V ^ h [ { ] e \ j W \ X ] _ V W X s g W _ \ [ ] l V _ ] _ s d ^ \ i _ \ j i c ] n e g X _ s V ^ ^ \ � g W n V W V _ _ ] _ _ [ ] W i \ j � c ] i c ] ei c g _ e ] _ \ ^ h i g \ W g _ V d d e \ d e g V i ] i \ i c ] [ \ X ] ^ _ h _ ] X `



� � � � � � � � � � � � 	 � 
 � � � � � � � � 	 � � � � � 
 � � � � � � � � � 	 
 � � � � � � � � � � � � 	 � � � � � 
 � � � � � � � � � � � � �
 
 � � � � � � � 
 � � � � � � 
 � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 
 � � � � � � � � � � 
 � � � � � � � �� 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � 
 � � 
 
 � � � � � � � 
 � � �  ! ! ! ! � 
 � � � �� � � � � � � � � � � � � � � 
 � 
 � � � � � " ! ! # $ ! ! 
 � % ! ! # & ' ! 
 � � � � � � � � 
 � � � � � � � � � � � � 	 	 � 
 � 
 � � � � � � � � � � � � �� # � � � � � � � � � � ( � � � � � � � � � � � 
 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � 
 
 � � � � � � � 
 � � � � � � � � � � �� � � 
 � � � � � � 	 � � � ) � 
 
 � 	 � � � � � 
 � � � � � � � � � � � � � � � � � * � � � � � � � � 
 � � � � � 
 � � 
 � � � � + , - . / 0 1 2 3 45 1 2 2 6 7 8 9 9 : ; < = > 9 ? @ A = B C D E > B F G B D B < H ; H I J B G B D K C H D L ; M ; I < ; H N O P Q R S T U V W X Y Z [ X \ Z \ ] Z Y S^ S R S R V \ _ ^ S R S ^ S ` a a X X \ U V Y W X X b X \ c d X c e X X \ f g W W X a h g \ _ Z \ Y a c W i f c i W X _ j Y W Z _ V \ _ i \ a c W i f c i W X _ jY W Z _ a g k i c Z g \ a l g W c m X n o p q r s t u v w x w y v s w u z u { y u | } ~ s � r x � s � � x � � v u w x � } � u � u v � } x � u v � v s � � �� u v s y x } � y s r | s � u � } � � x r x v � � v � y v s w u � � � u u r u � } x w s � } � x � u t ~ s � } � u � � � � � s � u � u � z x � } � u y � w us ~ } � u � � � r s t u v z } � u t x ~ ~ u � u � y u w � � u � s } x � w x � � x ~ x y � � } z | u � � � | w � u y � � w u s ~ } � u w u � w x } x � x } � s ~ } � u� � � � v u � t x � � | � � y } x y u } s � � x t | � � � r u } u � w z u w | u y x � v v � x � } � u s � } u � � u � x s � � � u � u } � u � � w } � � y } � � u tx w � � x } u y s � � w u z � � t } � x w t u r s � w } � � } u w w } � � � v � } � � } � � r u � x y � v � y y � � � y � y � � t u | u � t w u � w x } x � u v � s �} � u � � } � � u s ~ } � u } � � � � v u � y u r s t u v � w u t } s u { � r x � u � � x t x � t u | u � t u � y u �� � � � � � � � � � � � � � � � �   ¡ � � ¢£ ¤ ¥ ¦ § ¨ © ª ¦ « § ¬ © ­ ® © ¯ ° § ± ­ ° ² ¥ ­ © ³ ¬ ¥ § ² © ¤ ¥ « ¬ ¥ ¨ ¥ ® © ² ° § ´ ª ¨ © ¤ ¥ ¬ ¥ µ ª ¬ µ ³ ° ­ © ª § ® ¬ ¥ ¯ ª § ® ª ® © ¤ ¥ ° ¥ ¥ ´ ­ ¬ ¶¨ ª ¶ ¥ § ² © ¤ ¥ ¤ ª ° ° · ¸ © ¨ ¨ ª ¹ ¥ ­ ® ¶ ¨ ¤ ­ « ¥ ­ ¬ ¥ ¶ ª µ © ­ © ¥ ¶ ± º © ¤ ¥ ­ ± ª ° ª © º § ² ­ ¦ § ¶ ¥ ° © § ¬ ¥ © ³ ¬ ® © ¤ ¥ µ § ¬ ¬ ¥ µ ©¨ ¥ « ­ ¬ ­ © ª § ® « § ª ® © » ± º © ¤ ¥ ° ¥ ¼ ¥ ° § ² ¦ ª ½ ª ® ¯ ª ® © ¤ ¥ ¨ ¥ « ­ ¬ ­ © ¥ ¶ ¨ ¤ ¥ ­ ¬ ° ­ º ¥ ¬ ­ ® ¶ ± º © ¤ ¥ ¬ ¥ « ¬ ¥ ¨ ¥ ® © ­ © ª § ®§ ² © ¤ ¥ ª ® © ¥ ¬ ­ µ © ª § ® § ² © ¤ ¥ ¨ ¤ ¥ ­ ¬ ° ­ º ¥ ¬ ´ ª © ¤ © ¤ ¥ ´ ­ ° ° ­ ¨ © ¤ ¥ ² ° § ´ ¬ ¥ ­ © © ­ µ ¤ ¥ ¨ ·¾ ° § © ¨ § ² ¨ © ¬ ¥ ­ ¦ ² ³ ® µ © ª § ® ² ª ¥ ° ¶ ¨ ² § ¬ ¿ ¦ § ¶ ¥ ° µ ­ © ¥ ¯ § ¬ ª ¥ ¨ ­ ¬ ¥ ¯ ª ¼ ¥ ® ª ® À ª ¯ ¨ · Á · Á · Â Ã Á · Á · ¿ · £ ¤ ¥¨ ¥ « ­ ¬ ­ © ª § ® ­ ® ¶ ¬ ¥ ­ © © ­ µ ¤ ¦ ¥ ® © « § ª ® © ¨ ¯ ª ¼ ¥ ® ± º © ¤ ¥ Ä Å Æ ­ ¬ ¥ Ç È É Ê Ë Ì Í Î Ï Ð Ñ Ì Ò Ó Ô Õ Ö × Õ Ø Ù Ú Û Õ Ü Ý Þ Ù ß Î Ù Ú Ö ÓÔ Õ Î Ù Ù Î Ø ß à Õ Ï Ù á Ø Ø â Ô Ö Ø Ü á Ö Õ Ù á Ù ß Õ à Ú Ð ã Ö Õ ä à Õ Ï Ù × á Ú Ï Ù Ì å Ü Ù ß á â ä ß Ù ß Õ æ Ô Õ Î Ù Ù Î Ø ß à Õ Ï Ù Î Ï ä Ü Õ ç è Ù ß ÕÎ Ï ä Ü Õ á é Ù ß Õ Ö Õ × Î Ô Î Ù Ú á Ï Ö Ù Ô Õ Î à Ü Ú Ï Õ ê Ú Ö ë â Ú Ù Õ Î Ø â Ù Õ è Î Ô á â Ï Ð Í Ë ì ê Ó Î Ô Õ Î Ö á Ï Î í Ü Õ î Î Ý á é Î Ö Ö Õ Ö Ö Ú Ï äÙ ß Õ Ö Ú ï Õ ð Ö ß Î × Õ á é Ù ß Õ Ô Õ Ø Ú Ô Ø â Ü Î Ù Ú á Ï Ô Õ ä Ú á Ï Ú Ö Ù á Õ ñ Ù Ô Î × á Ü Î Ù Õ Ù ß Õ Ö Õ × Î Ô Î Ù Ú á Ï Ö Ù Ô Õ Î à Ü Ú Ï Õ Ú Ï Ù ß ÕÔ Õ ä Ú á Ï ò È É Ê Ë Ì Í ã Ë Ì ó Î Ö Ú Ù Î × × Ô á Î Ø ß Õ Ö Ô Õ Î Ù Ù Î Ø ß à Õ Ï Ù Ì ô ß Ú Ö Õ ñ Ù Ô Î × á Ü Î Ù Ú á Ï ä Ú Û Õ Ö Ó é á Ô Ù ß Õ õ ö ÷ Ó Î ÏÚ Ï Ù Õ Ô Ö Õ Ø Ù Ú á Ï Î Ù Î Ô á â Ï Ð Ç È É Ê Ñ Ì ó Ó Ú Ì Õ Ì Ø Ü á Ö Õ Ù á Ù ß Õ Î Ø Ù â Î Ü Ô Õ Î Ù Ù Î Ø ß à Õ Ï Ù × á Ú Ï Ù Ì



� � � � � � � � � � � � 	 � � � 
 � � � � 
 � � � � � � � � � � � � � 
 � � � 
 � � � � � � � � � � � � � � � � � � � � � �  � � ! � � � " !  � # $ � � � % &� ' ( ) *  � " � * � � � � � � + " �  * � � " � *  , � & � � � " �  � + - " � + " $ � $ # $ � & � . � � � " � � / � $ � + � � � � � + � *  ( 0 * � ��  � * � � � + � 1 0 � $ � � * � � � �  � � � � � � � # �  " $ � + " !  � � $ 2 � � * � � " � ! *  * � $ � + * + � !  � � * � /  �  � * � � * 2 � � � + � 3� � � � 0 � ( � * & �  $ � ! � � � � + � * � $ � +  � " / � � " $ + *  � 2 $  2 / � * � $ � + 4 � + � � 0 $ 2 � � � � " $ 4 � � . � � * � / " $ + - 0 * � �. / + 2 � $ � + " � ' � ( � * � ! �  � 5 " ! � � � " � � + � � 3 / + . �  � / + * � � � & 3 $ + 2 � / � � � � � " � ! *  * � $ � + " �  � * � � $ + � 3 % / � � � �$ � !  � " " $ � + $ " � � * � % � � � � 0 � ( � * & �  . �  � / � * � $ � + " - $ # � *  � 2 $  2 / � * � $ � + 4 � + � 0 � $ 2 � $ " 2 � � " � � � 3 $ . + � �� �  � � 6 � � + " $ # � � � * + 3 � � � 7 8 9  � " / � � � : � 2 * / " � � � � � 0 � ( � * & �  $ � ! � � � � + � * � $ � + 2 � + �  � � " ; � $ � $ � " <� � � � � + - � � " 2 * � � * � � � � 0 * � � 3 $ � $ " ! �  � * ! " � 6 ! � 2 � � � � � � � * � � � * � *  - �   � 2 $  2 / � * � $ � + 4 � + � �= � 0 � # �  3 � � � " * � � � * & % � " * $ � * % � / � � � � 0 * � � ( . / + 2 � $ � + # *  $ * + � 3 . �  � � � � � + - � � " 2 * � � $ " 3 � �  �� � � 3 � $ � $ � � � � � � � � � > / $ � $ %  $ / � � � # � � � � � / " 3 � � � �  $ - $ + � . � � � � * ? �  !  � � $ 2 � $ # � � $ . . �  � + 2 � " $ "/ + 2 � � *  * � � � $ " " � * - � 3 % / � � * & � � �  - � .  � � * � � � * $ � � � � 6 * � $ + * � $ � + " � . � � � !  � ! �  � & !  � . $ � � " � �. � � � � 0 �@ $ - � A � A � B 2 � + � * $ + " . � /  " � � / � $ � + " � % � * $ + � � 0 $ � � # *  $ � / " . �  � " � . � � � % � � + � � � C D E F C D G H I J K L MN O P Q P Q K R L K S J O S T U V Q O K W K J N O P Q X K S P K Y Z [ \ ] ^ _ Y U V P O V K ` a N I O H _ L K H K S P U P O I S [ U L [ I O S V L b J KX K S P K Y ] ] a c [ Q K U Y d [ P Y K [ [ d P Y U S [ _ I Y P e L O H O P K Y ` f W O J K S P L g M b [ K I h P Q K i j k l m n o p q r s t o r o u v w x u p pv o y q m r p o u n z s m u r o u v p q o v z o { u v u s q m r u r n s m u l u | m v o p m r y u s q m r m } s t o v o ~ q v ~ � p u s q m r � m r o � v o p u s q � os m s t o � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � �   � � � � � � ¡ �� � � � � � � � ¢ � � � �   � � � � � � � � � � � � £ £ � � � � � � � � ¡ � � � � � � � ¤ � � � � ¥ � � � ¦ � ¦ � § � � � � � � �   � � � � � ¡ � ¨ ¨ ©� � � � � � � � � � � � � � � � �   � � � �   � � ¡ � � � � ª � � � � � � � � � � � � � � � ¡ � � � � � � �   � � � � � � « � � � � ¢ � � � � � � � � � � ¡ �¬ � ¨ � � �   � � � © ¡ � � � � � � � � � � � � � � � � � � � � � ¢ � � ¡ � � ¡ � � � �   � � � � � � � � £ � � � � � � � � � ¢ � � � ¢ ¡ � � ¡ � ¡ � ¨ ¨ ©� � � � � ¡ � � � � � � � �   � � � � £ � � � � � � £ � � � � �   � � � � £ � � � � � � � � � � � � � � � � � � � � � ­ � � � � � � � � � � � �� � � � � � � ¡ � � � � �® � �   � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¤ � � � � � � � � � � � � ­ £ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¤ � � � �¥ � � � ¦ � ¦ � ¦ � � � ¦ � ¦ � ¯ � ° � ± ¡ � � � � � � � � � � � � ¤ � � � � � � � ¡ � � � � ­ � � � � � ¤ � � � � � � �   � � � � � � � � � � � ¡ � � � �� � � � � � � � � � � � � � � ¡ � £ � � ¢ ¡ � � � � ² ¨ ² � � ³ ´ µ ¶ · ¸ ¹ º · º » ¼ ½ ¼ ¶ ¾ » ¿ º ¼ À ¿ » Á ½ ¿ ½ ¼ Â º ¿ ¸ ¾ ¾ ¿ ¿ º Á À ¹ ¼ Ã Ä ¶ ¼ Â ¼ Â º¿ º Å ¶ ¿ Å À ¹ ½ ¼ ¶ ¾ » ¿ º Æ ¶ ¾ » ¼ ¾ ¾ ¼ Â ¶ » ½ » Ç ¼ ¾ ¾ Á Â ¾ ¿ ¼ È É Â º ¹ ½ ¼ ¼ º ¿ Ê º Â ½ Ë ¶ ¾ À ¿ ¶ Á Å ¾ » ¼ ¿ ½ ¿ Ì ¼ ¾ ¼ Â º Æ º » º ¿ ½ ¹¾ Ê Á º ¿ Ë ½ ¼ ¶ ¾ » Ã » ¾ ¼ ¾ » ¹ Ì Í ¿ ¾ · ¼ Â º ¸ ¿ º Á º » ¼ Ä ¾ ¿ Î Á Â ¾ ¸ ¿ º Á À ¹ ¼ Á Ã ¼ Â ½ ¼ · ¾ Ç º ¹ Á ¾ Í ¼ Â ¶ Á ¼ Ì ¸ º ¼ º » Ç ¼ ¾ ¸ ¿ º Ç ¶ Å ¼º Ï Å º Á Á ¶ Ë º ¿ º Å ¶ ¿ Å À ¹ ½ ¼ ¶ ¾ » ¶ » ¼ Â ¶ Á Æ º ¾ · º ¼ ¿ Ì È É Â º Ð Ñ Ò Ñ Ó Ô Õ Ö × Ø Ô × Ù Ú Û Ô Ü Ø Ý Û Ü Þ Û ß à á à á à â Ý ã ä Ö å Ô Ü Ø Û Ø Ú Ö Ü Úæ Û Ú ç Ú ç Û Ø Ô è Ø Ö ä é ã Ú Û Ô Ü à ê ç Û × Ö Ù Ø Ö Ô ë Ú ç Ö ì í Ö î Ù ã Ú Û Ô Ü Ô Ü Û Ú Ø Ô æ Ü ã ï ï Ö ã ä Ø Ú Ô Û Ü å ä Ö ã Ø Ö Ú ç Öä Ö å Û ä å Ù × ã Ú Û Ô Ü ð Ô Ü Ö ä Ö × ã Ú Û é Ö Ú Ô ñ ò ó ô õ ö ÷ õ ø ù ú û ÷ ù ú ü ý þ ÿ ÷ ø õ ù ÷ ý ø � ÷ ù � ø ý ø � � ÷ ø � õ ö ú ù ö � ú ú � ú ù ö õ ÷ ø ö � � õ ù ÷ ý ø ú



� � � � � � � � � � � 	 
 � � 	 � � � � � � 	 	 � � � � � � � � � 
 � 
 � � � � � � 
 � � � � 
 � � � � � � � 
 � 	 � 	 � � � � � 
 � � � � � � � � � � 	 � � � � �� � � 	 � 
 	 � � � � � � � � � � 
 
 � � � � � � � � � � � � � � � � 	 � � � 
 � � � � � � � � � � � 
 � 
 � � � � � � � � � � � � � 
 � � � � � � � � � � � � � �� � � � �  	 � � 	 
 � � 
 � � � � � � � 
 � � � � ! " # "  	 $ � � � � � � � � � �% � � � & � & � ' 	 � � � 	 � � � � � 	 
 � � 	 � � � � � � � � � � � � � � # $ 
 � 
 � � � " � � � 
 � 
 	 � � � � � � ( � � � � � � � � � � 	� � 
 � � � � � � � � � � � � 	 � 
 � � � � � � � � ) � � � � � � � � � $ � � � � � � � � � 	 � � * � � + 
 � � 	 � 
 � � 
 � � ! " # " , ) � � � 	 � � �� � � 	 	 � � � � � � 	 	 � � � � � � � � � 
 � 
 � � � � � � � � � � 
 � � � � 
 � � � � � � � 
 � � 
 � � � � � � 
 � 
 � � � � � � � $ � 
 � � ) � � � � � �� � � � 	 � * � � 	 � � � � � � � � � 	 � � � $ � � � � 	 � $ � � � � � � 
 � � � 
 � � � � 
 � � � � � � � 	 � � � � 	 � � � 
 � � � � � � � � � �� � � � 
 � � � � � � � � � � 	 � � � � � ) 
 � � � 
 � � � � � � � � 
 � 
 � � 	 �- � 	 
 � � 	 � � � � 
 � � - � � � � � � 	 � 	 � � � 	 	 � � � � � 	 
 � � � � � 
 � � � � � � � � � � % � � � & � & � . � / � � � 
 � � � � � * �* 
 � $ � � �  	 � � 	 
 � � 	 � 
 � � � � � � � 	 	 � � � � � � 	 � � � 	 	 � � � � � 	 � 
 � � 
 	 � � � � � � � 0 
 � � � � � � � � � � � 
 � � 
 � � 	 � �� � � � � � � 
 
 � � � � � � � � � � � � � � � 	 	 � � � � � � � � � 
 � 
 � � � � � 1 � � � � � � � � � � 	 � � � 	 $ � 
 � � � � � � � � � 2 � � � �� � � � � � � � � � � � � 
 � � 
 � � � � � � � � ) � � � � � 
 $ � � � ) � � � � � � 
 ) � � � � 
 $ � � � � � 	 � $ 
 � 
 � � � � 	 � � � 
 � � � � � 
 �� � 
 � � 
 � � � � � � � � � � � � � � � � � � � � � � � � 	 
 � � � � 
 � � ) 
 � � � � 
 	 � � � 
 � � � 
 � � � � ) 
 � � � � � � � � � � � � � � 	 � � � � �� � � � � � � 	 � 
 � � � � 
 
 � � � � � � 
 � 
 � � 
 � � � � � 
 � � � ) � � � � 
 	 � � � 
 3 
 $ � � � $ � � � � � � � � 	 � 
 � � � � � � 
 � � � � � � � � �4 � 	 
 � � 
 � � � � � � � � � � � � � � � � � � � � 
 	 � � � 	 
 � � 	 � � � � � � � � 
 ) � � � ,� � � 5 � � � 
 � 6 7 8 9 : ; < : = > ? > @ = A > B C ; @ A < D > E : > @ ? @ C : ; : > < B = F @ : ; E G ; @ : > > : D H I @ = > : = A : =@ J D @ ? ? < 9 @ E G ? H B ; > ; @ D < ; D K E : > < B = ; @ L < B = F M K > > H @ @ J > @ = > B N > H @ ? @ A @ N < D < @ = D < @ ? A @ C @ = A ?L ; @ : > E G B = = @ : ; O P : E E I B A @ E E < = L QR < < S T < = @ : ; U V W X Y Z [ \ ] ^ _ ` ` \ a [ Z a b c d [ b [ _ e f g _ \ \ e [ h a Y b ^ h a i [ _ ] a h b a j a k _ b c [ \ Y b h _ c a Y b Y jc d [ e [ k a e k l \ _ c a Y b m Y b [ ^ _ b Y n ] [ e i _ c a Y b _ \ ] Y ` Y a b c a b h c Y c d [ [ o c e [ X [ \ p d a h d ] [ b ] a c a i a c pY j c d [ ] Y \ l c a Y b c Y b [ _ e f g _ \ \ X Y Z [ \ \ a b h qr a a a s t d [ u u t ] c e _ c [ h p c [ b Z ] c Y l b Z l \ p Z [ ` e [ ] ] c d [ c l e n l \ [ b k [ _ k c a i a c p ^ \ [ _ Z a b h c Y _ h e Y ] ][ o _ h h [ e _ c a Y b Y j e [ k a e k l \ _ c a Y b q t d [ u ` _ \ _ e c f v \ \ X _ e _ ] X Y Z [ \ ` [ e j Y e X [ i [ b g Y e ] [ _ b Z_ ` ` [ _ e ] c Y n [ a b _ ` ` \ a k _ n \ [ j Y e X Y Z [ \ \ a b h a b c [ e b _ \ ] [ ` _ e _ c a Y b r _ b Z ` e Y n _ n \ p _ b p] [ ` _ e _ c [ Z j \ Y g s qr a i s w Y b f \ a b [ _ e [ Z Z p f i a ] k Y ] a c p _ b Z e [ \ _ c [ Z X Y Z [ \ ] c [ b Z c Y e [ ] l \ c a b [ o k [ ] ] a i [ \ p \ Y b he [ k a e k l \ _ c a Y b m Y b [ ] ^ [ ] ` [ k a _ \ \ p g d [ b l ] [ Z a b k Y b x l b k c a Y b g a c d c d [ W f [ y l _ c a Y b q t d a ]] l h h [ ] c ] c d _ c c d [ z [ j j [ k c a i [ b [ ] ] { Y j c d [ W f [ y l _ c a Y b a b c d [ k Y b c [ o c Y j _ b a ] Y c e Y ` a k f



� � � � � � � � � � � � � 	 � 
 � � � � � � � � � 	 
 � � � � � � � � � � � � � � � � � � 
 � � � � � � 
 � 	 � � � � � � � 
 � 
 � � � � � � �� � � � � � � � � � � � � 	 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � 
 � 	 � � � � � � � � � � � � � � 
� � � � � � 
 � � � � � � � � � � � � � � � � � � 	 � � � � � 
 
 
 � 
 
 � � � � �� � � � � � � � � � � � � � 
 � � � 	 � � � � � � � � � � � 
 
 � � � � � � � � � � � � � � � � 
 � 
 � � � � � � � � � � � � � � � � 
 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 
 � � � � � � � 	 � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � 	 � � � � �� � � � � � � � � � � � � � � � � � 	 � � � 
 � � � � � �  � � � � � � � � � � ! � � � � � 
 � � � � � � � � 
 
 � � � � � � � � � � " � � � � �
 � � � � � � � � � � 
 � � � 
 � � � � � � � � � � � � � � � 
 � � � 
 � � � � � � � � # � � � �
$ % & ' ( ) * + , - . / 0 1 - 2 3 4 2 ) ( 0 + ( 5 3 * 6 , ) ( 78 9 : 9 ; < = > ? @ A B C > @ ? D C @ E E F = > GH I J K L M N O J K O P I N Q R S L O N Q T U V I J O O W K M J S X N M J V L P Y V J R Z J T N T P O [ P \ I ] \ M N T V N N T N I ^ Y Q T U O _ N Q I O P I N O OQ I N Q X Q L M Q ] M N Q P P N T Z J O L P L J T O ` a b c d e f e g [ e f g [ h f e [ i f e [ j f e [ k f e [ g f e [ l f e [ m f e Q T U n f e f o J S N X N I [P _ N Z I N O N T P U L O V \ O O L J T S L M M ] N I N O P I L V P N U P J Q O \ ] O N P J K I N O \ M P O [ U N N R N U P J V J T X N Y P _ N R J O PL R Z J I P Q T P K N Q P \ I N O Q P p I N Z I N O N T P Q P L X N q Z J O L P L J T O f r V J R Z M N P N O N P L O Z I J X L U N U L T r Z Z N T U L s i fr P P N T P L J T S L M M K J V \ O J T V J T U L P L J T O J T a b c d e f e g [ i f e [ l f e Q T U n f e [ _ N M U P J ] N I N Z I N O N T P Q P L X N J KZ I J V N O O N O Q O O J V L Q P N U S L P _ O N Z Q I Q P L J T [ I N V L I V \ M Q P L J T [ Z J O P W I N Q P P Q V _ R N T P I N V J X N I Y Q T U I N WQ V V N I M N I Q P L J T [ I N O Z N V P L X N M Y f t N O \ M P O K J I P _ N O N K J \ I M J V Q P L J T O Q I N ^ L X N T L T u L ^ O f j f k f i f h W j f k f i f l [j f k f j f h W j f k f j f l [ j f k f j f h W j f k f j f l [ Q T U j f k f k f h W j f k f k f l [ I N O Z N V P L X N M Y [ Q T U P _ N O N Q I N U L O V \ O O N U L TI N M Q P N U O N V P L J T O ] N M J S f u J I N Q V _ O N V P L J T [ P _ N I N Q I N O L s K L ^ \ I N O [ N Q V _ I N M Q P L T ^ P J Q Z Q I P L V \ M Q Iv ] I J Q U w R J U N M V Q P N ^ J I Y f x T N Q V _ K L ^ \ I N [ Q O L U N W ] Y W O L U N Z I N O N T P Q P L J T J K R N Q T W K M J S Q T UP \ I ] \ M N T V N y \ Q T P L P L N O L O Q U J Z P N U f z _ L O L O { \ U ^ N U P J ] N P _ N R J O P \ O N K \ M Z I Q V P L V N [ Q O P _ N I N L ON X L U N T P M Y Q O P I J T ^ V Q \ O Q M I N M Q P L J T O _ L Z ] N P S N N T P _ N R N Q T K M J S Q T U P _ N P \ I ] \ M N T V N O P Q P N fj f k f i | c F G F } ~ ? ~ > � @ = � @ C ~ > � @ = � a b c � � � � �z _ N M J V Q P L J T a b c d e f e g L O { \ O P \ Z O P I N Q R J K P _ N O N Z Q I Q P L J T I N ^ L J T f z _ N K M J S Q P P _ L O Z J O L P L J T L O_ N Q X L M Y R Q I � N U ] Y L P O V J R Z M N s _ L O P J I Y K \ I P _ N I \ Z O P I N Q R ` P _ N O N Z Q I Q P L J T [ I N Q P P Q V _ R N T P Q T UO P I J T ^ Q V V N M N I Q P L J T J T P _ N \ Z O P I N Q R _ L M M O L U N f z _ N � � � O J M \ P L J T K J I P _ N O P I N Q R S L O N X N M J V L P YN s _ L ] L P O Q U L O P L T V P L X N Z N Q � V M J O N P J P _ N S Q M M Q T U Q O L ^ T L K L V Q T P \ Z S Q I U R J P L J T [ ] J P _ Q O O J V L Q P N U



� � � � � � � � � � � � � 	 
 � � � � � � � � 	 
 � � � � � � � � 
 � 	 � � � � � � 	 � � � 
 	 � � 
 � � � � � � � � � � � 	 � � � 	 � � � � 
 � � � 	 � � �� � � � � � � 
 � � � 
 � � � � 	 
 � 	 
 � � 	 � � � � � � � 	 � � � � � � � 	 � � � � � 	 � 
 � � � � � � � 
 � � � � � � � � � � � � � � � � 	 
 � � 	 � � � �� � � 	 � � � � 	 � 
 � � � � � 	 � � � � � � � 
 � � 
 � � � � � � 
 � � � � � � 	 � � � 
 � � � � � � � � � 
 	 
 � � � � � 
 � � � � 	 
 � � � � � � � � � � � � �� � 	 
 � � � � � �� � � � � � � � � � � � � � � � � � � � � � 
 � 
 � � � 	 � � � � 	 � 
 � � � � � � � � � � � � � � � 
 � � � � � �  ! " # � � 	 � � � � � � � � � � � � 
 	� � � � � 	 � � � � $ � 
 	 � � � 
 � � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � %  " � # � � � 
 � � � � � 
 � � � � � � � � � � � � � �� � 	 � 	 � � � � � � � � � � � � � � � � � � 
 � 	 � � � � � � � � 
 � 	 � � � 	 � � � � � � � 	 � � � � � � � � � � � � � � � � � � 
 � � � 
 � � � � 	 � � � �� � � %  " 
 � 	 � � � 	 � � � � 	 � � & � � � � � � � � � 
 � 	 � ' ( ) * + , - . / + 0 * 1 2 , , 3 / . 4 / 0 2 1 2 / 5 , 6 0 2 5 5 + 3 7 2 0 8 9 . 4 : 5 :2 5 : * + ; : ; 2 < + 5 = 2 5 / 2 . / + 0 * 3 / . 4 / 0 + . 4 : 5 > 2 . : ? + 5 / : * @ A 0 . 4 : , / 0 : 2 5 B C D E F G H I J K L M N O P O Q R F S TU V W V F X Y H K H Q R P P V R J Z [ G \ J S R T \ ] ] H K T K F R G \ E F Z Z L ^ V _ H ] J K X H K R _ J ` R F X [ E _ Z J ` H K Z H a H Z J ]G [ K b [ Z H S E H \ S G _ H b J [ S T F K L Z F L H K G _ H S F Z Z J G _ H K X J T H Z R M F S T G _ \ R ] F a J [ K R G _ H K H R J Z [ G \ J S J ] G _ HS H F K W ` F Z Z a H Z J E \ G L Y H F c M F ] H F G [ K H K H ] Z H E G \ S I G _ H G L Y H J ] ] K H H W a J K G H d E J S T \ G \ J S H S E J [ S G H K H T \ S_ \ I _ Z L E [ K a H T ] Z J ` F G F K H Z F G \ a H Z L Z J ` Z H a H Z J ] G [ K b [ Z H S G X \ d \ S I ^ e G E F S S J G b H R F \ T G _ F G F S L J ]G _ H N f g h i R F S T g O P i R Y H K ] J K X b H G G H K G _ F S R \ X Y Z H K X J T H Z R F G G _ \ R R G F G \ J S ^ O ` J K K L \ S IJ b R H K a F G \ J S \ R G _ F G G _ K H H \ X Y Z H X H S G F G \ J S R j N O P O M e k W f J S T J S F S T U W i F S E _ H R G H K l J ] ` _ F GF Y Y H F K R G J b H J S H F S T G _ H R F X H ] J K X J ] G _ H m F Z Z \ S W n J _ F S R R J S g O P i I \ a H R [ b R G F S G \ F Z Z LT \ ] ] H K H S G K H R [ Z G R M ` \ G _ G _ H N O P O Y K J ] \ Z H R Z L \ S I b H G ` H H S G _ H J G _ H K G ` J ^ o \ a H S G _ H b K J F T b F S T J ]K H R [ Z G R J ] T \ ] ] H K H S G \ X Y Z H X H S G F G \ J S R M \ G \ R S J G K H F Z Z L Y J R R \ b Z H G J Y K J Y J R H F I H S H K F Z E J S E Z [ R \ J S J SG _ H Y K H T \ E G \ a H E F Y F b \ Z \ G \ H R J ] S J S W Z \ S H F K H T T L W a \ R E J R \ G L X J T H Z R F R F E F G H I J K L M F G Z H F R G S J G F G G _ \ RY J R \ G \ J S ^V _ H R G K H F X ] [ S E G \ J S E J S G J [ K R T \ R E [ R R H T H F K Z \ H K R _ J ` H T G _ H P Y F Z F K G O Z Z X F K F R X J T H Z G J Y H K ] J K XY J J K Z L ^ V _ H Y K J ] \ Z H R \ S p \ I ^ q ^ r ^ s ^ t R H K a H G J F X Y Z \ ] L G _ \ R ^ k Z J R H F I K H H X H S G \ R _ H K H J b R H K a H Tb H G ` H H S V U W u F K X R G F T G Q R F S T N O P O Q R K H R [ Z G R M F S T N O P O Q R v W Y K J ] \ Z H M \ S Y F K G \ E [ Z F K M R _ J ` R F SH S G \ K H Z L ` K J S I b H _ F a \ J [ K J ] G _ H G [ K b [ Z H S E H H S H K I L M G _ H Z H a H Z b H \ S I F G F R X F Z Z ] K F E G \ J S J ] ` _ F G \ GR _ J [ Z T b H ^ U W i F S E _ H R G H K Q R K H R [ Z G ] J K G _ H a s p X J T H Z M F Z R J \ S E Z [ T H T \ S p \ I ^ q ^ r ^ s ^ t M R _ J ` R G _ HX J T H Z G J Y H K ] J K X S J b H G G H K G _ F S X J T H Z R T \ R E [ R R H T R J ] F K ^V _ H K H R [ Z G R ] J K G _ H w P i R F K H H R Y H E \ F Z Z L \ S G H K H R G \ S I \ S a \ H ` J ] G _ H R [ Y Y J R \ G \ J S M H d Y K H R R H TH F K Z \ H K M G _ F G R G K H R R G K F S R Y J K G Y Z F L R F E K [ E \ F Z K J Z H \ S G _ H R G K [ E G [ K H J ] G _ H ] Z J ` [ Y R G K H F X J ]x y z { | ^ | t M F R F E J S R H } [ H S E H J ] G _ H R G K J S I F E E H Z H K F G \ J S \ S G _ \ R K H I \ J S ^ e S T H H T M G _ H K H R [ Z G R R _ J ` S



� � � � � � � � � � � � � 	 
 � � � � � 
 � � � � � � � � � � � 	 � � � � � � � � � � 
 � � � � � � � � � � � 
 � � � � 
 � � � � � � � � � � � 
 � � � � 
 � � �	 � � � � 
 � � � � � � 	 � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
 	 � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � 	 
 � � � 	 � � � � � �
 
 � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � 	 
 � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � �  ! " � # $� � � � � � � � � � � � 
 � 
 
 % & � ' � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � ( % ! � � � � � � � � � � # & �( 
 � � 
 � ) � � 
 � �  � ! ! * � � � � � � � � � � � � 
 � � 	 � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
 	 � � � � � � � � � � � � � � � �� � � � 
 � � � � � � � � � � � � � � � � � � � 
 
 � � � � � � 	 � 
 � � � � � � � � � � � � � � � � � � 	 � 
 
 + � � � � � � � � � � � � � � � � � � � �� � � � � � � � 
 � � � � � � � � 	 � � 
 � � � � � ( % ! � � � � � 
 � � � � � � � � � 	 � 
 � � � 
 � � � 
 � 	 � � � � � � � � � � � � � � 
 � � � �� � � � 	 � � � � � 
 � � � � � � � 
 � � � � � � 
 � � � � 	 � 
 
 � � � � � � � � � � � � 
 � � � � � � 
 � 	 � � � � � � � � 	 � � � � � � � � � � 
 � � 
 � � �� � � � � � � 
 
 � � � , � � � � � � - 
 � � � � � 
 � � 
 � � � � 
 � � � 
 � � � 
 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 
 
 � �
 
 � � � � 
 � � � . � � � � � � � � � � � / � � � � � � � 
 � � � � 	 � � � � � � � 	 � � � � � � � � � � � 
 � � � � � � 0 
 � � � � � � � � � �� � 	 
 � � � � � � � � � � � � � � � 
 � � 
 
 � � � � � � � 
 � � 
 � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � 
 � 
 
 % 1 ! " �# � � � � � � � � � � � � � � � � � � � � � � � 	 � � 
 � � � � 	 � � � � � � � � 
 � � � � � � � � 
 � � � � � � � 	 � � � � � � � � � � � � � � 0 � 	 �� � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � ! � 	 � � 
 � � � 2 �� � � � � � � 
 � � 
 � � 
 
 � � � � � � � � � � � 	 � 
 � � � � 	 � � 
 � � � � � � � � 
 � � � � 	 � � � � � � � � � ' ( % 3 " � � % 1 ! " � � � � ! " � � # � � � � � 
 
 � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
 � 
 
 � � � � � � � � 
 � 
 � � � � � � � � � � 	 � � � � � � �� � � � � � � � � � � � � � � � � � � 
 � � � � � � 
 � � 
 � � � 
 
 � 
 � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � 
 � � 
 � � � � 
 � � 
 � � �� � � � � � � � � � 
 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � 	 � � 4 � � � � � � � � � � � � � � � �� � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 	 � 
 � � � 
 � 
 � � � � � � � � � � � � 
 � � � � � � � � � 	 � � � � �� 	 
 � � � � � � 
 � � � � � � � � 
 � 
 � � 5 
 � � � � � � � � �  ! " � � 
 � � � 	 � 
 � � � � 
 � � � 
 � � 
 � � 	 � � � � � � � � � 
 � 
 � � � �� � � � � � � � � � 
 � � 
 � � 	 � � � � � � � � � 	 � 
 � � � � � � � � � � * � � � � � � � � � � � �  � � � 
 � � � � � � � � � � � � � � � � 
 � � � 
 � � � �� � � � � 
 � � � 
 
 � � � � 	 � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � 
 � 	 � � � � � � � � � � 
 � � � � 
 � � � � � � 
 � � � � 
 � � 
 
 �� � � 	 � 
 � � � 
 � 
 � � � � � � � � # � � � � � � 	 � � � � � � 6 � � � � � � � � ) � 7 8 � � � 
 
 � � � � � � � � � � � 
 � � � � 
 � � �! � � � � 
 � 	 � � � � � � # & � ( 
 � � 
 � ) � � 
 � �  � � � � � � � � � � � � � 
 � 	 � � � � � � � � � � � � � � 9 8 � � � � � � � � � � � � � � � � �� � 
 
 � � � � � � � � � 
 � � � � 
 � � � � � � 
 
 � 
 � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � 	 � � 
 
 � 
 � �� � � � � � � � � � 0 
 � � � � 
 
 � 
 � � � � � � � � � � 
 
 � � � � � � � � � � � � � 
 � 
 
 � � � � � � � � � � 	 � � � � � � � � 
 � � � � � � �0 � � � 	 � 
 � � � 
 � 
 � � � � 
 � � � 	 � � � � � � � � � 
 
 � � � � � 	 � � � � � � � � 4 � � � � � � � � � � � � � � � 
 � 
 � � � � ( % ! � � � � � 	 � � � � �� � � � � � � � 
 � � � � � � � � � � 	 � � � � 
 
 � � � � � � � � � � 	 
 � � � � � 
 � � � 1 � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � �� 	 � � � � � 
 � � � � � � � 
 2 : ; � � � � � � � � 
 � � � � � � � � � � � 
 � � < : ; � � � � � � � � � � 
 
 � � � 
 � �� � � � � � � � � � � 	 	 � � � � � � � � � � � � � � � � 	 � 
 � 
 � � � � � � � � � = > ? @ A B C D E F G ? H B C D I ? C E C J ? K > ? @ A B C D E F L M H HN E O ? H P Q G ? O D R C ? P Q ? R D B H H S Q E E G H S C J ? P C ? ? Q G D P ? D F C J ? H ? F T C J P R B H ? R H E P ? C E C J ? H E U ? G U B H H V B F O



� � � � � � � � � � � � 	 � 
 � � � � � 
 � � 
 � � � � � 
 
 � � � � � � 	 � � 
 � � 
 � 
 � � � � � � 
 � � � � � � � � � � � � � � � � � 
 � �� � � 
 � � 
 � � � � � � � � 
 
 � � � 	 
 � � � � � 
 � 
 � � � � � � � � � 
 � � � � � � � � � � � � 	 � � � � � � � � � � 
 � � 
 � � � 
 � � � �� � � � � � � � � � � � 
 � � � 
 � � � � � � � � � � � 	 
 � � � � � � � � � � � � � � � � � � � 
 � 	 
 � � � � � � 	 � � � � � � � � � � �� � � � � � � 
 � � 
 � � � � 
 � � � � � � � � � � � � � � � � � � �  � � � ! � " � # � $ � � � � 	 � � � � � � � � � � � � � 
 � � � � � � 
 
 � � � � �� � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � �% � � 
 � � � � � � � � � � 
 � � 
 � � � � 	 
 � 	 � 
 � � 
 � � � � � � � � � � � 
 � � � � � � &' � ( � � � � � 
 � � � ) * + , - � - . � � � / � � � � � � � 	 � � � � � � � � � � � � � � 
 
 � � � � � � � � � � � � � � � � � � � � 
 � � � �� � � 	 � � � � 
 � � � % � � � � � � 	 
 � � � � � � � � � � � � � � � � � � � 
 	 � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � 
 � � � � � � � � � 	 � � � 
 	 � � 
 
 � � � 	 � � 
 
 � � � � � � � � � � � � � � � � � / 	 � � � � � � � � � � � �� � � � � 
 � � 
 � � 
 � � � 	 � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � 
 � � 
 � � � � � � � � � � � � � � � �' � � ( � � � � � � � � � � 
 	 � � � � � � � � � � 
 
 � � � � � � � 
 � � � � � � 	 � � � � � � � � � � � � � � 
 � � � � � � � � 
 � � � � 
 � �� � � � � � � � 
 � � � � � � � 
 � � � � 
 � � � � � 	 � � � � � � � 
 � � � � 	 � 
 � � � � � � � � � � � � � 
 � � � � � � � � � � 
 � � � �� 	 	 � � � � � � � � � 
 � � � � � � � � � � � 
 � �! � " � ! 0 + 1 2 1 3 4 2 3 5 6 7 8 4 9 : ; 9 : 1 < ) * + = > ? @� � � � � 
 � � � � 
 � � � � 
 
 � � � � � � � � � � � � � 
 � � � � � � � 	 � � 	 
 � � � � 
 � A 
 � � � � � � � � � � � � � � � � 
 � � � � 
� � � � � � � � � � � � 	 
 � � � � � 
 � � 
 � � � � � � � � � � � 	 � � � � � 
 � 
 � � � 
 � 
 � � � � � A 
 � � � � � � � � 
 � � � � � � � � 
 
 � � � 
 �� � 	 
 � � � � � � � � 
 � � � 
 
 � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � 
 � � � � � � � � � � � � � � � 
 � � � � � � � � � 	 �� � � � � � 	 � � � � � � � � 
 � � � � � � � � � � � � � 
 � � � � � � � � � � 	 � � � � � � � � � � 	 
 � � � � � � � 
 � 
 � � 
 � � � � � � � � � 	 � � � � �� � 
 � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 
 � � � � � � � � � � � 
 � � � � � � � 
 � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � �� 
 � � � � � � � � 	 � � 
 � � � � � 	 
 � � � � � � � � � � � � � B C � � �  � � � � ! � " � ! � D � ! � " � ! � $ � � � � 
 � � � � � � � � � � � � � 
 �� � � � � � E F G H I J K L M N O K P Q R K S Q S T Q P U V U W U V U X U Y I M Z H I J K L Q H [ L K H K S Z N Z Q I S M [ O K J Q \ Z Q S M ] ^ ^ Q \ Q K S ZM _ K N O M Z O N Q S ` I O N Z I I O N [ Q J K O I M Q I S I ^ Z _ K M _ K N O L N a K O ` N S J Z _ Q M Q M \ I S M Q M Z K S Z b Q Z _ Z _ K [ O K H N Z ] O KO K N Z Z N \ _ H K S Z I c M K O R K J c a O K ^ K O K S \ K Z I Z _ K M Z O K N H ^ ] S \ Z Q I S [ L I Z M d T Q P M U V U V U X e V U V U f g U h _ K Z b I eL N a K O ^ I O H ] L N Z Q I S M O K Z ] O S N [ O I S I ] S \ K J S K N O e b N L L [ K N i Q S Z _ K O K R K O M K e R K L I \ Q Z a [ O I ^ Q L K ` [ I M M Q c L aQ S J Q \ N Z Q R K I ^ N S j Q S \ I H [ N Z Q c Q L Q Z a k c K Z b K K S Z _ K Z b I Z ] O c ] L K S \ K M Z N Z K M N \ O I M M Z _ K Q S Z K O ^ N \ K U h _ K^ N \ Z Z _ N Z N L L H I J K L M [ O K J Q \ Z H ] \ _ Z I I L I b Z ] O c ] L K S \ K K S K O P a N S J M _ K N O M Z O K M M Q S Z _ K M _ K N O L N a K OM ] P P K M Z M Z _ N Z Z _ K Q S M ] ^ ^ Q \ Q K S Z M _ K N O M Z O N Q S Q M S I Z J ] K Z I K l \ K M M Q R K H Q l Q S P ` c ] Z O K ^ L K \ Z M M K O Q I ] M



� � � � � � � � � � � � � 	 
 � � 
 � � � � � � 
 � � � � � � 
 � � � � � � � � � � � 	 � � � � � � � 
 � � � � 	 	 � � � � � � � � � � � � � � 
 � 	 � � �� � 
 � � � � � 
 � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � � �� � � � � � � � 	 
 � 	 � � � 	 
 � � � � � � � � � � � � � 
 
 � � � � � 
 � � � � � � � 	 � 
 � � � � 	 
 � � � � � � � � � � � � � � � � � � � 	 
 �� � � � � 	 � � � � � 
 � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � 
 � 
 � � � � � � �� � � � � � � � 	 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � �  ! " # $ % ! &  '  ( ! ) & % & * % + , - , . , - , / ,0 ! ) 1 2 1 3 ' 4 + 1 & 1 3 4 " $ 3 1 & 5 %  6 ! 3  $ 1 1 7 1 3 2 1 " ! 8 % $ 9 + 3 4 5 % 1 & $  $ ! : 1 7 3 1 5 % 8 $ 1 5 % & $ ( 1  ( 1 4 3 " 4 9 1 3 ') ( % 8 ( %  8 ! &  %  $ 1 & $ ) % $ ( 1 4 3 " % 1 3  1 7 4 3 4 $ % ! & 4 & 5 " 4 $ 1 3 3 1 4 $ $ 4 8 ( ; 1 & $ , < = 8 " # 5 % & + $ ( 1 4 & ! ; 4 " ! #  > ? � ? 3 1  # " $ ' $ ( 1 ( % + ( 1 3  ( 1 4 3  $ 3 4 % & %  4 8 8 ! ; 7 4 & % 1 5 : 9 ( % + ( 1 3 $ # 3 : # " 1 & 8 1 1 & 1 3 + 9 4 & 5  ( 1 4 3 $ 3 1   '  $ 3 1 & + $ ( 1 & % & + $ ( 1 4 3 + # ; 1 & $ 4 : ! # $ $ ( 1 8 4 #  4 " 3 1 " 4 $ % ! &  ( % 7 : 1 $ ) 1 1 &  $ 3 4 % & 4 & 5  $ 3 1   & ! $ 1 5% & $ ( 1 7 3 1 2 % ! #  7 4 3 4 + 3 4 7 ( , 0 ! ) 1 2 1 3 ' ( 1 3 1 4 + 4 % & ' $ ( 1  ( 1 4 3  $ 3 1   %  $ ! ! " ! ) ' % & 5 % 8 4 $ % & + $ ( 4 $# 7  $ 3 1 4 ; 5 1 6 1 8 $  ! 6 $ ( 1 $ 9 7 1 & ! $ 1 5 4 : ! 2 1 7 " 4 9 4 & % ; 7 ! 3 $ 4 & $ 3 ! " 1 ,@ 1  # " $  6 ! 3 > � < A B  4 & 5 < ? �� ( %  %  1  7 1 8 % 4 " " 9 7 3 ! ; % & 1 & $ % & $ ( 1  ! " # $ % ! &  5 1 3 % 2 1 5 6 3 ! ; $ ( 1 & ! & E " % & 1 4 3 H I JK L M N O P Q R S T P U N V W O O N M S X W S S X N P N K L M N O P W O P L Y T Z N N [ V N P P T Z N O \ O L ] Y U N V T U V ^ O W S T L ] _ L ] N P Q R ` a W PP ^ Y Y N P S N M W b L Z N a S X N P S U W T ] c M U T Z N P d S X N P S U N P P a W ] N [ V N P P T Z N O \ X T Y X P S U W T ] P X L ^ O M W O P L U N P ^ O S T ] WX T Y X O N Z N O L ` P X N W U e P S U N P P Q f X T O N S X N P X N W U P S U N P P S N ] M P a T ] M N N M a S L b N X T Y X N U S X W ] S X W S g U N M T V S N MN P g N V T W O O \ b \ S X N O T ] N W U h i j k l m n o p q r s r p t n u t o n v r w x s l l y p n u z n s { | s | o o k l m n o p } l w s r w ~ n s lt u n m r } s � | u s l l o l � p { n | u � p s u n p p o n z n o p q m n p t r s n s { n { r x { p { n | u p s u | r w � � { n l w o � k l m n o s { | s p { l � ps { n n v t n } s n m s u n w m r p s { n � � � � ~ | m � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � �� ¡ � � � � � � � � � � � ¡ � � � � � � � � � � � � � � ¢ � � � � � � � � � � � � � £ ¤ ¥ ¦ § � § ¨ � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � © � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ¡ � � � ª � � � � � � � � � � � � � � � � � � © � � � � � � � � �� � � � � © � � � � � � � � � ¢ � � � � � � � � � � � « � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ª � � � � � � � � � � � � � � ¬ � � ¬� � � � ª � � � � ­ � � � � � � � � � � � � � ® � � � � � � © � � � � � � � � � � � � � � ¡ � � � � � � � � � � � � � � � � � � � � � � � � � � © � � � � � �� � � � � � � � � � � � � � � ¯ � � � � � � � � © � � � � � ¬ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ° � � ª � � � � � � � � ª �� � � � � � � � � ¢ � � � � � � � � � � � � � � � ± © ¡ � � � � ¡ � � � � � � � � � � � � � � � � � � � � � � � � � � © � � � � � ¬ � � � � � � � � � � � � � � �



� � � � � � � � � � � � � � � 	 
 � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � 
 	 � � � � � � � 
 	 � � � � � � � � � � 	 � � � � � � � 	 � � � � � � 	 �� � � � � � � 	 � � 	 � 
 � � � � � � 	 � � � � � � � � � 	 � � � � � 	 � 
 � � � � � � 	 � � � � � 	 � � 	 � � � � � � � � � � � � � � � � � � 
 � � � � � � � � �� � � 
 � � � � 	 � � � 
 � � � � � � � � � � � � � � � 
 	 � � � � 
 	 � 	 � � � � � � � � � 
 � � � � 
 	 � 
 	 � � � � � � � � � � � 
 � � �� � � � � � 
 	 � � � � � 
 � � 	 
 � � 
 � � � 	 � � � � � � � 
 � � � � � � 	 � � � � � � �  ! " # $ % & ' ( ) * + # # , & ( & '  " ! - ' .  � - / % .% � & � ! # , &  � 0 ! � 1 � $ ' ! # 2 " 3 !  # ( & ' -  , � 1 # � ! # , &  & / ' ( ' # � " ! / " � ! # ' ! 2 , & ! $ & # , & ! & $ &   ' ( � % . - + $ , - ' % % & ( ( & $ � ( $ + % ' # � " ! 4 " ! & 56 &  + % #  1 " ( # , & 7 / ' % ' ( # 8 9 % % - ' ( '  ' ! 2 : ; < - " 2 & % ' ( & 0 � : & ! � ! < � 0 5 = 5 > 5 = 5 ? 5 @ , & / & ( 1 " ( - ' ! $ & " 1# , & % ' # # & ( - " 2 & % �  + ! ( & - ' ( A ' * % & B � # �   � - � % ' ( # " # , & % � ! & ' ( C D E F G H I J K L M N I O G P F I P F G H I J Q R S I KP G T Q N J U V N I W G P P I W V K V P X R Y Z [ T V X F T W N V G G J G \ K N I X P K V P I K K L ] V V N R K J G \ J I S I J Z F R ^ R Y Q X W P G K K V N IK N I X P J X U I P R K V G G \ I X _ Z X Y H V N R K V N I Y J I X H K V G X Q P G K K J U I ^ W I K K R S I P I W R P W T J X V R G Y J I Y Q V N LM N I ` I P O G P F X Y W I G O V N I a I U Y G J H K b K V P I K K F G H I J K R K W G Y S I U I H R Y c R Q L d L e L d L f L g ^ W I ` V V N I h i bj G Y H G Y k K J G \ b a I l l m R F ` J I F I Y V X V R G Y Z V N I ` P G O R J I K J R I \ R V N R Y O X R P J U Y X P P G \ [ X Y H K L M N I h i bj G Y H G Y P I K T J V H R O O I P K O P G F V N I G V N I P K F X R Y J U R Y P I K ` I W V G O V N I J G \ I P J G W X V R G Y G O V N I V N R Y Y I PP I W R P W T J X V R G R Y n G Y I X Y H V N T K V N I J G \ I P J G W X V R G Y G O V N I K N I X P J X U I P L h Y W G F F G Y \ R V N V N Io j g p q K X Y H V N I g ] l q K Z V N I a l q K ` P I H R W V I ^ W I K K R S I K N I X P K V P X R Y Q G R Y Q N X Y H b R Y b N X Y H \ R V NJ G \ K N I X P K V P I K K X Y H J G \ V T P [ T J I Y W I I Y I P Q U L M N T K Z N I P I V G G Z V N I P I K I I F K V G [ I R Y K T O O R W R I Y VK N I X P b ` P G H T W I H V T P [ T J I Y W I Q I Y I P X V R G Y Z G P X Y I ^ W I K K R S I P I H T W V R G Y [ U V N I ` P I K K T P I b K V P X R Y F G H I Jr \ N R W N R K Z N G \ I S I P Z Y G V X ` P G W I K K P I K G J S I H V X _ I Y R Y V G X W W G T Y V R Y o j g p q K s LM N I t T I K V R G Y F X U [ I P X R K I H X K V G \ N I V N I P V N R K W G F F G Y X J R V U R Y H I O I W V K [ I V P X U K V N I I ^ R K V I Y W I G OY G Y b V T P [ T J I Y V r ` I P R G H R W s F G V R G Y K Z V N I I O O I W V G O \ N R W N G Y V N I F I X Y O J G \ X P I R J J b H I K W P R [ I H [ Ua ] o l F G H I J K L h O K T W N ` I P R G H R W F G V R G Y K u v w ` P I K I Y V V N I Y Y G a ] o l F G H I J \ G T J H [ I I ^ ` I W V I HV G P I K G J S I V N R K O J G \ ` P G ` I P J U L x G \ I S I P Z X Y X Y X J U K R K G O V N I j g l H X V X [ U c P G I N J R W N I V X J L r y z z { sH G I K Y G V P I S I X J X H R K V R Y W V ` I P R G H R W W G F ` G Y I Y V Z [ I U G Y H V N X V X K K G W R X V I H \ R V N V N I K V P T W V T P X JS G P V R W X J O I X V T P I K r I F X Y X V R Y Q O P G F X | I J S R Y b x I J F N G J V n R Y K V X [ R J R V U s O G T Y H R Y X Y U K I ` X P X V I H K N I X PJ X U I P L M N I H R K V R Y W V ` G K K R [ R J R V U G O V N I J X P Q I b K W X J I H U Y X F R W K Y G V [ I R Y Q W X ` V T P I H P I F X R Y K ZN G \ I S I P L] K P I Q X P H K V N I ` P I H R W V R G Y G O Y G P F X J b K V P I K K X Y R K G V P G ` U Z X J J V N X V W X Y [ I K X R H R Y P I J X V R G Y V G V N Io j g p q K X Y H g ] l q K R K V N X V V N I U ` P I H R W V t T X J R V X V R S I J U W G P P I W V J U V N I K R Q Y R O R W X Y V I ^ W I K K G O } ~



� � � � � � � � � � � 	 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � 
 � � � � � 
 � � � � � � � � � � � � � � � � � � 
� � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � 
 � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � 
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � �  ! � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � �� � � � � � � � � � � � " � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � 
 � � # � � � � � � � � � � � � � � � � � � � � � � � � �� � � � �  $ % � � � � � & ' � � � � � � 
� � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � (" � # � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
" � � # ) � � � � � � � � � � � � � � � � � � � � � " � � � 
 � � � � � � � � � # � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 
 � � 
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 
" � � � # * � � � � � � � � � � � � � � � � + , - . / 0 1 2 3 4 5 6 1 2 / 7 3 6 1 8 9 3 5 9 1 3 3 : / 1 3 6 8 ; 0 < = ; < 6 8 ; 0 7 = 5 6 2 / 7 3 5 9 8 = ; >? = @ A B ; C / ; 5 9 8 3 5 4 = ; 5 6 1 C 8 3 1 / D 8 ; = 3 / 5 9 / E F < 9 1 3 / 2 @ = ; : . / 0 1 2 3 4 5 6 1 2 / 7 3 6 1 8 9 3 5 9 1 3 3 = 38 C C / . E 8 ; = 1 0 G F 1 H C 1 3 3 = @ 1 3 5 9 8 = ; >? @ A I 8 3 1 0 / ; ? = = = A 8 ; 0 ? = @ A 4 = 5 = 3 3 J : : 1 3 5 1 0 5 6 8 5 . / 3 5 . / 0 1 2 3 4 = D ; / 5 8 2 2 4 . = 3 9 1 E 9 1 3 1 ; 5 5 6 1 2 = ; KG 1 5 7 1 1 ; 3 6 1 8 9 3 5 9 1 3 3 8 ; 0 3 6 1 8 9 3 5 9 8 = ; G F 5 6 1 8 C 5 = / ; / D E 9 / 0 J C 5 = / ; > L G 3 1 9 @ 8 5 = / ; ? = = = A7 6 = C 6 . = : 6 5 G 1 5 8 K 1 ; 5 / C / ; 5 9 8 0 = C 5 5 6 = 3 3 J : : 1 3 5 = / ; 4 . 8 F G 1 1 H E 2 8 = ; 1 0 3 = . E 2 F G F 5 6 1D 8 C 5 5 6 8 5 5 6 1 M N O P Q R S T U V S R W X Y T Z Y S [ S U Z V Z Y W Q \ Z \ R ] S \ X S Z [ ] Q V Y V S X W V X ^ T Z Y W Q \ V S _ W Q \ `a b W c d Y W [ U Q [ [ W e T S Y ] Z Y Y ] S R S f S X Y [ Q e [ S V b S R g Z U Z V Y f V Q P e S W \ _ T W \ h S R Y Q R S f S X Y [ ^ U [ Y V S Z P g Z V SR ^ S Y Q Z \ W \ Z e W T W Y i Q f Z T T j k l m P Q R S T [ Y Q V S U V S [ S \ Y V S Z T W [ Y W X Z T T i Y ] S S f f S X Y [ Q f Y ] SR i \ Z P W X [ Q f T Z V _ S n [ X Z T S P Q Y W Q \ [ W \ Y ] S [ ] S Z V T Z i S V `



� � � � � � � � � � � � 	 � � 
 � � � � � 
 � � � � � � � �� � � � � � � � � � � � � � � � � � �  ! " � # $ % ! & ' � $ ' ' � � � ' � � " � � %  � ' % � � % ( � " ' � � � � � � � % � # � � ' ) � � � � ) � � '� ' * � � �   %  � � � $ � � ( � � � ' )  � $ � ' + % ( ( '  ' � % � ' � � � � ' � � ' # � ( � ' # ( � � # � � � � � � % � � � � � � � � � � � � � , � � � $ �� � - � � � � � � � � � � . + � � � � � � / , � & 0 � � � �  ! # ' � ' � # � � ' % �  ! � � � � � � ' ( � � � ' � � � � # � � � � ' % � � % ( � " ' � � � ( % � � � � � 1 � ) � � � � � % � '  ! , � � � � � & � ( � � ' � � � ' % � � $ ' � � � � � ' 2 � ' � � � � � � ) $ � ' � � ' � � � ' )  � $ � ' ( � 0 ' � �) � � " � ' % � � % ( � " ' � � % � � � ' ( � � � ' ( � � % � ' , � �  ' � � � � ' � � ' # � ( � ' # � ' % � � % ( � " ' � � � � � � � � % � � ' � � � � % � � ' '$ � � � � � ' 3 4 5 � ' � �  � �6 � � � � ' ( %   ' # � � % �  � � ' % � 7 8 9 : ; < = > ? @ = A < @ ; B C = < D E @ B C = : F @ G C = C = F @ @ F E H : = A @ I F > @ H ; G J H @ H => ; E F @ D ; A < = B = A < ? J C = F @ > K ; A @ H = A = F C L M F > > F B B C ; N D : F @ D ; A O P @ D ? A ; @ ? G C B C D ? D A J I @ H = C = Q ; C = @ ;; R ? = C S = D A T D J O U O V O V O W @ H F @ @ H = B C = < D E @ = < C = E ; S = C K D ? J = A = C F > > K : ; C = F < S F A E = < @ H F A @ H = X Y Z? @ F @ = O [ H = = N E = B @ D ; A D ? ; A = ; Q \ [ L [ F : B = C = ] ? ? ; > G @ D ; A ? ^ M D @ H F C = F > D ? F R > = S F C D F A @ _ I M H D E H F > ? ;J D S = ? F A = ? B = E D F > > K > ; A J C = E D C E G > F @ D ; A C = J D ; A O `a b c d e f g h i j i k e l m n m o n p q r q s q s q t j u g v w x y g i n p m n u n z v m wi z v w w g y j v i w k g { f e v w e w k g y i w v w n e m i q | k g d e f g h i w k g d i g h } g i v y g } n y w x v h h { n f g m w n z v h ~ w k g y g i k e x h f� g h n w w h g f n u u g y g m z g � g w l g g m w k g � � � v m f w k g � � | n d � h g d g m w v w n e m i � j v m f w k g y g i k e x h f � g z h e i gv p y g g d g m w v d e m p w k g i e h x w n e m i q � i w k g d e f g h i p g m g y v h h { � y g f n z w v m g � z g i i n } g h { h e m py g z n y z x h v w n e m y g p n e m j w k g y g i x h w n m p l v � g i v w w k n i i w v w n e m v y g d e y g � y e m e x m z g f q � m u v z w j w k g� � � � � y e u n h g g } g m u g v w x y g i v w k n m y g } g y i g � u h e l y g p n e m j i x p p g i w n m p y g v w w v z k d g m w v w v � e x w� � � � � q � j n q g q u v y w e e h v w g q | k g w y g m f i n m w k g i k g v y � i w y g i i v m f w x y � x h g m z g � g m g y p { � y e u n h g i v y g� y e v f h { z e y y g z w q | k g � y g f n z w g f d v � n d v e u w k g w x y � x h g m z g � y e u n h g i v y g k n p k g y w k v m w k g � � �y g i x h w j v m f w k n i n i z e m i n i w g m w l n w k w k g g � z g i i n } g i k g v y i w y v n m � y g f n z w g f v y e x m f � � � � � q | k g � � � �y g i x h w f e g i m e w z e m u e y d w e w k n i h n m � v p g j v m f w k n i i x p p g i w i v m g y y e y n m w k g n d � h g d g m w v w n e m q | k gi k g v y i w y g i i v � � g v y i w e � g p g m g y v h h { w e e h e l j l k n z k w k g m p n } g i y n i g w e v i g y n e x i f g h v { n my g v w w v z k d g m w q



� � � � � � � � � � � � 	 
 � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � 	 � 
 � � � � � � � � �� � � � � 	 
 
 � � � � � � � � � � � � 
 
 � 	 � � � � 
 � � � � � 	 
 � � � � 
 � � � � � � � � � � � 	 � � 
 � � � 
  !  " � �  ! �� � � � � � � � 
 � 
 � � � � # � � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 $ � � � � � 
 
 � 	 � � � � 
 � � � � 
 � � � � � � � 	 
 � 	 � $ � � � �� � 
 � 
 � � � � 	 � � 
 � � � � � � � � � � � � � � � � � 
 $ � � $ � � � 	 � � � � � � � � � � � � � � � � 
 � � � � � � 
 � � � 
 � � � � � � � �	 � 
 � � � � � � � � � � � 	 � � � � � � � 	 � � � � � � � 
 � � � � 
 � � � � � � � � � � � 
 � � � � � � 
 � � � � � 	 � � � � � � � � � � � � 
 � �� � � � � 	 
 � � 
 � � � � � � 	 � 
 � �  � � � 
 � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � 
 � � � � � � % � � � � � � � � � $ � � � 	 � � � 
� � 	 � � � � � � 
 � � 	 � � 
 � � � � � � 
 � � � � � � � � � � & � � � � � � � � � � � � 	 � � � � � 
 � � 
 � � 
 � � $ 	 � 
 � � � � 
 � � � � 
 
 � 	 � � � � 
 �' � � � � 
 � 
 � � � � 	 � � � � � � � 
 � � � � � 
 � � 
 $ � � $ � � � 	 � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � 
 
 � � 	 � � � � 	 
� � � � � � � � � � 
 � � � � � 
 � � 
 � � � � � � ( � � 	 � � � � � � � � � � � � 
 � � � � � � 
 � � � $ � � � � 
 � � � � � � � � � � $ � � � 	 � � � 
 � �� 
 � � � � � � � % � � � � � 
 � � � � � 
 � � � � � � � 
 $ � � $ � � � 	 � � � � � $ 	 
 � � � & � � 
 � � $ � � � 
 � � � 
 � � � � � � � 
 � � 
 
 � � �� $ � � � � 
 � � � � � � $ � � � 
 � � 
 � 
 � � � � & 
 � � � � � � � 
 � � � � 	 
 � � � � � � � � � � � � � � � � 	 � � 
 � � � � �  � � � � � � � �� � � � � 
 � � � � � � � � � � � � � � � � 
 $ � � � ) $ � � � 
 � 
 � � � � � 	 � � � � 	 
 � � � 
 � � � � 	 � � � � � * + � � � � , + � � � 
 � � $ � � 
 � �� 	 
 $ � � � � � � � � � � � � � 
 � � � � � � � � � � � 
 � 
 � � � � ! � � � $ � 
 � # � � � � � � 
 	 � � � � � 
 � � � � � � � � � � � � � 
 � 	 $ � � � �
 � 
  !  " � � � � � � � � � 
 � 
 � � � � � � � 	 � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 
 � � � � � � � 
 $ � � $ � � � 	 �� � � � � � �  � � 	 � � 
 � � � $ 
 � � � � � � 
 � & � 	 � � � � � � 
 � � � $ 
 � � � � � � � � � � � � � � � � � � 
 � 
 � � � � ! � � 
 � � � $ 
 � � � �� � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � 
 � � 
 � � � � � � 
 � � 	 � � � � � � � � 	 � � � � � 	 � � � � 
 � 
 � �� � 
 
 � � � � � � � � � � � � � � $ � � � $ � � � � & � � 
 � � � 
 � � � � $ � � � � 
 � � � 
 � � 
 
 � � � � � � & � � � � � � � � � � � � � � 
 � � � � � �� � � � 
 � � 	 � � � � � 
 � � � � � � � $ � � � � � � � � � � � � � � � � � 
 � 
 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 
 � & � 	 � � �� ) $ � 
 � � � � 	 � � � � � � 
 � � � � � � � � � � � 	 � 
 � � ) $ � � � � � � $ � 	 � � � 
 � � � � 
 � �- � � $ � 
 � � � � 
 � � ! � � � � � 
 &  � � � � � � � � � � � . � � � � � � � � � � � � � � � � � � � � � � � � � � � / � # � � � � � � � � � � �� � � � � � � � � � � � � � � � 
 � � � � � � � � � � � $ � � � � � � � � � � $ � � � � $ 
 � � � � � � 
 � � � � � � � � � � � � � � � � � 
 � �	 � � � � � � � � � � $ � 
 � � � � � � 	 � � � $ � � � � � � � � � � � 
 � 
 � 
 � � � � � � � � 
 	 � � � � � � 	 � � � � 
 � � � � � # � � � . � � � � � �� � � � � � � � � � � � � $ � � � � 	 � � � � � � � � � � 	 � � � � 
 � 
 � � 	 � � � � � 
 � � � � � � � � � � � 0 1 2 3 4 5 6 7 8 9 : ; < = > 6 ? @ ; < 6 4 AB C 6 3 @ D ; C 6 C 6 @ D D @ ? : 3 6 E D = 7 4 F < : 6 @ C < D C 6 < < @ E 5 D ; C > ; 7 6 E ? 6 6 E 6 C G H I @ E 5 : 6 E ? 6 C 6 7 @ D J K 6 7 H < 7 4 FC 6 ? 4 K 6 C H I @ G C 6 6 3 6 E D J E C 6 < B 6 ? D 4 A K 6 7 4 ? J D H J < G 4 4 5 @ D D : 6 B C 6 < 6 E D 7 4 ? @ D J 4 E 8 L 4 F 6 K 6 C = @ < A 4 C D : 6B 4 < J D J 4 E M N O P Q R S T U V W X W Y Z U V [ \ ] X W ^ [ T V W _ W U ` ` T a b \ V U ` ` X ` c T d W _ V ] d [ e b W U ` c _ ` Y Z e ] U ] f W ^ Y Z\ ` Y g W h W e f h i j k ] Y \ V W [ U W _ Rl V W m W h Y ` X e [ j [ U _ W [ [ a ` e W X [ d _ ` g ^ e W ] Z W Y W _ ] X X h e ^ [ ] d d ` ^ Y U ^ Y Z _ W d _ W [ W Y U ] U ^ ` Y ] U U V ^ [ X ` \ ] U ^ ` Y T] [ [ W W Y ^ Y n ^ Z R o R p R p R q R r [ a ` [ U a ` e W X [ d _ W e ^ \ U ] W s \ W [ [ ^ g W X h U V ^ \ t [ W d ] _ ] U ^ ` Y X ^ Y W T e W X ] h W e_ W ] U U ] \ V a W Y U ] Y e c _ ` Y Z _ W ] U U ] \ V a W Y U f W V ] g ^ ` b _ u ] U ] a b \ V U ` ` X ] _ Z W ] Y Z X W f W U c W W Y U V W



� � � � � � � � � � 	 � � � � � 
 � � � � � 	 	 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 	 	 � � � � 
 � � � 	 � � � � � � � � � �� � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � �  ! " # $ � � � 
 " � % $ � � � � � � � � � � � � � � � � � � 
 � & � � & 	 � � � � � � � � � � � � � � � � � � � & � � 	 � � �	 � � � � � � � � � � 	 � � � � � � � � � � � � ! " % 
 � � � � ' � & � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � �� � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � 	 � � � � & � � � � � � � � 	 � � � 	 � �� � � 
 & � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � 	 � � � � � ( % $ � � � � � � � & � � 	 � � � �� � � � � � � 	 � � � 	 � � � � � � � � � � � � � � & � � � � � � � & � 	 � � � � � � & 
 � � � � � � � � � � � 	 � � � � � � � � � � � 
 � � � � � � � � 	 � � �' � � � � � � � � � � � � � � � � � � � � � � � � � & � � � � � � � 
 � � � � � � � 	 	 � � � � � � � � � � � � � )* � 
 + � � � 
 � � � � � & 	 � � � , & 
 � � � � � � � � � � � � � � � � � � � � � � � 
 � 	 � � � � � � � � � � � � � � � � � � � � � � � & � � �� � � � � � � � � � � � � � � � � & � � � � � � 	 � � � � 
 � � � � � � 
 � � & � � � � � � � � � � � & � � � � � � � � � � � 	 	 � � � � � � - � � �� � � � � � � � � & 	 � � � � � - � � � �* � � 
 . � � � & � � � � � � � 	 � � � � � � � � � � � � � � � 
 � � � & � � � � � � � � � & � � & 	 � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � � / 0 1 2 3 4 5 6 7 8 5 9 : 6 ; 4 < = > ? @ 3 A 6 B C 5 D< 2 E 6 5 2 5 = ? B ? < 3 = 7 F > < G 5 H D 3 B 4 6 C : 3 D D 5 : ? G 5 6 3 : < ? C E D 3 I < 6 5 7 J K ; ? ? L < 7 < 7 I 3 D ? ; < ? 3 ; 7 J M = 4 5 5 4 NB = C 3 I ? L 5 2 3 4 5 6 7 ? L B ? E D 5 4 < : ? 7 E D 5 2 B ? ; D 5 D 5 B ? ? B : L 2 5 = ? B 6 7 3 > < G 5 7 I B < D 6 C > 3 3 4B > D 5 5 2 5 = ? < = D 5 7 E 5 : ? 3 I G 5 6 3 : < ? C B ? ? L < 7 6 3 : B ? < 3 = J8 < < < F O > 5 = 5 D B 6 E D 3 H 6 5 2 @ < ? L B 6 6 2 3 4 5 6 7 B E E 5 B D 7 ? 3 H 5 ? L B ? ? L 5 ? ; D H ; 6 5 = : 5 6 5 G 5 6 < = ? L 5 @ B P 5 < 76 3 @ 5 D ? L B = < 7 : 3 2 2 5 = 7 ; D B ? 5 @ < ? L ? L 5 7 L 5 B D 7 ? D B < = J Q 3 7 ? 2 3 4 5 6 7 D 5 ? ; D = 5 9 : 5 7 7 < G 5 7 L 5 B D7 ? D B < = N D 5 I 6 5 : ? < = > 4 5 6 B C 5 4 D 5 B ? ? B : L 2 5 = ? N H ; ? B 6 7 3 H 5 : B ; 7 5 D 5 : 3 G 5 D C < 7 < = L < H < ? 5 4 H C< = 7 ; I I < : < 5 = ? ? ; D H ; 6 5 = : 5 B : ? < G < ? C < = ? L 5 @ B P 5 J8 < G F R 5 C = 3 6 4 7 A 7 ? D 5 7 7 2 3 4 5 6 4 3 E 3 3 D 6 C B ? ? L < 7 6 3 : B ? < 3 = N E D < = : < E B 6 6 C < = D 5 7 E 5 : ? 3 I ? L 5 2 5 B =I 6 3 @ N H 5 : B ; 7 5 2 3 7 ? E D 5 4 < : ? B = < = B E E D 3 E D < B ? 5 D 5 B ? ? B : L 2 5 = ? H 5 L B G < 3 ; D N < = B 4 4 < ? < 3 = ? 3 B =5 9 : 5 7 7 < G 5 6 C 6 3 = > D 5 : < D : ; 6 B ? < 3 = S 3 = 5 J T L < 7 : B ; 7 5 ? L 5 @ B P 5 ? 3 H 5 ? 3 3 E D 3 = 3 ; = : 5 4 N B 4 5 I 5 : ?B > > D B G B ? 5 4 H C < = 7 ; I I < : < 5 = ? ? ; D H ; 6 5 = ? 2 < 9 < = > N @ L < : L @ 3 ; 6 4 3 ? L 5 D @ < 7 5 B < 4 D 5 : 3 G 5 D C J8 G F T L 5 G U V 2 3 4 5 6 > < G 5 7 B H 5 L B G < 3 ; D I B < D 6 C 7 < 2 < 6 B D ? 3 ? L B ? 3 I B 7 ? B = 4 B D 4 W X Y Z [ \ ] ^ _` _ a _ b c d e f g g e h e i f j k l m i e n k l m o p q d r s t uv w ] x [ y \ z { z [ y | z y { w z | } ] ~ z [ y � } ] ] | � ] x z � ^ ^ � x w � ^ ^ ] y ~ z y ~ _ v w ] w z ~ w ^ � z y w [ Z [ ~ ] y ] [ � | � ^ [ � � | { z ^ ^} ] x [ � ] } z y ~ � } [ Z | ] � � } � { z [ y � z | | � � � ] x { ] \ { [ | { } [ y ~ x � } � � { � } ] � y \ � x x ] ^ ] } � { z [ y _ � ^ [ | ] { [ { w ]� � ^ ^ � � { { w ] � [ [ { [ � { w ] w z ^ ^ � | ^ z ~ w { ^ � � � | { } ] � Z [ � { w z | | ] x { z [ y � { w ] � ^ [ � z | ^ [ x � ^ ^ � | { } [ y ~ ^ �\ ] x ] ^ ] } � { ] \ { [ { w ] � [ z y { [ � � ] z y ~ z y x z � z ] y { ^ � | ] � � } � { ] \ _ v w ] � y � ^ � | z | [ � { w ] � � � \ � { � } ] � ] � ^ |



� � � � � � � � � � � � � � � � 	 
 � � � � � 
 � � � 
 � � � � 
 � � � 
 � � � � � � � � � � 
 � � � � � � � 	 � � 
 	 � 
 � � � � � � � � � � � � � � � � 	 � � �� 	 � � � � � � � � � � � � � � � � 
 � � � � � 
 � � � � � � 	 � � � � � � 
 � 	 
 
 � � � 
 � � � � � � � � � � � � � 
 � � � � � 
 	 � � � � 
 � � � 
 	 � � � �� � 
 � � � � � � � � � 
 � � � � 	 � � � � � � � � � � � � � 
 � � � � � � � � � � 
 � � � � 
 � � � � � 	 � � � � � 	 
 
 � � � � � 	 � � � �� � � � � � � � � � � 
 � � � � � � � � � 	 � � � 
 � � � � 
 � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � 
 � � � 	 � � � � � � � � � � � � � � � � � �� � � � � � � � � � � 	 � � � 
 � � � � 
 � � � 
 � � � � � � � � � 
 � � � � 
 
 � � � 	 � � 	 � � � � � � 
 � � 
 
 � � 	 � � � � � � � � � � � � � � �� 
 	 � � � � � � � � � � 	 � � � 	 � � 
 � � � � � � � � � � 	 � � � � � 
 � � 	 � � � 
 � � � � � � � � � � � � � � 	 � 
 � � 	 � � � � � � 	 � � 
 � �� 	 
 � � � 
 � 
 � � � � 	 � � � 
 � � � 	 � � � � � � � � �  � ! � " � # �  � ! � " $ � � � �` W N Q Z [ _Z [ T U X V T a V [ V N Q W Z O [ Q [ T W b V \ Q Z R U N V W O Q X X O U [ W \ O N ` W N V ` ` W N Q [ ` M O N W cd b V N V ` M O [ ` V O \ W b V W U N P U R V [ X V \ Z V R T W O W b V ` W N O [ a ` W N Q Z [ Z [ a M N V T Z X W V T P S R Z [ V Q N K e f g h i j k l m ll n h o p m p q m r s t s u s v s w s x m y n y n j z { | { l h k } y m h p l j y ~ l m i j � � j � ~ } l j h � i j � j � y l n m r n k m r n y j ij ~ � k m j � � y n j h y n j � g h i j k l ~ � j l j j p y h � j y } � p l j � m h } l k � j � � j l l m � j y } � � } k j p � j k j � j k l � � ~ � y k � � j � ~ } l jy n j } � l y � j ~ g k j � j k l ~ � j � h p l m i j � ~ � k � n m r n j � y n ~ p y n h l j � � j i m � y j i � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � � � � � � � � � � � � �   � � �� ¡ � � � ¢ £ ¤ ¥ ¦ § ¨ © ª « ¬ § ­ ® ¯ ª ­ ® ¨ ® ° ± ® ¨ ² ª ­ ² « ° ¬ ° ¬ ± ° ¬ ­ ® ¨ ² ¨ ± ° ¦ ¬ ¯ ³ ª ­ ² ¨ « ¥ ¦ ´ ­ ® ¨ © ¦ µ « ­ ° ¦ ¬µ ¦ ¬ ª ° § ¨ ² ¨ § ¶ · ® ¯ ª ¸ ­ ® ¨ § ¨ ´ ¨ µ ­ ª « ª ª ¦ µ ° « ­ ¨ § ¹ ° ­ ® ­ ® ¨ ¹ ² ¦ ¬ ± ² ¨ ª ³ ¦ ¬ ª ¨ ­ ¦ ¬ ¦ ² ¥ « © ª ­ ² « ° ¬ ° ¬ ± « ¬ § ­ ® ¨« º ª ¨ ¬ µ ¨ ¦ ´ ­ ² « ¬ ª ³ ¦ ² ­ ² ¨ ª ¯ © ­ ® ¨ ² ¨ ° ¬ « ª ¨ ² ° ¦ ¯ ª ¹ ¦ ² ª ¨ ¬ ° ¬ ± ¦ ´ ­ ® ¨ ³ ² ¨ § ° µ ­ ° ¦ ¬ ª ² ¨ © « ­ ° » ¨ ­ ¦ ­ ® ¦ ª ¨« ² ° ª ° ¬ ± ´ ² ¦ ¥ ­ ® ¨ ¼ ½ ¾ ¿ À Á Â Ã Ä Å Æ Ç Â È É Â Á Ê Ë Ì Â Á Ã Â Í Î Ì Ç Ä Ë Ï Ã Â Ê Ä Ï Ã Ä À Â Ð Ë Â Ä Ä Ê Ñ Â À Ñ Â É ¿ À Ä Ì À Ò Ì Ç Â Ò Ã À ÓÔ Ï Ä Ó Â Ã Ã Ï Ä Ç Ï Ñ Ê Í Î Ì Ç Â Ó É À Í Î Ä Ç Ï È Â Õ Ö É Â Ò Ã Â Ë Ì Ê Í Î Ì Ç Â É Ï È Ê Á Ê Í Ë É Â Ï Ä Â Ê Í × É Â Ã Ï Ì Ê Ñ Â Ì À Á Ê Ä Ä Ê È Ï Ì Ê À Í Å



� � � � � � � � � � � � � 	 � 
 � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 
 � � � � � � � � � �� � � � � � � � � � � � �  ! � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � �` _ ^ a _ b Y a c Y V W X Y Z [ c W d [ e c W d Y ` Y f e g [ _ V W f Y h Y ^ g b ^ f Y [ i W ^ [ Y W j a c Y [ c Y _ f [ a f Y [ [ a W a c Y[ a f W ^ b [ a f _ g ^ g ^ b e i Y f c _ i [ h Y k _ l [ Y W j f Y _ Z g [ _ h g Z g a m n i f W k l f g ^ b V Y _ [ l f Y [ \ o [ h Y j W f Y e a c Y Z Y ^ b a c n[ k _ Z Y ` _ Z l Y f Y i W f a Y X h m p n q _ ^ k c Y [ a Y f g [ W ^ Z m _ j f _ k a g W ^ W j d c _ a g a [ c W l Z X h Y \r ^ ` g Y d W j Y _ f Z g Y f k W V V Y ^ a [ W ^ a c Y Z g s Y Z m g V i W f a _ ^ k Y W j [ a f Y [ [ a f _ ^ [ i W f a e a c Y t u q [ d W l Z X h YY v i Y k a Y X a W i Y f j W f V f Y Z _ a g ` Y Z m d Y Z Z _ a a c g [ Z W k _ a g W ^ \ w c g Z Y a c g [ g [ ^ W a e g ^ j _ k a e a c Y k _ [ Y e a c Y f Y _ f Y[ W V Y Y ^ k W l f _ b g ^ b j Y _ a l f Y [ _ ^ X Y v i Y k a Y X [ m V i a W V [ g ^ a c Y f Y [ l Z a [ [ c W d ^ g ^ x g b \ y \ z \ { \ | \ r a V l [ ah Y ^ W a Y X e c Y f Y _ b _ g ^ e a c _ a a c Y l i [ a f Y _ V [ a _ a Y g [ c g b c Z m g ^ j Z l Y ^ a g _ Z \ } c g [ [ a _ a Y g [ k c _ f _ k a Y f g [ Y X h mY v k Y [ [ g ` Y [ c Y _ f [ a f _ g ^ e d f W ^ b d _ s Y [ a f l k a l f Y _ ^ X h f W _ X Z m k W f f Y k a a l f h l Z Y ^ k Y Y ^ Y f b m _ ^ X [ c Y _ f[ a f Y [ [ \ o [ [ Y Y ^ g ^ x g b \ y \ z \ { \ | e a c Y [ a f W ^ b [ a f _ g ^ g ^ b X W Y [ ^ W a Z Y _ X a W a c Y f _ i g X b f W d a c g ^a l f h l Z Y ^ k Y Y ^ Y f b m W h [ Y f ` Y X g ^ Y _ f Z g Y f [ W Z l a g W ^ [ \ } c g [ g [ X l Y a W _ k W V h g ^ _ a g W ^ W j _ k W f f Y k a[ a f Y [ [ n [ a f _ g ^ Z g ^ s _ b Y e i f W k l f Y X h m a c Y ~ Y v _ k a � i f W X l k a g W ^ a Y f V [ e _ ^ X a c Y j _ k a a c _ a [ a f Y [ [ a f _ ^ [ i W f ag [ _ k k W l ^ a Y X j W f \ } c Y [ c Y _ f [ a f Y [ [ g [ [ a g Z Z a W W c g b c e c W d Y ` Y f e _ Z a c W l b c a c Y Y v k Y [ [ g [ b Y ^ Y f _ Z Z m



� � � � � � � � � � � � � � � � 	 � � � 
 � � � � � � � 
 � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � 	 � � � � �� � � � � � � 
 � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 	 � � 
 � � 
 � � � 
 � 
 � � � �� � � � � � � � � � � � � 	 
 
 � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � �� � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � 
 � 
 � � � � � � � � � � � � � 

 � � � � � � � � � � � � � � � � � � � � � � � � 	 � � 	 � � � � � � � � � 
 � � � � � � � � � � � � � � � �� � � � � � � � � � � � � 
 � 
 � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � � � � 
 
 � � � � � � � � � � � 
 � 
 � � � 
 � � � � � � 
 � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � �  ! " � � � 
  � # " � 
 � � � � � � � � 
 	 � � � � � � � � � � 	 � � � � � � � � � 	 � � � � � � � � � � � 
 � � � � � �� � � � � � � � � � � � � � � � � � � � 
 � 
 � � � � � � 
 � � � � 
 � � � � � $ � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � # " � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � � � � � � 
 � 
 � 
 � � � � % 	 � � � � � � �� � � � � � � � � 	 � � � � � � � � � � � � � � � 
 � � � & � � � � � 
 � � � � � � � � 
 � 
 � � � � � � � � � � � � � � 
 � � � � � � � � �� � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � % 	 � � � � � � � � � � � � � � � � � � � � � � � 
 � � � �� � � � � � 	 � � 	 � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � 
 � 
 � � � � � � � � �
 � 
 � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �' � ( ) * * + * * , + - . / 0 * . 1 + * * 2 / - 3 + 2 . 4 / - 5 - 6 1 + 7 5 . + 6 2 8 1 3 5 . 8 1 + 2 / 1 1 + 2 . 4 / - 4 - 9 ) : ;< � � � 
 � � � � � � � � � � 	 
 � � � � � 	 � 
 � � � � � � � � � � 
 � � � � � � � � � � � � $ � � � � � � � � � � � � � � � � � � � � � 
 � 
 � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 
 � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � = � � � > � � � � �?@ A 'B C B CB C B C B CD E F FG ED H I JK LM N N MO PQ RS T U V W X Y U V Z [ Y U \ ] ^ Z _ ` T U X U a \ ^ U b b U c [ X d ] ^ Z U b [ ] X V W W ^ c [ X ] Z U b e ] b [ Z X W ^ f ] g g h [ b [ X f W b Z V W c U b i _V ] X j U Y U ^ h [ X k g l U X Z [ ] g ` T U X Z T U k g W ` [ b T [ m T g h V l ^ Y U c ] X c n W ^ ` T U X [ Z [ b b l j o U V Z U c Z W b Z ^ W X mX W ^ f ] g b Z ^ ] [ X [ X m p q Y [ c U X V U W k Z T [ b T ] b j U U X \ ^ W Y [ c U c U ] ^ g [ U ^ [ X Z T U c [ b V l b b [ W X W k Z T U k g W `V W X c [ Z [ W X b ] Z r s t u v p w k V l ^ Y ] Z l ^ U [ b Z T U c W f [ X ] X Z \ ^ W V U b b _ ` T [ g U X W ^ f ] g b Z ^ ] [ X [ X m [ X Z T U e g W V ] g ib Z ^ U ] f ` [ b U c [ ^ U V Z [ W X [ b ^ U g ] Z [ Y U g h ` U ] x _ [ Z [ b \ W b b [ j g U Z W c U ^ [ Y U _ j h ] \ \ ^ W \ ^ [ ] Z U V W W ^ c [ X ] Z UZ ^ ] X b k W ^ f ] Z [ W X W k Z T U ] X [ b W Z ^ W \ h m ^ ] c [ U X Z _ ] X ] g m U j ^ ] [ V V W ^ ^ U V Z [ W X Z W Z T U j ] b U g [ X U ] g m U j ^ ] [ V



� � � � � � � � � � � � 	 � 
 � � � 
 � 
 � � 	 � � � � � � � � 	 � � � � � 
 � 	 � � � � � � � � � � � � � � � 	 � � � � � 
 � � � � � � � � � � � 
 � � � 
 � � � � � 
 �� 	 � � � � � � � � � � � � � 	 � � � � � � 	 � � 
 � � � 	 � � � � � � � � � � � � 	 � � � � � � 
 � � � 	 � !  !" # $ $" % % # & & " % & & % #' ( ( (' ) * + * +, -. / 0 1 0 2 3 4 5 6 7 8 9 : 1 ; 8 < : 1 0 = 1 0 > 8 < 0 ? ; @ 1 < 6 9 6 < A B C D E 1 8 9 < 6 9 0 F < / 0 6 G E > 0 G 0 D < 8 < 6 @ D @ H < / 0 9 @ 1 1 0 9 < 6 @ D 9 8 DI 0 0 H H 0 9 < 0 ? I A G @ ? 6 H A 6 D J < / 0 ; @ 1 < 6 9 6 < A < 0 D 7 @ 1 8 7 H @ > > @ . 7 KL MNOP QR R RS T U V U W T U V X T X Y X Z [ V V U Z W \ [ ] Z ^ ] _ U U ` a V U Y Y U b ^ Y ^ c d ] Z W \ [ ] [ c W T U Y W V ^ \ ] W U ] Y [ V ^ ] b \ W Y e f g b V [ h b ib U V \ j ^ W \ j U Y [ ] g h Xk T U U c c U Z W \ j U ] U Y Y [ c W T \ Y Z [ V V U Z W \ [ ] \ ] W T U a V U Y U ] W c g [ S l [ V m V ^ W T U V m W T U \ n a [ V W ^ ] Z U [ c W T UZ d V j ^ W d V U Z [ ] W V \ _ d W \ [ ] W [ W T U ^ b j U Z W \ j U a V [ Z U Y Y l T ^ Y _ U U ] \ ] j U Y W \ o ^ W U b _ h p k q r U g Y \ ] s \ W T V [ d o TW S [ Y U W Y [ c Z [ n a ^ V \ Y [ ] tu v w x y z { { | } ~ � � w z } � � � } � � � � � � � x { � z � � � x � � | � w z } � � | � w � � � � � � � z � � � x � � � � x � � | � } � �u v w x � � � x { � | � w � � � � w x � � � � x � � | � } � z � � � � � z � x � � � � w x � } � x � { � | } � � � { { � x � � } � ~ � � � x } �� { � � � � x � � � � � w | � w � w x � � � x { � z � � x � | � x � �� x � � { � � � � � � w x � � � � � | � w z } � � | � w � � � � w x � � � � x � � | � } w z � x z { � x z � � � x x } � � x � x } � x � z } �� | � � � � � | � } | } � � x � | � � � � x � � | � } � � � | � � � � � � � � � � � � � � � � � � � � � � � � � � z } � � � � � � � � � � z } � � w x � x | } � | � z � x� w z � � w x � � } � � | � � � | � } � � � w x � � � � x � � | � } | � � x � � � � z { { � v w � � � � w x � � � � | { x � � | � w z } � � | � w � � � � w x� � � � x � � | � } z � x � { � � x �v w x � � � � } � x � � x � � x � � � � � � � � x � � � � z } � � � � � � � � { � � x x � � x � � x � � | � w | } � w x � x � | � � � { z � | � } � x � | � } z } �z � � � x � w x � | } � � z � � � | � x � � � w x w | { { � v w � � � z � � � � z � | � � } � � � � { � � | � } � � � � � w x � � � � z } � � w x� } � x � { � | } � � � � | � � | � x } | } � | � � � � � � � � z } � � � � � � � } { � � � � � w x { � � z � | � } �   ¡ ¢ £ ¤ ¥ ¦ § ¨ © ª ¥ ¦ «¬ ­ ® ¯ ­ ° ± ² ³ ­ ´ µ ¥ ¶ ± ± · ­ ¸ ¹ ¬ º ­ ¬ ´ ¹ ° § ± ² ¹ ¨ « ± · ­ ° ¹ ¨ ± ¬ ² » ¼ ± ² ¹ ¨ ¹ ¸ ® ± ¬ ­ ® ® ± ¬ § ¨ ® ¯ ¹ ¬ ± ² ® ¬ ­ ´ § ± ² ³ ­ ´ µ ½ ­ § ¾ «§ ´ ± · ¹ ¼ ¿ · ® ¼ » ® ± § ¨ ± ² § ´ ´ µ ´ § ¬ ¿ ­ ¬ ± · § ¨ ± · § ± ® ¼ ¿ ¿ ­ ® ± ­ © » µ ± · ­ ° ¼ ¬ ³ § ± ¼ ¬ ­ ° ¹ ¬ ¬ ­ ° ± ² ¹ ¨ ¥ À · ­ ­ ¸ ¸ ­ ° ± ² ®º ¹ ® ± ¯ ¬ ¹ ¨ ¹ ¼ ¨ ° ­ © ² ¨ ± · ­ ° ¼ ¬ ³ ­ © ® · ­ § ¬ ´ § µ ­ ¬ « » ¼ ± ± · ­ ° ¼ ¬ ³ § ± ¼ ¬ ­ ° ¹ ¬ ¬ ­ ° ± ² ¹ ¨ © ¹ ­ ® ¨ ¹ ± ° § ¯ ± ¼ ¬ ­ ± · ­



� � � � � � � � � � 	 
 � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �` ^ a b c d ^ e f U g Z ^ Y a h i c j k ] ^ W Z c Z ^ l k [ j ^ b _ m ^ n a ^ ` b a o Z d ^ a b c o Z p i o ] Z c Z ^ q ] ^ ` ] ^ _ ^ Z b Y b c d ^ rs o [ ^ e _ Y ] ^ j c d ^ Z U t h ^ b ^ ] s q ] ^ ` ] ^ _ ^ Z b Y b c d ^ r c _ k _ ^ [ d ^ ] f e o o _ ^ e f W i o ] ^ Y ] e c ^ ] a o Z _ c [ ^ ] Y b c o Z __ h o u b h Y b s o [ ^ e d Y ] c Y Z b _ u c b h c Z Y Z f o Z ^ a Y b ^ j o ] f a Y Z j c d ^ s Y b ^ ] c Y e e f [ c i i ^ ] ^ Z b ] ^ _ k e b _ Y Z [ Wc Z [ ^ ^ [ W ^ d ^ Z v k Y e c b Y b c d ^ e f [ c i i ^ ] ^ Z b l ^ h Y d c o k ] Uw c j U x U X U y j c d ^ _ a o s ` Y ] ^ _ l k [ j ^ b _ i o ] b h ^ _ ^ a b c o Z P Q R S T U V U g b c _ ] ^ a Y e e ^ [ b h Y b b h c _ ` o _ c b c o Z c _] o k j h e f s c [ z u Y f Y e o Z j b h ^ ] ^ a c ] a k e Y b c o Z { o Z ^ Y Z [ s Y f l ^ Y _ _ k s ^ [ b o ] ^ ` ] ^ _ ^ Z b b h ^ a o Z [ c b c o Z _o d ^ ] Y _ c j Z c i c a Y Z b ` ] o ` o ] b c o Z o i b h c _ { o Z ^ U t h ^ i e o u s Y f l ^ b h o k j h b o i Y _ a o Z _ c _ b c Z j o i Y Z o k b ^ ]



� � � � � � � � � � � � � � 	 � 
 � 	 � 
 � � � 
 � � � � � 
 � � � � � � � � � � 
 � � 	 � � 	 � � � � � � � � 	 
 � � � � 
 � � � 
 � � � � � � � � � � � � � � �
 � � � � � � � � � � � 
 � 	 � � 	 � 
 � � � � � � � � � � � � � � � � � 
 � � � 
 � � � � � � 	 � 
 � � 	 � 
 � � � 
 � � � � 
 
 � � � � � 	 
 
 � � � � 
 � � �
 � � � � � � � � 
 � � � � � � � � � � � � � 	 � � � � � 	 � � � � � � � � � 	 � � � 	 � � � � � � � � � 	 � 
 � 	 � � 
 
 � � � � � � 	 � � � � 	 
 � � 	 � �� � 
 � � � � � � � � 	 � � � � 
 � � � � � � � 
 � � � � � � 	 � 
 � � � � � � � � � � 
 � � 	 � 	 � � � � � � � � 
 � � 	 � 	 
 � � � � 
 � � � � � � �� � � � � �  � � 
 � � � � � 
 � � � � � 
 � � � � � � � � 
 � � 	 
 � � � 
 � � � � � � � � 	 � � � 
 � 	 
 � � 
 � � � � 	 � � � � � � 
 � � � � �� � � � � � 
 
 � � � � � � 	 � � � 	 � � � � � 	 � � � � � � � 
 � � � � � 	 
 � � � � � � � � � � � � � � � � � � 
 � � � � � � 	 � � � � � � � �� � � � � 
 � 
 � � � � � � � � � � � � � � � � � 
 � � � 	 � � 
 � � ! � � 	 � 
 � � � � � � 
 � � � � � 
 � � � � 
 � � 
 
 � � � 
 � � � " # � � � � � �$ � % � � 	 
 & � � � � � �` I > < O > E K ? ? L < I L ? M F D < I > ; > E S D I S C E < ; G B > T M = S > G F K G G B D F F G K G D < I D F G B K G H L < I F D F G > I G N D G BD I F M C C D L D > I G F B > K E F G E > F F K I = G M E T M ? > I L > > I > E S U D I G B > F B > K E ? K U > E H J E < = M L G D < I D F S > I > E K ? ? U ; M L BG < < ? < N H J < D I G D I S G < F < ; > D ; J < E G K I G ? K E S > W F L K ? > = U I K ; D L F T > D I S ; D F F > = T U G B > ; < = > ? F @A B > T M = S > G F C < E G B > F > L G D < I a b c d e @ f K E > F B < N I D I g D S @ h @ e @ i @ j G D F E > L K ? ? > = G B K G G B > C ? < N K G G B D FJ < F D G D < I M I = > E S < > F k K L L < E = D I S G < G B > [ \ Q l E > L < O > E U H C < ? ? < N D I S E > K G G K L B ; > I G K G a b c d m @ n @Z < N > O > E H K I M ; T > E < C ; < = > ? F J E > = D L G K F M T F G K I G D K ? C < E N K E = F B D C G D I G B > E > K G G K L B ; > I G J < D I G HN D G B F < ; > E > F D = M K ? T K L Y C ? < N F G D ? ? J E > F > I G K G G B D F J < F D G D < I @ o F D I G B > J E > O D < M F ? < L K G D < I H G B >T M = S > G F K E > = < ; D I K G > = T U J E < = M L G D < I K I = = D F F D J K G D < I H T M G = D C C M F D < I D F K ? F < B D S B ? U D I C ? M > I G D K ? @



� � � � � � � � � � � � � 	 � 
 � � � 
 � � 
 	 � � 
 � � � � 	 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � �� � � 
 � 	 � � � � � � � � � � � 
 � � � 
 
 
 � � � � � � � � � 
 � � � � � � � � � � � �  � � � � 	 
 � � � � � � � 	 � � � ! � � � 	 � � � " � " # � �� � � 	 
 � � � � � � � 	 � � � 
 
 � 
 � � � � � � 
 ! � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � 
 � � � � 
 � � � � � � � � 	 � � � � 
 � � �� � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � �� � � 
 � 	 
 � � � � $ � � � � � � � � � 
 � 	 � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � 
 � � �
 	 � � 
 � % & ' ( ) � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � 
 � � � � � � � 
 � 	 � � � � � � � � � � � � 	 � 
 � � 	 � � � � � � 
 � �� � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � 
 � � 
 � � � 
 � � � � � � � � � � � � � � � � � 
 �� � � � � � � � 
 � � � � � � � 
 
 � � � � � � � 
 � 
 	 � � 
 � � � � � � � 
 � � � � 
 � � � � � � � 
 � � � � � � � � � � � 	 � � � � � � 
 � 	 
 � 
 � �� � 
 	 � � � � 
 � � � � 
 � � � � � � � � � � � 
 � 	 � � 
 � � � � � � � � � � � 	 � � � � � � � � � � � � � 
 � 
 � � � � � � 
 � 	 
 � � � � � � 
 	 	 � � � � � � � � 
 � � � 
 � % & ' ( * � 
 � � � � � � � � �  � 
 � + � ) � + � � � � � � � � � � � � 
 � 
 � � � � � � � � � � � � � � 
 � � � �� � � � � � � � � � , - # 
 � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � 
 	 	 � � 
 � � � � � � � � � � � �� � � � � � � � � 
 � � � � 
 � � � � � � 
 � � 
 � � � � , - # � � � 
 � � � � � � � � � 
 � � � � � � � � � � � � � � � � 
 � � � � � � � � � � 
 ! � �� � � 
 	 
 � � � � � � � � � � � � 
 � � � � 
 � � . � � 
 
 � � � � / � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � 
 � � � � � � � 
 	 	 � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � � 
 � � � � � . 0 � � � � � � � � � � � � � � � � � 1 / � � � � �� � 
 
 
 	 � � � � 
 � � � � � � � � � � � � � � � � � � � � 	 � � � � � � 	 � � � � 
 � � � � � � � � � � � � � � � 	 � � � � � � � � � � 
 	 	 � 
 � � � � �2 & ' ( 3 � * � � � � � � � � � � � 
 � � � � � � � � � � � 
 � � � 
 	 
 � � � � � 
 � � 	 � � � . � � 
 
 � � � � / 
 � � � � � � � � . � � � � � � � �� � � � � � � � 
 � � 	 � � � � � � � � 	 � � � � � �  � 
 � + � ) � + / 
 � � � � � 
 	 � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � 
 � � � � �� � 
 � � � � � � � � � � � 
 	 	 � � ! � � � � � � � . � � � � � � � � / � � � � � � � � � � 
 � � � � � � � � 
 � � � � � � � � � � � 
 � � 	 � � 4 � � � � � �� � � � � 	 � � � � � � � � � 
 	 	 . � � � � � � � � 	 � � �  � 
 � + � ) � + / � � � � � � � � � � � � � � � 
 
 � � � � 5 � � � � � � � � � 
 � � � � � � � �� � � � � � � � � 	 � � � � � 
 	 � $ � � � � � � � � �  � 
 � + � ) � + � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � 
 � � � � 
 � - $ # � � 
 � � " # � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � 
 � � � � 
 � � �� � � � � � � 	 � � ! 
 
 � � � � � � � � � � � � 
 	 � � � 
 � � � � 
 
 � � � � � � � � � � � � � � # # � � � � � 	 � � � � � � � � � � � � 
 � � � � � � �� � � � � � 
 � � � � 
 	 � � � � � � � � � � � �  � � � � 	 � � � � � � � � � � � � � � � � 	 	 � � � � � � � � � � � � � � � 
 	 	 � � � � 
 � � �
 
 � � � 
 � � � � 	 � � � 
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � � � � � � � � � 6 � � � � � � � � � �� � � 	 � 
 � � � 
 � � � 7 � � � � � � 8 , - 9 � � � � � � � � 	 � � � 
 
 
 � � 
 � � � � � � � � � � � � � � � � � � � 
 
 � � � � � 
 � � � 
 � � � � � �� � 
 � � � � � � � � � � � � 
 � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	 � � � 
 � � � � 
 � � � � � � �  � � 
 	 	 � � � � �	 � � � 
 � : ; < = > ? @ A B C D @ C E ? A @ @ C > F G = H = I J K B L = M ? B @ D N O B B P L B ? ? I Q B C B ? A @ J ? B @ D N O B ? N C B ? ? B ? = J RN M C K M > B J L B B J B C H F N @ J @ C E = > ? N C = I J I J H S T @ ? N E @ R B > ? ? B C I @ M ? > F @ Q B C U B ? N I E = N B N O B R I ? ? I A = N I @ JC = N B = J R = > ? @ ? B C I @ M ? > F E I ? C B A C B ? B J N R I D D M ? I @ J G = > N O @ M H O ? @ E B V M = > I N = N I Q B N C B J R ? = C B C B N M C J B RK C @ = R > F L @ C C B L N > F S



� � � � � � � � � � 	 
 � � � � 
 � � 	 � 
 � � 
 � � 	 � � � � � � � 	 � � � 	 � � � � � � � � � � � � � � � � � 	 
 	 
 � � � � 
 � 	 � � � � � � � � � � � �� 	 � � � � � � � �  � � � � � � � 	 
 � � � 
 � � � � � � � 
 � � � � � � � 
 ! � � � � � 	 � � � � � � � " � � � � � 
 � � � � # � $ � % � 	 � � � � 	� � � � � � � � � � � � � � � � � � � � � & � � � 
 � � 	 � � � � ' � � � � � � 	 � � � � � � � � � � � � � � � ( � � � � � � � � � � 
 
 � & & � � � � � � �� � � � � � � � 
 � � � � 
 �) * + * , * - . * /0 1 2 3 4 5 3 6 7 8 9 3 : 5 ; 6 5 7 8 < = 2 > ? @ A B 8 2 C 3 D 5 0 5 E F G G H I J 0 8 B 8 K 2 > L B 9 7 L B M 8 M N O 7 P P ; 7 8 B > M L C M Q R2 S Q C 2 > > B M 8 > 7 8 < P 2 8 9 L @ ; > ? 7 P 2 2 T U 7 L B M 8 > N M C 8 M 8 ; P B 8 2 7 C 2 < < R ; K B > ? M > B L R V M < 2 P > 3 W X Y Z [ \ ] ^ Y ^ X _` a b c _ ` a d e f g h i j i k i l j mn o p q r s h t m t m u v w x r p y z { | v r } h ~ m n m � i l l j � � n v r � q � � k � r s v � q w p k v � � � r } v � v q | v r u } � � � kr � � u � | � v � � } � � q r v y r � � w r q � � } y � � o q r � � q � � p h W X Y Z [ Z \ ] ^ Y ^ X _ ` a b c _ ` a d e i l h f � l k f f f m� z r v h � m � m h � u v � h � m � m u v w � u v h � m � m � f � � � � � � � � o � � u � | � v � � z r u � � } u v p � r } | v } � � u � | v � � � � k o u p pp � � u } r y z u v v r q p � s u p r y � v w k � � � r v � y q � p � } r � � w r q h W X Y Z [ Z \ ] ^ Y ^ X _ � ^ � � � � ^ X � � ] � g � h i � � � ki � i � mt r v � h � m u v w � | p � v v r u � h ~ m � f � � f � � � � o q r � r v � u � | � v r � � u q | w u � | � v w � � � w r q r � k � �   ¡ ¢ ¡ £ ¢ ¤¡   ¥ ¦ § ¨ ©   ª ª « § ¥ � ¬ ­ « ¡ ¥ §   ¥ ® ­ ¯ °± § « ¬ ² ³ ´ µ ² ¨ ¶ ° ¨ · ¬ ³ ³ ¬ ¡ ¨ ­ ° ¨ © « � ´ ¨ ¸ ° ¨ ¹ ¬ º º ¬ § º   ¡ ¨ » °   ¡ � » ¬ ¢ µ ² ¼ ´ ¡ ¬ § ¨ · ° ½ ° ¾ ¿ À À Á Â ¨ Ã ´ Ä ² ³ Å§ ¬ ¢ « ³ Æ ¬ � ³   § Ä ¬ ¬ � � Å ¢ ´ º ¦ ³   ¥ ´ « ¡ « Ç ¢ ¬ ª   §   ¥ ¬ � Ç ³ « È ´ ¡   µ ²   ¡ ¡ ¬ ³ È ´ ¥ ² ¢ ¥ § ¬   º È ´ ¢ ¬ ª ¬ § ´ « � ´ µµ « ¡ ¢ ¥ § ´ µ ¥ ´ « ¡ ¢ ¨ É Ê Ë Ì Í Î Ï Ð Ï Ë Ñ Ò Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ Þ ß ×à á â Þ ã Ù ä å × æ × á Ú ç è Û Ý é Ù á ê Ý ä ë × à × Ø ì í í î ß ï ð Ú Ý ñ Û ê Ù ò Ù â á ê ó Ý ô Ü á Ù ò Þ â Ü Ý Þ Þ õ ö ç Ý ê Þ ÷ ö Ü ò ö õ Û ê Ý ñâ ø Ü ô ø ê Ý Ú â ÷ ê ö ù Þ ä É ú Ð Ï Ë Ñ Ò Ó Ô Õ Ö ú û ü ý ä ü í þ ÿ � ×� á Ú ó ä � × � × ä � Ý Þ ò � é Ù Ú Ý Ü ä � × � × ä � ô Ý ä � × á Ú ç å Ý õ õ Ý Ü õ á Ú ä � × Ø û � � û ß ï 	 Ú 
 Ý Þ â Ù ó á â Ù ö Ú ö ÷ á Ú Ù Þ ö â Ü ö Û � þÜ Ý Þ ö ê 
 Ù Ú ó â ø Ü ô ø ê Ý Ú ò Ý õ ö ç Ý ê Þ ô � Ü Ý ÷ Ý Ü Ý Ú ò Ý â ö � Ù ó � ê � þ Ü Ý Þ ö ê 
 Ý ç � � è ç á â á ÷ ö Ü Þ Ý Û á Ü á â Ý ç ÷ ê ö ù Þ ×Ð Ï Ê 
 � � Ë Ì � Ë Ï Ô Í Õ Ô Î Í Ò � Ê � � Ë � � Ñ Ê Í � í ä ì � ì þ û � î ×



� � � � � � � � � 	 
 	 � � � � � � � 
 	 � 	 � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � �  ! � � � � " � � # � � � � � $ � � � � � �� � � % � � � � � � � � � � � � � � & ' ( ) * + , - . / 0 	 1 2 � � 3 � $ � 1 1 	� � � � � � � � � 	 
 	 � � � 4 � � � ! � � � 	 5 	 � � � � 6 � � 7   � � � � � � � � � " � � � � � � � � # $ � � � � �  � � � � � ! � � � � � "� � � % � � � � � � � � � � � � � � � � � � � � � � � " " � � 8 � � � � � �  � � � � � � � � � � � 9 . : : . ; < + = > . ? : ? = , - ? < < @ ; ? = < A . ; � �� 3 � $ � 3 2 	� � � � � B 	 4 	 � C � � % � � � � 	 7 	 � � � � 1 � � D � � $ � � � � � � E $ F G H I J K L M N N O P Q R O S T U V V N O W U S O K P S K T O Q T N O X S YZ M P S M [ X K [ \ ] [ ^ ] N M P W M _ M ` M U [ W T a b [ K W Y K X S T M c ] J J M [ b [ K Q [ U J a d G e f Yg M P S M [ a h Y _ Y i j k k l m n \ R K M o ] U S O K P M L L p H O ` W K ` O S p S ] [ ^ ] N M P W M J K L M N ` X K [ M P Q O P M M [ O P QU V V N O W U S O K P ` q r s t u t t v w x y z { | } y ~ � z �� � � � � x � � � � � � � � � x � � � w � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � } � � � �   ¡ ¢ � £ ¤ ¥   £ ¦§ ¦   ¨ � © ¢ ¡ � ª § « ¬ ­ ® ¯ ° ± ² ³ ´ ² ­ µ ¶ · µ ¸ ¶ ¹ º ® » ´ ² ¼ ½ ¾ ® ¶ ¿ À Á Â Ã Ä Å Å Æ ÇÈ Â É Ê É Ã Ë Ì Ç Í Ç É Á Î Ï Ê Ê Ð É Ã É Å Ñ È Ç Í Ç ¿ Ò Ó Ó Ô Æ Õ Ï Ö Á Ä × Ä Ø Ù É Ë À Ö Á Ë Ù Ã Ú Ù Ê Ä Á Û Ä Ð Ö Î Ä Ê Ü Ö Ã É Ä Ã Ö Î Ý Á É Ð À Û Ü Ê Ö Þ Å Çß à ß ß á ¸ â µ ³ ã ä å æ ç è ã ÇÈ Â Ä é À É Ê Ä Ñ ê Ç ë Ñ È É Ã ì É Ã Ñ È Ç É Á Î ë É Ë Å ì À Ñ í Ç î Ç ¿ Ò Ó Ó Ò Æ ï Ö Î Ä Ê Ê À Á ð Ë ñ Ä Â Ã Ä Å Å Ù Ã Ä ò Å Ë Ã É À Á Û Ö Ã Ã Ä Ê É Ë À Ö Á Ö ÜË Ù Ã Ú Ù Ê Ä Á Û Ä Õ Ï Á À Á ó É Ã À É Á Ë Î Ý Á É Ð À Û É Ê Å Ý Å Ë Ä Ð Å É Â Â Ã Ö É Û ñ Ç ô ® ² ³ ¶ ¸ ­ ® õ ¬ ­ ² ¾ ¹ ö µ · ÷ Ç Ô Ô ø Ñ Ô ù ú × Ô ø Ô Çí Ä Ð Ð Ä Ã Ð É Á Ñ û Ç Ñ û Ä Å Û ñ é À Á Ä Ã Ñ ï Ç Ï Ç Ñ ï Ä Ê Ê Ä Á Ñ ê Ç Ñ É Á Î ü Ã Ö ñ Ê À Û ñ Ñ ý Ç ¿ Ô þ þ ÿ Æ Õ � Á ó Ä Å Ë À ð É Ë À Ö Á Ö Ü Þ É Ê Ê ×Ü Ù Á Û Ë À Ö Á É Â Â Ã Ö � À Ð É Ë À Ö Á Å É Á Î Å Ù Ú ð Ã À Î × Å Û É Ê Ä Ð Ö Î Ä Ê Å À Á Ê É Ã ð Ä Ä Î Î Ý Å À Ð Ù Ê É Ë À Ö Á Ö Ü Å Ä Â É Ã É Ë Ä Î Ü Ê Ö ÞÀ Á É Û ñ É Á Á Ä Ê Þ À Ë ñ Å Ë Ã Ä É Ð Þ À Å Ä Â Ä Ã À Ö Î À Û Û Ö Á Å Ë Ã À Û Ë À Ö Á Å Ç à ¶ ½ � ô � � µ ¸ ½ ¸ ¶ ¹ ¬ ­ ² ¾ ¹ ¬ ­ ® ¯ Ô ù Ñ Ò ú ø × Ò � þ Ç� É Ê Ê À Á Ñ È Ç Ñ � Ä Ê Ê Å Ë Ä Á Ñ Ï Ç Ñ È Û ñ É Ë é Ñ ï Ç Ñ Í Ù Á ð Ñ í Ç Ñ Ì Ä Å ñ ì À Á Ñ � Ç Ñ ý Ö ñ É Á Å Å Ö Á Ñ Ï Ç � Ç ¿ Ô þ þ ÿ Æ ÕÈ Ë Ã Ä É Ð Ê À Á Ä Û Ù Ã ó É Ë Ù Ã Ä Û Ö Ã Ã Ä Û Ë Ä Î É Ê ð Ä Ú Ã É À Û Í Ä Ý Á Ö Ê Î Å Å Ë Ã Ä Å Å Ë Ù Ã Ú Ù Ê Ä Á Û Ä Ð Ö Î Ä Ê Ê À Á ð Ñá ³ ® · µ µ ¹ ¾ ¶ 	 ¼ ® õ ½ ÷ µ è ³ ¹ à ¶ ½ � 
 � » â ® ¼ ¾ ² » ® ¶ ± ² ³ ´ ² ­ µ ¶ · µ ¸ ¶ ¹ 
 ÷ µ ¸ ³ ¬ ­ ® ¯ á ÷ µ ¶ ® » µ ¶ ¸ Ñ � Ñ ù ú × ú þ ÑÈ Ä Á Î É À Ñ ý É Â É Á Ç� É Ê Ê À Á Ñ È Ç É Á Î ý Ö ñ É Á Å Å Ö Á Ñ Ï Ç � Ç ¿ Ô þ þ þ Æ Õ Ï Á Ä � Â Ê À Û À Ë É Ê ð Ä Ú Ã É À Û Í Ä Ý Á Ö Ê Î Å Å Ë Ã Ä Å Å Ð Ö Î Ä Ê Ü Ö ÃÀ Á Û Ö Ð Â Ã Ä Å Å À Ú Ê Ä É Á Î Û Ö Ð Â Ã Ä Å Å À Ú Ê Ä Ë Ù Ã Ú Ù Ê Ä Á Ë Ü Ê Ö Þ Å Ñ ô � ¬ ­ ² ¾ ¹ ö µ · ÷ Ç ù þ ÿ Ñ � Ó × Ò ÿ Ô Ç



� � � � � � � � � � � � � � � � � � � 	 
 � � 
 � � � � � � � � � � � � � � � � � � � � 	 � � � � � � � � � � � � 	 � � � � � � 	 � � � � � � � � � �� �  � � � � � � � ! � � � 
 " � # � 	 � " � ! � 
 � � � � � � � � � � � � � �  $ � � � � � � # � � � � " � % " � � � 
 � 
 � � � " � � � � & ' ( ) * + , - ( - ' ./ 0 1 2 . / 0 3 4 � 5 � � 6 6 � 5 7 � �� � � 
 � 8 � 9 � � � � � 7 6 : : � � ; � � � � � � � � � � � � ! � � � � 
 � � � � 	 � � � � � � � � � � � < " � � � � � ! � � � 	 # � � 
 � 	 � " � % " � � � 
 �� � 	 � � � � * ) = & = = � > � 7 � 6 6 � 7 ? 7 � �



Flow over a 2–D hill: PROFILES

EASM–k–ε model:
Grid sensitivity analysis (NASA)
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Flow over a 2–D hill: PROFILES

EASM–k–ε model:
Grid sensitivity analysis (NASA)

Location: 004 (x/h = 2.00)

◦ LES
NASA/EASM–k–ε
NASA/EASM–k–ε–medium
NASA/EASM–k–ε–coarse
NASA/EASM–k–ε–verycoarse

0 0.05 0.1

u
2

__
/U

b

2 

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

0 0.025 0.05

v
2

__
/U

b

2 

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

0 2 4 6

l/h                                               

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

Not available
Not available
Not available

166

F
igu

re
3.2.1



Flow over a 2–D hill: PROFILES

Comparison between results obtained
on structured and unstructured
meshes (Tampere UT)
Part 1
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Flow over a 2–D hill: PROFILES

Comparison between results obtained
on structured and unstructured
meshes (Tampere UT)
Part 1
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Flow over a 2–D hill: PROFILES

Comparison between results obtained
on structured and unstructured
meshes (Tampere UT)
Part 2
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Flow over a 2–D hill: PROFILES

Comparison between results obtained
on structured and unstructured
meshes (Tampere UT)
Part 2
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Linear and quasilinear k–ε models
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Figure 3.3.1



Linear k–ω models
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Nonlinear k–ε models
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Nonlinear k–ω models
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Figure 3.3.4



Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model
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Figure 3.3.6



Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 001 (x/h = 0.05)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 008 (x/h = 6.00)

◦ LES
Ghent–U/cubic–k–ε
NASA/EASM–k–ε
IC/Cubic–k–ε–ApsleyLeschziner

0 0.5 1

U/U
b                                            

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

-0.1 0 0.1 0.2
V/U

b                                            

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

0 0.025 0.05 0.075 0.1

k/U
b

2                             

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

-0.04 -0.03 -0.02 -0.01 0 0.01

uv
__

/U
b

2     

0

1

2

3

y/
h 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 

68

Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Linear and quasilinear k–ε models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Linear k–ω models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ε models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Nonlinear k–ω models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Other eddy-viscosity models:
Spalart-Allmaras model

v2–f model

Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Reynolds stress models
Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Comparison between EASM and
its underlying RSM (Helsinki UT)

Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Comparison between EASM and
its underlying RSM (Helsinki UT)

Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: PROFILES

Comparison between EASM and
its underlying RSM (Helsinki UT)

Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: PROFILES

Comparison between EASM and
its underlying RSM (Helsinki UT)

Location: 010 (x/h = 8.00)
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Flow over a 2–D hill: BUDGETS

Comparison of the different
classes of models

Location: 004 (x/h = 2.00)
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Flow over a 2–D hill: BUDGETS

Comparison of the different
classes of models

Location: 008 (x/h = 6.00)
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Flow over a 2–D hill: BUDGETS

Comparison of the different
classes of models

Location: 010 (x/h = 8.00)
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y/h                                               

-0.06

-0.03

0

0.03

0.06

Ghent–U/cubic–k–ε

0 1 2 3

y/h                                               

-0.06

-0.03

0

0.03

0.06

NASA/EASM–k–ε

0 1 2 3

y/h                                               

-0.06

-0.03

0

0.03

0.06

NASA/EASM–k–ω

0 1 2 3

y/h                                               

-0.06

-0.03

0

0.03

0.06

Helsinki–UT/EASM–CCWallinJ–k–ω

0 1 2 3

y/h                                               

-0.06

-0.03

0

0.03

0.06
Not available

Tampere–UT/Two–layer–RSM–GibsonLaunder

0 1 2 3

y/h                                               

-0.06

-0.03

0

0.03

0.06

Helsinki–UT/Low–Re–RSM

45

Figure 3.6.3



Case 9.2

Articles written by the participants
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»½¼�¾�¿�À�ÁFÂ�Á±ÃO¼´ÄÅÂ[Æ}¾�Ç&Á_ÈÅ¼´É

ÊÌË/Í½Î¢ÏFÐ
Ñ�Ò¡Ó�Ô/Ó-Õ ÏFÖbÔ9×ÅØÙÍ Ú¢Ò�× ÓÛÚ½Ñ�ØÙÍ Ú¬Í�Ö/ÓÜÍ¢ÝrÞßÍ�ØÙÍ�ÏFà¡Ó�Ô�ÕáÖ/Í¢Ý�à1âãÒ/Ú ÕáÖ/äJåOÏFÒ9Ø�Î¢ÏFÐ
Ñ�Ò¡Ó]Í�Ø´Î¢Ï9Ý9Í Ú¢æ[Ô�×á×�à�Ô/Ú¬Í¢ÝçÏFÖ�Ô

è ÖHÕ ÓÜÍ1é£ê�ÏF×ëÒ�Ð�Í�Ö9Ò�Ð�Í�Ø�Õ Î`Ô9×FÐ�Í Ó1Ë/Ï�Ý�å£ÏHØ¦Ú¬ÏF× ê9ÕáÖ/ä�ÓWËbÍíì¦Í1â9ÖbÏF× Ý�Ú�î&êbÍ�Ø�Ô¡äHÍ¢Ýtï;Ô¡ê�Õ Í�ØðéÛñFÓ]ÏFò-Í ÚÅÍ¢ó#ÒbÔ/ÓWÕ ÏFÖ¡Ú`ôöõMÍ Ú Õ Ý�ÍöÓOÞßÏ

Î¢ÏFÐíÐ�Í�ØÙÎbÕ Ô9×±÷;ø#ù?Ñ�Ô/Î�ò1Ô¡äHÍ Ú´ø�ú�ûÅü¦ï&Ê{Ô9Ö/Ý�ñ�ý�þðø9Êjÿ�î���úºú9Õ Ú�Ó���Ðíà����WæFÓ1Ë/Í�ÓOÞßÏ	ÕáÖ`é¬ËbÏFÒ¡Ú¬Í�Î¢Ï9Ý9Í ÚöÝ�Í�Ö/Ï�Ó]Í¢Ý5à1â

ø î[ïBé	�Fù�Ô9Ö/Ý*ø î[ïBé	
Fù�ÞßÍ�ØÙÍ
Ô9× Ú¬ÏºÔ�Ñ9Ñ�×ëÕ Í¢Ý#ô

ÊÌË/ÍJÎ¢ÏFÐíÑ9Ò¡Ó�Ô/Ó-Õ ÏFÖ¡ÚJÑHÍ�Øðå£ÏHØ�Ð�Í¢Ý�Þ�Õ Ó1ËçÓ1Ë/Í2ø î[ïBé	�Fù ÿ��;ÔbÝ
�� Õ��Î�æ����������½Ô9ÖbÝ ø î[ïBé	
Fù�ÿ¬ú9Õá× Í�ò�æ����������5Î¢Ï�Ý�Í Ú

Ò¡Ú¬Í¢Ý Ô è ÖHÕ ÓÜÍ}ê�ÏF×ëÒ9Ð�Í½Ð�Í ÓWËbÏ9Ý å£ÏHØ�à�× Ï�Î�ò1é�Ú�ÓWØ°Ò/Î Ó1Ò�ØÙÍ¢Ý#æÅàHÏ�Ý©â/é è ÓÛÓ]Í¢ÝTæÅÖ/ÏFÖ¡é°ÏHØ«Ó1Ë/Ï�äHÏFÖ�Ô�×;Ð�Í Ú¢Ë/Í Ú`ô*÷MÍ�×ë×¦Î¢Í�Ö¡Ó]Í�ØÙÍ¢Ý

ÿ�Î¢ÏF×ë× Ï9Î`Ô/Ó]Í¢Ý���ê�Ô�Ø£Õ Ô9à�× Í
Ô�Ø�ØEÔ9Ö¡äHÍ�Ð�Í�Ö¡ÓÌÔ9Ö/Ý7Î`Ô�Ø«Ó]Í Ú Õ Ô9Ö
êbÍ¢Î Ó]ÏHØßÔ9Ö/ÝºÓ]Í�Ö¡Ú¬Ï�Ø�Î¢ÏFÐ
ÑHÏFÖ/Í�Ö/ÓÛÚ�Ô�ØÙÍºÒ/Ú¬Í¢Ý½Õ Ö�àHÏ�Ó1Ë®Î¢Ï�Ý�Í Ú`ô

Ê[ËbÍ�Í¢ó#ÒbÔ/ÓWÕ ÏFÖ¡Ú&Ô�ØÙÍ�× Õ Ö/Í`Ô�Ø£Õ Ú¬Í¢Ý´Ô�ÖbÝ�Ú¬ÏF× ê�Í¢Ý�Ú¬Í¢ó#Ò/Í�Ö/Ó-Õ Ô�×á× â´Ò¡Ú Õ Ö¡ä�Ô�Ö�Õ ÓÜÍ�ØEÔ/ÓWÕ ê�ÍÌþðúFûJÐ�Í Ó1Ë/Ï�Ý#ô�Ê[ËbÍßê�Í�× Ï�ÎbÕ ÓOâ/é¬ÑbØEÍ Ú�Ú¢Ò�ØÙÍ

Î¢ÏFÒ�Ñ9× Õ Ö¡ä Õ Ú�Í�Ö¡Ú¢Ò9ØÙÍ¢Ý?à1â Ó1Ë/ÍçÑ�ØÙÍ Ú�Ú¢Ò�ØÙÍ1é°Î¢Ï�Ø�ØÙÍ¢Î ÓWÕ ÏFÖ�Ð�Í Ó1Ë/Ï�Ý�à�Ô/Ú¬Í¢ÝrÏFÖ Ó1Ë/Í*ñ$þ����BúFü Ô9× äHÏ�Ø£Õ Ó1Ë�Ð®ô î�Ú¢ÑHÍ¢ÎbÕ Ô9×áæ

Ú¬Í�× Í¢Î ÓWÕ ê�ÍtÕáÖ/ÓÜÍ�Ø°ÑHÏF× Ô/Ó-Õ ÏFÖ Ñ�ØÙÏ�Î¢Í¢ÝTÒ9ØÙÍ�æÅÕáÖ`ê�ÏF× ê9ÕáÖ¡ä ÓWËbÍ	ÕáÖ¡Ó]Í�Ø�ÑHÏF× Ô¡ÓWÕ ÏFÖ	Ïbå[Í¢óTÒbÔ/ÓWÕ ÏFÖ/Ú¢æßÕ ô Í©ô�ÓWËbÍbÕáØ�ÓÜÍ�Ø�Ð�Ú¢æßÕ Ö¡Ú�Ó]Í`Ô/Ý*Ïbå

Ó1Ë/Í´ê©Ô�Ø£Õ Ô�à9× Í Ú[Ó1Ë/Í�Ð�Ú¬Í�× ê�Í Ú¢æTÞ�Ô/Ú�Ô9Ñ�Ñ9× Õ Í¢Ý�å£ÏHØBêbÍ�× Ï�ÎbÕ ÓOâ/é�Ú�ÓWØEÍ Ú�Ú�Î¢ÏFÒ�Ñ9× Õ Ö¡äTô´ù�Õ ��Ò/Ú Õ ÏFÖ��_Ò���Í Ú�Ô©ØÙÍ
Ô9Ñ�Ñ�ØÙÏ �9Õ Ð�Ô/ÓÜÍ¢Ý�à1â

Î¢Í�Ö¡Ó1ØEÔ9×MÝ±Õ �¦Í�ØÙÍ�ÖbÎ¢Í Ú`ô	ý{Ë/Í�ØEÍ`Ô¡Ú}Ô�à�× Í�Ö/Ý�Í¢Ý#æ è ØÙÚ�Ó°é°Ï�ØÙÝ�Í�Ø�Ò�Ñ1Þ�ÕáÖ/Ýãÿ¬ûÅù�ñ!�#"bÎ¢Í�Ö/ÓWØEÔ9×¦Ý±Õ �¦Í�ØÙÍ�ÖbÎbÕáÖ/ä*Ú¬Î�ËbÍ�Ð�Í*ÿ]÷&ù�ñ$�

Ô9Ö/Ý è Ø«Ú�ÓÛé°ÏHØÙÝ9Í�ØöÒ�Ñ1ÞÌÕ Ö/Ý�"/Ú¬Í¢Î¢ÏFÖ/Ý©é°Ï�ØÙÝ�Í�Ø�Ò�Ñ1Þ�ÕáÖ/Ý ÿ¬úFûÅù�ñ!�WæBÕáÐ
Ñ�× Í�Ð�Í�Ö¡Ó]Í¢Ý ÕáÖ�Ó1Ë/Í
Ú¬Ïbé°Î`Ô9×ë× Í¢Ý½Ý�Í1å£Í�Ø�ØÙÍ¢ÝHé°Î¢ÏHØ�ØÙÍ¢Î ÓWÕ ÏFÖ

Ð�Ô9Ö9Ö/Í�Ø�æFÞßÍ�ØÙÍ}Ò/Ú¬Í¢Ý}åOÏ�Ø$Î¢ÏFÐíÑ9Ò¡Ó�Ô¡ÓWÕ ÏFÖ/ÚÅÞÌÕ Ó1Ë�Ó1Ë/Í}ø î[ïBé	�Fù Ô9Ö/Ý5ø î[ïBé	
Fù Î¢Ï�Ý�Í Ú�ÿ�ÑHÏHØ«ÓWÕ ÏFÖ/ÚöÏbå�÷;ù�ñtÔ�ÖbÝ½úFû�ù�ñ

Ú¬Î�Ë/Í�Ð�Í Ú&ÞßÍ�ØÙÍ%��&�&(' å£ÏHØ_Ô�×á×1ê�Ô�Ø£Õ Ô9à�× Í Ú)�$å£ÏHØ±Ó1Ë/ÍÅÝ±Õ Ú¬Î�ØÙÍ Ó-Õ Ú-Ô/Ó-Õ ÏFÖ[Ïbå_Î¢ÏFÖ`ê�Í¢Î Ó-Õ êbÍ�Ó]Í�Ø�ÐÌÚÅÕ ÖÌÔ�×á× ÓWØEÔ9Ö/Ú¢ÑHÏHØ«Ó�Í¢óTÒbÔ/ÓWÕ ÏFÖ/Ú¢æ

Ó1Ë/Í�Î¢ÏFÐ
Ð�Í�ØÙÎbÕ Ô9×`Î¢Ï9Ý9Í ÚÅø�ú�ûÅü¦ï&Ê Ô9ÖbÝ�ñ�ý?þðø�Ê Ô�Ñ9Ñ�×ëÕ Í¢Ý�ÓWËbÍ[×ëÕáÖ/Í`Ô©Ø�Ò9ÑWÞ�ÕáÖbÝ�Ú¬Î�ËbÍ�Ð�Í�ÿ¬úFû�ù�ñ$�$Ô9Ö/Ý�ÓWËbÍ*�tþðï+�-,´ù

êbÍ�ØÙÚ Õ ÏFÖ}Ïbå�Ó1Ë/Í´Ó]Ï�Ó�Ô�×�ê�Ô�Ø�Õ Ô/Ó-Õ ÏFÖíÝ±Õ Ð�Õ ÖHÕ Ú¢Ë�ÕáÖ/ä�Ú¬Î�Ë/Í�Ð�Í�æBØÙÍ Ú¢ÑHÍ¢Î ÓWÕ êbÍ�× â`ô

ÊÌË/Í�Ú¬ÏF×ëÒ/Ó-Õ ÏFÖçÝ�ÏFÐ�ÔHÕ Ö ÿ�.0/ 13254#687 ��9 6 Ô9Ö/Ý:6$/ ;02�6<4=7?>�@BA�>�C�6$æD6 àHÍbÕáÖ/äãÓ1Ë/ÍãË�Õá×ë×öËbÍbÕ ä±Ë/Ó#�*Ð�Í Ú¢Ë/Í¢Ý à1â

ÔçàHÏ9ÝHâ¡é è ÓÛÓ]Í¢ÝTæ�Ö/ÏFÖ¡é°ÏHØ«Ó1Ë/Ï�äHÏFÖ�Ô�×&ä±Ø£Õ Ý�Õ Ú®Ú¢ËbÏ¢Þ�Ö�ÕáÖãø±Õ äTôE�©ô�ñFÓ�Ô9Ö/Ý9Ô©ØÙÝ Þ�Ô9×ë×Må]Ò�ÖbÎ Ó-Õ ÏFÖ¡Ú}ÞßÍ�ØÙÍJÒ/Ú¬Í¢ÝJå£ÏHØ�Ë�Õ ä±Ë`é

ì¦Í1â9ÖbÏF× ÝHÚJÖ9Ò�Ð
àHÍ�ØºÐ�Ï�Ý�Í�×ÅÎ¢ÏFÐíÑ�Ò/Ó]Ô/ÓWÕ ÏFÖ/Ú`ôxÊ[Ë/Í2Ö9Ò�Ð�Í�Ø£Õ Î`Ô9×�ä±Ø�Õ Ý Ò/Ú¬Í¢Ý�å£ÏHØ7ËHÕ ä±Ë¡é-ì¦Í1â9Ö/ÏF× ÝHÚJÖ9Ò�ÐíàHÍ�Ø�Ð�Ï�Ý�Í�×

Î¢ÏFÐíÑ9Ò¡Ó�Ô/Ó-Õ ÏFÖ¡Ú&Í�ÐíÑ�× Ï¢â`Í¢ÝF
�GIHI��G�&�Î1ê
J Ú`ô&Ê[ËbÍ�ä±Ø�Õ Ý�Þ�Ô/Ú�Ò9ÖHÕ å£ÏHØ°Ðí× âÌÝTÕ Ú�Ó1Ø£Õáà9Ò¡Ó]Í¢Ý
ÕáÖöÓ1Ë/Í�ØEÔbÝ±Õ Ô9×¢Ý±Õ ØÙÍ¢Î ÓWÕ ÏFÖ�æ±Ñ�ØÙÏbê9Õ ÝTÕáÖ¡ä

Ó1Ë/ÍíÝTÕáÐ�Í�Ö¡Ú Õ ÏFÖ9× Í Ú�ÚöÞ�Ô9×ë×FÝ±Õ Ú�Ó]Ô9ÖbÎ¢Í(K<L2ÏbåßÓWËbÍ�Ö�Ò9Ð�Í�Ø£Õ Î`Ô�×¦ÖbÏ9Ý9ÍíÎ�× Ï�Ú¬Í Ú�ÓöÓ]ÏºÓ1Ë/Í´ÞßÔ9×á×�àHÍbÕ Ö¡ä�MONPA�ÏFÖ}Ó1Ë/ÍíÓÜÏFÑ}Ïbå

Ó1Ë/Í
ËHÕá×á×ëæQMSR
Ô¡Ó;Ó1Ë/Í®× Í¢Í1ÞßÔ©ØÙÝ�Ú Õ Ý9Í�ÏbåBÓWËbÍíË�Õá×ë×HÔ9Ö/Ý-M �©� Ô/Ó;Ó1Ë/Í
ÑHÏ�Ú Õ ÓWÕ ÏFÖUT3VP6�7WN�æ�Þ�ËbÍ�Ö�Î¢ÏFÐíÑ9Ò¡ÓWÕáÖ¡ä®Þ�Õ Ó1Ë�Ó1Ë/Í

ø î[ïBé	
Fù Î¢Ï�Ý�Í�Ô9Ö/Ý�Ó1Ë/Í´ñFÓ�Ô9Ö/Ý�Ô�ØÙÝYXFZ\[�Ð�Ï�Ý�Í�× ôßÊ[ËbÍ
Ö9Ò�Ð�Í�Ø£Õ Î`Ô9×�ä±Ø�Õ Ý5Ò/Ú¬Í¢Ý5à1â
Ó1Ë/Í´ñ�ý�þðø9Ê Î¢Ï9Ý9Í}ÿ�Ö/Ï�ÓÅÚ¢Ë/Ï`Þ�Ö

Ë/Í�ØEÍ]��Î¢ÏFÐ
Ñ�Ø£Õ � Í¢Ý-^�&�&]��G�&}Î1ê
J Ú`ô;Ê[ËbÍÌä±Ø�Õ Ý	ÕáÖ�Ó1Ë/ÍíØEÔbÝ±Õ Ô9×©Ý±Õ ØÙÍ¢Î ÓWÕ ÏFÖ�Þ�Ô/Ú�Ú¬óTÒbÍ¢Í � Í¢Ý	ÕáÖ�Ó1Ë/Í�Ú¢Ë/Í`Ô�Ø&× Ô â¢Í�Ø$Ô9Ö/Ý7Õ Ö�Ó1Ë/Í

Þ�Ô9×ë×#ØEÍ äFÕ ÏFÖ9ô�Ê[ËbÍ}ØÙÍ Ú¢Ò�× ÓÛÚ[ÏFà/Ó]Ô�ÕáÖbÍ¢ÝºÞßÍ�ØÙÍ�ÕáÖ®Ôíê�Í�Øðâ®äHÏ�Ï�Ý	Ô/ä±ØÙÍ¢Í�Ð�Í�Ö¡Ó�ÿ¬ø±Õ äTô�H7Ô9Ö/Ý7Ê¦Ô9à9× Í��]�1ô

ÊßÞ;ÏºÖ�Ò�Ð�Í�Ø£Õ Î`Ô9×/ä±Ø£Õ Ý�Ú&Þ;Í�ØEÍ�Ò¡Ú¬Í¢Ý�åOÏ�Ø<× Ï¢Þ�é-ì¦Í1â�Ö/ÏF× Ý�Ú[Ö�Ò9ÐíàHÍ�Ø$Ð�Ï9Ý9Í�×bÎ¢ÏFÐ
Ñ�Ò/Ó]Ô/ÓWÕ ÏFÖ¡Ú`ô&ÊÌË/Í1â�Í�Ð
Ñ�× Ï¢â`Í¢Ý�
�GIHI��G�G

Î1ê
J Ú�ÿ�àHÏ�ÓWË´ø î[ïBé	�Fù*Ô9Ö/Ý®ø#úFûÅü¦ï�ÊrÒ¡Ú¬Í¢Ý�Ó1ËHÕ Ú<ä±Ø£Õ Ý��MÔ9Ö/Ý%^���_]����^�Î1ê
J Ú�ÿ¬ø�úFû�ü¦ï&Ê`�Wæ�ø±Õ äTôa�Fô�Ê[Ë/Íßä±Ø£Õ Ý�Ú¢æ/Ú¬ó#Ò/Í¢Í � Í¢Ý

ÕáÖ�Ó1Ë/Í�Ú¢Ë/Í`Ô�Ø�× Ô â¢Í�Ø<Ô9ÖbÝ�ÖbÍ`Ô�Øðé£Þ�Ô9×ë×±ØÙÍ äFÕ ÏFÖ¡Ú�Ñ�ØÙÏbê�Õ Ý±ÕáÖ/ä
Ó1Ë/Í�Ý±Õ Ð�Í�Ö¡Ú Õ ÏFÖ�× Í Ú�Ú�Þ�Ô9×ë×©Ý±Õ Ú�Ó]Ô9ÖbÎ¢Í�K<LJÏbå<Ó1Ë/Í�ÖbÏ9Ý9Í�Î�× Ï�Ú¬Í Ú�Ó

Ó]Ï Ó1Ë/Í7Þ�Ô9×ë×;àHÍbÕáÖ/äcbdA�@eC�æ�Þ;Í�ØEÍ	Ï�Ø«ä�Ô9ÖHÕ � Í¢Ý2ÕáÖ Ô5êbÍ�Øðâ ÝTÕ �MÍ�ØÙÍ�Ö¡Ó7Ð�Ô9Ö�ÖbÍ�Ø°ôf�&Ï¢ÞßÍ1êbÍ�Ø�æ�êbÍ�Ø«â Î�× Ï�Ú¬Í5Ô/ä±ØÙÍ¢Í�Ð�Í�Ö/Ó

àHÍ ÓOÞßÍ¢Í�ÖtØÙÍ Ú¢Ò�× ÓÛÚ�Õ ÚÌÔ/Î�Ë�Õ Í1ê�Í¢ÝTæ<øTÕ äTôg
Fô
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�
ø±Õ äTô���ïÅÒ�Ð�Í�Ø£Õ Î`Ô9×_Ð�Í Ú¢Ë	ÿj>�����T��PA	Î1ê
J Ú)��Ò/Ú¬Í¢Ý�å£ÏHØ�ÓWËbÍ´Î¢ÏFÐíÑ�Ò/Ó]Ô/ÓWÕ ÏFÖ/ÚöÞÌÕ ÓWË7ËHÕ ä±Ë¡é-ì¦Í1â9Ö/ÏF× ÝHÚ´Ö9Ò�ÐíàHÍ�Ø�Ð�Ï�Ý�Í�× Ú

ø±Õ äTô��½õ;× Ï¢Þ Ò�Ñ®Ïbå;ÓWËbÍ�Ö�Ò9Ð�Í�Ø£Õ Î`Ô�×_Ð�Í Ú¢ËbÍ Ú���>�����T����½ÿ�× Í1å�Ó��öÔ9Ö/Ý C ��9 T�	�C7Î1ê
J Ú�ÿ�Ø£Õ ä±Ë¡Ó���Ò/Ú¬Í¢Ýºå£ÏHØBÓWËbÍ�Î¢ÏFÐíÑ9Ò¡Ó�Ô`é

ÓWÕ ÏFÖ¡Ú�Þ�Õ Ó1Ë�× Ï¢Þ�é-ì¦Í1â�Ö/ÏF× Ý�Ú�Ö�Ò9ÐíàHÍ�Ø�Ð�Ï�Ý�Í�× Ú
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ø±Õ äTô©
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Predi
tion of separated 
ow with k-! models and wall fun
tionG.B. Deng & M. VisonneauLaboratoire de M�e
anique des Fluides, E
ole Centrale de Nantes1 Rue de la No�e, B.P. 92101, 44321 Nantes Cedex 3, Fran
eE-Mail: Ganbo.Deng�e
-nantes.frIntrodu
tionFlow separation and reatta
hment around bodies is a phenomenon frequently en
ountered in engineering appli-
ations. Its a

urate predi
tion is a 
hallenging task in turbulen
e modeling. A su

essful predi
tion of su
hphenomena depends both on turbulen
e modelization and a 
areful near-wall treatment. The 2d hill 
on�g-uration 
hosen for the present workshop is a good test
ase for the assessment of turbulen
e model. Jang &al. [1℄ have presented an ex
ellent paper showing the predi
tive ability of di�erent turbulen
e models for this
on�guration. They have shown that the role of the length-s
ale governing equation is mu
h more importantthan the 
ontribution of the normal stresses. The K-! model gives mu
h better result than the k-� model.Low Reynolds number models were used in their study. However, in most of the engineering appli
ations, awall fun
tion approa
h is employed. It is interesting to verify whether the advantage of the k-! model for su
happli
ation is preserved when using wall fun
tion. While the employment of the wall fun
tion approa
h witha k-� model is 
ommon, few information is available for the k-! model whi
h is designed initially to be usedwithout wall fun
tion. Re
ently, we have implemented the k-! model with wall fun
tion in an industrial 
ode(N3S-NATUR). The present paper is devoted to the validation of this implementation. Results will be presentedfor the Wil
ox's k-! model [2℄ and Menter's k-! SST and BSL model [3℄. Comparison will be performed withthe k-� model and 
orresponding models without wall fun
tion.Turbulen
e models and Wall fun
tion approa
h in k-! formulationThe k-! models sele
ted for the present study [2℄ [3℄ are well known models and, 
onsequently, the details ofmodel formulation will not be given here. Current implementation of Menter's k-! model 
ontains revisiondesigned for swirling 
ow whi
h will be brie
y outlined below. Our implementation of the k-! model in theN3S-NATUR 
ode aims at swirling 
ow 
omputation. The rotation and 
urvature revision of Menter's SSTmodel proposed by Hellsten [4℄ is retuned by the authors for swirling 
ow [5℄. It is based on the Ri
hardsonnumber de�ned by Ri = max �max�2; j
ij jjSij j��max(2; j
ij jjSij j )� 1� ;� 0:8Csr �The destru
tion term in the ! equation ��!2 is multiplied by the swirling 
orre
tion fun
tion 
omputed byFsr = 11 + CsrRiWhere Csr = 2:75; jSij j =p2SijSij , and j
ij j =p2
ij
ij , Sij and 
ij being the strain-rate and the vorti
itytensor. The se
ond revision 
on
erns the eddy-vis
osity limiter in the SST model. Hellsten [4℄ dis
overed thatthe limiter in the SST model is not rotational invariant, hen
e unsuitable for rotating 
ow 
omputation. Therevision proposed by Hellsten has been found to be unable to give satisfa
tory predi
tion for swirling 
ow bythe authors [6℄. In our implementation, we adapt the following eddy-vis
osity limiter.�t = min� k! ; 0:31kmax(2jS12j; 2jS13j; 2jS23j)��t = min��t; 23k2Sii�1

if Sii > 0 (with no summation on i). The se
ond limiter that does not exist in the original SST model ensures thepositivity of the normal stress. The �rst eddy-vis
osity limiter should be a
tivated only on wall boundary layer.No me
hanism has been designed in the present implementation to prevent the a
tivation of the eddy-vis
ositylimiter in the free shear layer. It should be employed with 
aution.The wall fun
tion approa
h is usually implemented with k-� formulation. One of the advantage of Wil
ox'sk-! model is that the high Reynolds number model 
an be integrated dire
tly to the wall without using anydamping fun
tion. For this reason, k-! based models are usually implemented without wall fun
tion. However,in order to save the 
omputational resour
es, it is desirable to also have a wall fun
tion approa
h implementedin the k-! model. Few information is available in the literature 
on
erning su
h implementation. By 
omputinga fully developed turbulent 
hannel 
ow, we found that the 
onventional wall fun
tion approa
h implemented ina k-� model 
an be applied dire
tly to a k-! model. It is only ne
essary to repla
e the wall boundary 
onditionapplied to � �p = C3=4� k3=2p�ypby a equivalent wall boundary 
ondition applied to !!p = pkp�ypC1=4�Wil
ox's k-! and Menter's k-! SST and BSL model are implemented in the N3S-NATUR 
ode with the abovewall boundary 
ondition for !. All other aspe
ts of the wall fun
tion implementation in the N3S-NATUR 
oderemain un
hanged. The main purpose of this paper is to 
ompare the same wall fun
tion implementation in k-�formulation and in k-! formulation rather than to assess the wall fun
tion itself. Details of the wall fun
tionimplementation in the N3S-NATUR 
ode 
an be found in [7℄. Results obtained with Menter's k-! SST and BSLmodel with the swirling revision mentioned above will be referred as SRSST and SRBSL model in the following.Results and dis
ussionsGeometry and 
ow 
hara
teristi
s are des
ribed in the test
ase instru
tion for the workshop (http://labo.univ-poitiers.fr/informations-lea/Workshop-Er
ofta
-2002) and will not be repeated here. Results obtained with wallfun
tion for the standard k-� model, the Wil
ox's k-! model, the k-! SRSST model and k-! SRBSL modelwill be 
ompared to the 
orresponding models without wall fun
tion. The 
omputations with wall fun
tion areperformed with the N3S-NATUR 
ode. Those without wall fun
tion are done with the ISIS 
ode developed byour team. The standard k-� model will be 
ompared with the Launder-Sharma low Reynolds number model[8℄. Computations are performed on a 221*121 grid. Validations performed on a 331*181 grid shows that thesolution is grid independant.The reatta
hment position is a important parameter for the present 
on�guration. The LES results of Tem-merman & Les
hziner [9℄ give a value of 4.72h. The low Reynolds number 
omputation predi
t the reatta
hmentpositions of 3.35h, 5.35h, 5.35h and 4.75h respe
tively for the Launder-Sharma model, the k-! Wil
ox model, thek-! SRSST model, and the the k-! SRBSL model. Spe
ial attention must be made when using wall fun
tion.In the N3S-NATUR 
ode, grid is �tted to the wall. The wall used in the wall fun
tion is shifted from the gridat a distan
e that remains 
onstant through the whole domain spe
i�ed by the user. Several 
omputations wereperformed to 
he
k the grid independant solution and the in
uen
e of this user pres
ribed wall distan
e. We�rst held the wall distan
e at 0.0001m and 
hange the grid spa
ing in the verti
al dire
tion. Three di�erentgrids are generated with the �rst grid spa
e next to the wall of 0.05ha, 0.1ha and 0.2ha respe
tively where hais the averaged grid spa
e in the verti
al dire
tion. With the k-� model, the reatta
hment positions are lo
atedat 4.38h, 4.37h and 4.39h respe
tively. Little di�eren
e is observed on the U velo
ity pro�les at x=2h shown inthe �gure 1 for the three grids. These results indi
ate that grid stret
hing independent solution is obtained. Inthe later 
omputation, the se
ond grid with 0.1ha is employed. The �rst grid spa
e is about y+ = 1, whi
h is�ne enough to 
apture the near wall variation.Then, we vary the distan
e from the wall. The reatta
hment positions for four di�erent wall distan
es (0.0001m,0.0002m, 0.0004m and 0.0006m) are shown in the �gure 2 both for the k-� model and for the k-! model.Compared with the k-� model, the re
irlulation length is always longer when using the k-! model. Thus, thedistin
t 
hara
teristi
 of the k-! model for this 
ow is well preserved with wall fun
tion. Unfortunately, the userspe
i�ed wall distan
e is found to have a substantial in
uen
e on the 
omputational result, espe
ially for the k-!model. Comparison of the U velo
ity pro�les at X=2h shown in the �gures 3 and 4 
on�rms this observation.2



To better understand this behaviour, the solutions are examined in more detail. Below 0.0002m, wall fun
tionapproa
h gives a longer re
ir
ulation length for both models 
ompared with the result obtained without wallfun
tion. Detailed inspe
tion of the predi
ted velo
ity �led reveals that the velo
ity 
omponents at the �rstgrid point away from the wall are erroneous. It results from the fa
t that at su
h a small distan
e, the wall islo
ated below y+ = 5 whi
h is the limit at whi
h u+ = y+ is imposed in the N3S-NATUR 
ode. The erroneousresult suggests that it is prefered not to lo
ate the wall from the �rst grid point below y+ = 5 with the presentimplementation.In order to understand why the 
omputational result is so sensitive to the wall distan
e for this 
on�guration, weexamine the result obtained with low Reynolds number model in more detail. The �gure 5 shows the turbulen
edissipation obtained with the Launder-Sharma model. It 
an be observed that the turbulent dissipation insidethe separation zone is strongly in
uen
ed by the histori
al e�e
t upstream. The maximum value of the turbulentdissipation is found in a position lo
ated at the windward side of the hill near the 
rest at about y+ = 10 awayfrom the wall. It is evident that an a

urate resolution of the dissipation equation in this region is 
ru
ial for this
on�guration. Wall fun
tion approa
h is unlikely 
apable to resolve this maximum-dissipation-produ
tion regionwith a

ura
y. One 
an only try to minimize the error by lo
ating the grid point as 
lose to the wall as possible.Based on this observation, 0.0004m is the appropriate wall distan
e to be used in the present 
on�guration.Now that the grid and the wall distan
e have been 
hosen, we will 
ompare the results obtained with andwithout wall fun
tion. The �gure 6 
ompares the streamlines for four di�erent turbulen
e models. Resultsobtained with and without wall fun
tion agree fairly well. More detailed 
omparison of U velo
ity pro�les ispresented on the �gure 7. Dis
repan
ies observed between the results obtained with and without wall fun
tionare similar for all turbulen
e models, whi
h indi
ates the su

ess of the wall fun
tion implementation in k-!formulation. For all turbulen
e models, results obtained with low Reynolds number model agree better with theLES data as expe
ted. The boundary layer on the upper wall whi
h is quite simple is better predi
ted with lowReynolds number models. We believe that this is due to the fa
t that the boundary layer in the windward sideis poorly resolved with wall fun
tion, resulting in an underestimation of the U velo
ity on the 
rest of the hillnear the wall. The U velo
ity is in
reased near the upper wall to maintain the mass 
onservation, whi
h resultsin an overestimation of the U velo
ity near the upper wall downstream due to the histori
al e�e
t when usingwall fun
tion.It is interesting to note that the SRBSL model gives better predi
tion than the SRSST model for the present
on�guration. In our implementation, the eddy vis
osity limiter in the SRSST model is applied everywhere. Theresulting poor result suggests that it should not be applied to the free shear layer. Indeed, the eddy vis
ositylimiter is designed only for wall boundary layer under adverse pressure gradient. In the original SST model,attention was made su
h that the limiter is dea
tivated for free shear layer for external airfoil 
ow. For thepresent internal 
ow, due to the present of the two wall, the limiter is a
tivated everywhere even for the originalSST model, giving the lo
ation of the reatta
hment point at 6.45h. The swirling revision brings the reatta
hmentpoint at 6.08h. But the re
ir
ulation length is still too long 
ompared with LES result. The present 
omputationsuggests that the SST model must be employed with 
are for internal 
ow involving separation.Results obtained by the SRBSL model are surprisingly good ex
ept for the developpment of the boundarylayer on the windward side of the hill. The su

ess of the SRBSL model is due to the original BSL model aswell as the swirling revision. The 
omparison between the BSL model and the SRBSL model on the U velo
itypro�les shown in the �gure 8 indi
ate that swirling revision improves the predi
tion mainly in the re
overingregion. It is worthwhile to mention that the swirling revision is 
alibrated by the authors using four di�erentswirling 
ows without referen
ing to the present 
on�guration. The good performan
e of the SRBSL modelindi
ates that the 
ontribution of normal stress anisotropy is not so important in the present 
on�guration.Without losing the main �nding, only the results obtained with the SRBSL model with and without wallfun
tion are submitted to the workshop.Con
lusionsComputations with and without wall fun
tion have been performed for four di�erent models both with k-� andk-! formulations. It is shown that the same wall fun
tion approa
h designed for the k-� mode 
an be appliedas well for the k-! model although the in
uen
e of the wall distan
e seems to be a little bit more important.Better performan
es frequently observed for the k-! based models 
ompared with the k-� based models for thepredi
tion of separated 
ow are preserved when using wall fun
tion. In the present 
on�guration, it is 
ru
ial to
apture the maximum-dissipation-produ
tion region whi
h is lo
ated in the windward side of the hill very 
loseto the wall. It is unlikely possible for a wall fun
tion approa
h to obtain a

urate solution unless it allows to3
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Figure 7: Comparision of U velo
ity pro�les obtained with and without wall fun
tion. NWF in the legend standsfor 
omputation without wall fun
tion.
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lo
ate the �rst grid point mu
h 
lose to the wall in the 
riti
al region.The BSL model with swirling revision is found to be fairly su

essful for the present 
on�guration. Furtherinvestigation on other 
on�gurations is required to 
on�rm its performan
e. On the other hand, the SRSSTmodel tends to overestimate the re
ir
ulation length. The design of the eddy vis
osity limiter for internal 
owfor the SST model has to be revised.AnnexeResults obtained with two Reynolds stress models are also submitted to the workshop. One uses the IP pressure-strain model [10℄, and the other uses the SSG model [11℄. Both have a low Reynolds number version proposed bythe authors [12℄. The streamlines and the U velo
ity pro�les are shown in the �gures 9 and 10 respe
tively. Bothmodels overestimate the re
ir
ulation length. They give a 
orre
t predi
tion on the windward side where all othermodels fail, but give a poor predi
tion elsewhere, espe
ially the separation zone. The good predi
tion at the 
restof the hill leads to a better predi
tion of the velo
ity �eld near the upper wall for the reason mentioned above.We believe that the global poor performan
e of the Reynolds stress model for su
h a frequently en
ountered
ow is the main reason for whi
h it is not widely used in industrial appli
ations even if it 
an provide a betterpredi
tion than the linear eddy-vis
osity model in some 
ow region.A
knowledgementsThe authors gratefully a
knowledge the SNECMA-Moteur Department for their �nan
ial support through the
ontra
t PEA-Titan for the implementation of the k-! models into the N3S-NATUR 
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ity pro�les obtained with the BSL model and the SRBSL model.
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Figure 9: Streamlines predi
ted the RSM-IP and the RSM-SSG model.
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Case 9.2: Description of the Cubic Low-Reynolds k � " Model, the Grid and theMethodB. Merci1, C. De Langhe, K. Lode�er and E. DickGhent University - Dept. of Flow, Heat and Combustion Mechs.Tel.: +/32/9/264.33.14, Fax: +/32/9/264.35.86, E-mail: Bart.Merci@rug.ac.be1 Postdoctoral Fellow of the Fund for Scienti�c Research - Flanders (Belgium) (FWO-Vlaanderen).1 Model DescriptionThe model, which is completely described in [1], consists of a new constitutive law for the Reynolds stresses andan improved " transport equation.1.1 Constitutive LawThe anisotropy tensor a, de�ned as aij = v0iv0jk � 23�ij ; (1)with �ij the Kronecker delta, is expressed in terms of the dimensionless strain rate tensor (S�t) and vorticity tensor(
�t), where �t is the turbulence time scale (de�ned in eq. (4)).The tensors S and 
 are: Sij = 12( @vi@xj + @vj@xi )� 13�ij @vk@xk (2)and 
ij = 12( @vi@xj � @vj@xi ) : (3)The turbulence time scale �t is de�ned as: �t = k" +r ��" : (4)Two following tensor invariants are used:S =p2SijSij ; 
 = p2
ij
ij ; � = �t(S2 +
2)1=2 : (5)The constitutive law is given by:aij = � 2c�f��tSij+ q1�2t (SikSkj � 13�ijSlmSml)+ (q2 + q1=6)�2t (
ikSkj � Sik
kj) (6)+ �3t (c1SmnSnm + c2
mn
nm)Sij+ c3�3t (
ikSklSlj � SikSkl
lj) :The expression for c� is: c� = 1A1 + As� ; (7)1

with A1 = 4 ; As = p3cos� (8)� = 13arccos(p6W ) ; W = 21:5SijSjkSkiS3 : (9)The damping function f� is de�ned as:f� = 1:� exp(�6 10�2pRy � 2 10�4R1:5y � 2 10�8R4y) ; (10)with Ry = �pky� , y being the normal distance from the nearest solid boundary.The coe�cients q1 and q2 are: � q1 = (7 + 2:1�+ 4:2 10�3�3)�1q2 = (10 + 3:6� + 1 10�2�3)�1 (11)The coe�cients ci are:� S � 
 : c1 = c2 = �min(40c4�; 0:15)S < 
 : c1 = c2 = �min(min(600c4�; 0:15); 4f�c�=(
2�2t � S2�2t )) (12)and c3 = �2c1 : (13)Note that for the present 2D case, the term with c3 in (6) is identically equal to zero.1.2 Dissipation rate equationThe transport equation for k is standard:@@t (�k) + @@xj (�kvj ) = �Tij @vj@xi � �" + @@xj [(�+ �t�k ) @k@xj ] ; (14)with the eddy viscosity �t = �c�f�k�t. The transport equation for the dissipation rate is original[1]. It is acombination of the equation in [2] and the one in [3]:@@t (�") + @@xj (�"vj) = (1� fRy )c"1 �Tij @vj@xi�t + fRyC1S�" � c"2f2�" 1�t + @@xj [(�+ �t�" ) @"@xj ] + E : (15)The blending function fRy goes from zero to one as Ry goes from 1000 to 2000:fRy = 12 + 12sin(�2min[max( Ry500 � 3;�1); 1]) : (16)Due to the blending, good results are obtained for free shear 
ows (in particular, the plane jet - round jet anomalyis resolved), as well as for wall-dominated 
ows. The model parameters are as follows:c"1 = 1:44 ; C1 = max(0:43; Sk="5 + Sk=" ) ; (17)c"2 = max(1:83 + 0:075
�t1 + S2�2t ;C2fRy ) ;C2 = 1:9 (18)f2 = 1� 0:22exp(�Re2T36 ) ; Ret = �k�t� ; �" = 1:2 : (19)The source term E has been determined from the standard k � ! model:E = �1:8(1� f�)(�+ �t�" ) @k@xi @��1t@xi : (20)2



2 Grid DescriptionThe structured computational grid consists of 181 � 73 grid nodes. At the upper boundary, the grid points areequidistant. At the lower boundary, the cells are re�ned in the neighbourhood of the top of the hill. The grid linesare orthogonal to the solid boundaries. The cells are re�ned in the vertical direction in the neighbourhood of solidboundaries, so that y+ is lower than 1 everywhere. A part of the mesh is seen in �g. 1.
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HFigure 1: Picture of the computational grid.3 Method DescriptionA �nite volume method is used. The scheme is a second-order AUSM-like discretization, with a dissipation termin the mass equation for stability reasons, as described in [4] and [5]. The method contains preconditioning andmultistage (pseudo-)time stepping towards the steady state solution, with four stages.The boundary conditions are as follows. At the inlet boundary, all quantities are imposed as prescribed, exceptfor static pressure, which is extrapolated from the 
ow �eld. The dissipation rate has been determined from thegiven length scale. At the solid boundaries, zero derivatives are imposed for the static pressure. The velocitycomponents are set to zero. The boundary conditions for the turbulence quantities are turbulence quantities arekw = 0 and "w = 2�(@pk@y )2, where � is the kinematic viscosity and y is the direction normal to the solid boundary.At the outlet boundary, static pressure is imposed and zero axial derivatives are used for all other quantities.References[1] Merci, B. and Dick, E., 'Predictive Capabilities of an Improved Cubic k � " Model for Inert Steady Flows',Flow, Turbulence and Combustion (in press).[2] Merci, B., De Langhe, C., Vierendeels, J. and Dick, E., 'A Quasi-Realizable Cubic Low-Reynolds Eddy-ViscosityTurbulence Model with a New Dissipation Rate Equation', Flow, Turbulence and Combustion, 66(2):133{157,2001.[3] Shih, T.H., Liou, W.W., Shabbir, A., Yang, Z. and Zhu, J., 'A New k � " Eddy Viscosity Model for HighReynolds Number Turbulent Flows', Computers and Fluids, 24(3):227{238, 1995.[4] Vierendeels, J., Merci, B. and Dick, E., 'A Blended AUSM+ Method for All Speeds and All Grid Aspect Ratios',AIAA Journal, 39(12):2278{2282, 2001.[5] Merci, B., Steelant, J., Vierendeels, J., Riemslagh, K. and Dick, E., 'Computational Treatment of Source Termsin Two-Equation Turbulence Models', AIAA Journal, 38(11):2085{2093, 2000.3



Description of the Computations for the Test
Case 10.1
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General Description

A hierarchy of three turbulence models with different levelof sophistication is
applied in this case. This model hierachy consists of a full differential Reynolds
stress model (RSM), an explicit algebraic Reynolds stress model (EARSM) with
a modification included to approximate the advection of the anisotropy tensor
caused by curvature effects, and finally an ordinary EARSM. The eddy viscosity
models are left out of this comparison because the 9th workshop (2001) provided a
plenty of results obtained using various eddy-viscosity models. Both EARSM ver-
sions are coupled with the same scale-determining two-equation model (Menter’sk � ! BSL model), and also in the RSM-level, the dissipation is modelled using
the same! model, for the sake of consistency.

The Flow Solver

For the mean-flow prediction, a Navier-Stokes solver calledFINFLO [1, 2] is uti-
lized. The FINFLO code is developed at the Helsinki University of Technology
in the Laboratory of Aerodynamics. It is based on the finite-volume method and
utilizes structured multi-block grids. The solution method is an implicit time in-
tegration and a multigrid method is used to accelerate convergence. The inviscid
fluxes are evaluated using Roe’s method with MUSCL-type discretization, while
the central-differencing scheme is used in the calculationof the viscous fluxes. No
simplifications, such as the thin-layer approximation, aresubjected to the diffusive
fluxes.
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Computational Grid

Figure 1: Part of the coarser (384 � 128) grid from x=h = 0 to x=h = 4:5. The
whole domain starts fromx=h = �3 and extends up tox=h = 15.

The submitted results are computed utilizing a structured single-block grid of
very high-resolution. This grid consists of768� 256 control volumes in stream-
wise and transverse directions, respectively. The thickness of the first cell is kept
well below 1 iny+ everywhere, typically, it is around 0.2. All computations were
performed also using a coarser (but still quite fine)384 � 128 grid, which is ob-
tained from the fine grid by omitting every other grid line in both directions. These
results are practically identical, except that there are some minor differences in the
leeward side of the hill where the separation occurs. This isowing to somewhat
too coarse streamwise spacing in the384� 128 grid in this particular region.

Turbulence Modelling

Results obtained with three turbulence models are presented:� EARSM WJ: The explicit algebraic Reynolds-stress model of Wallin and
Johansson [3] (without the near-wall modifications) combined with Menter’sk � ! BSL model [4].� EARSM CCWJ: The EARSM of Wallin and Johansson derived for curved
flows using a novel strain-rate based approach [5, 6], and combined with
Menter’sk � ! BSL model
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� RSM: Full differential RSM where the EARSM CCWJ model is derived
from [5, 6]. Dissipation is modelled using the!-model adopted from Menter’sk � ! BSL model.

Explicit Algebraic Reynolds-Stress Models

A general quasilinear Reynolds stress model written for theanisotropy tensora =aij � uiuj=k � (2=3)Æij, where the turbulent kinetic energyk � uiui=2, reads� �Da

Dt �D(a)� = A0 ��A3 + A4P" �a + A1S � (a
�
a)+ A2 �aS + Sa� 23 trfaSgI�� (1)

On the right-hand side, the different physical terms (production, dissipation, and
redistribution) are added together and the resulting termsare sorted according to
their tensorial form.S and
 are the strain-rate and vorticity tensors normalized
by the turbulent time scale� = k=" andA0; : : : ; A4 include the Reynolds stress
model-coefficients.

The corresponding ARSM is obtained in the weak equilibrium limit where the
left hand side of (1) is ignored,i.e. ignoring the advection and diffusion ofa.
This assumption, when invoked in Cartesian coordinate system, may be strongly
violated in curved flows — even in cases where the flow is changing slowly in the
streamwise direction. One must keep in mind, however, that in this flow extremely
rapid streamwise changes take place. Thus, the weak-equilibrium assumption is
likely to be strongly violated in any coordinate system. Nevertheless, it is gen-
erally thought that the best ARSM for curved flows is obtainedby ignoring the
anisotropy advection in a suitable curvilinear coordinatesystem that follows the
flow in some sense. The advection term can be expressed as

Da

Dt = T t � D
Dt(TaT t)�T � �a
(r) �
(r)a� (2)

whereT is the transformation matrix from the inertial Cartesian background
frame to the curvilinear system and
(r) = DT t

Dt T = �T t DT

Dt (3)

The first term on the right-hand side is the material derivative in the curvilinear
system transformed back to the Cartesian system while the last term arises purely
from the curvature of the flow path. In principle, the optimalARSM can be ob-
tained by dropping only the first (differential) term in Eq. (2). The latter term

3

in (2) can be included in the ARSM, in fact, by only modifying the vorticity ten-
sor, since
(r) is of similar tensorial form as
 (skew-symmetry). Redefining the
vorticity tensor as 
� = 
� �A0
(r) (4)

corresponds to assuming the weak equilibrium in the given curvilinear system.
Now, the problem is reduced to finding a suitable curvilinearcoordinate sys-

tem. The most straightforward choice would be to attach the local basis to the
velocity vector. This choice, however, violates Galilean invariance and is thus not
generally acceptable. Galilean invariance could be achieved by using the acceler-
ation coordinates but this method has been recently shown tobe singular [7, 6].
In this study we use the strain-rate based method recently proposed by Wallin and
Johansson [5] which is also Galilean invariant. The rationale behind this method
is to assume that the best approximation for the neglected transport term ofa is
obtained in a system where also the transport effect of the strain rate tensorS has
a minimum. In two-dimensional mean flows, like the present case, this leads to
the formula already earlier suggested by Spalart & Shur [8]
(r)12 = �
(r)21 = �S11 _S12 � S12 _S112(S211 + S212) (5)

The novelty of the Wallin & Johansson method is that, unlike the Spalart & Shur
method, it provides a general formula also for three-dimensional mean flows, see
Refs. [5, 6]. In practice, the singularity of Eq. (5) in non-strained regions must
be removed by introducing a lower limit for the denominator.When the strain-
rate tensor is normalized using the turbulent time scale,10�2 is observed to be a
suitable value for such a lower limit.

The resulting implicit algebraic relation for the Reynoldsstress anisotropya, including the redefinition (4) of the vorticity tensor may be formally solved,
resulting in an EARSM. The set of model coefficients,A1–A4, is given according
to the Wallin & Johansson model [3]. TheA0 coefficient enters only in case of
any contribution from thel.h.s of Eq. (1), which is the case for the curvature
corrected version, and affects the effective vorticity tensor through Eq. (4).A0 is
derived by considering the point of neutral stability for the growth rate in rotating
homogeneous shear flows (see Wallin and Johansson [5]). The coefficients are
given in Table 1.

Table 1: The values of theA-coefficients.A0 A1 A2 A3 A4�0:72 1:20 0 1:80 2:25
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The explicit solution of the Reynolds stress anisotropy fortwo-dimensional
mean flows consists of three tensor groups in terms of the strain- and modified
rotation rate tensors,S and
�a = �1S + �2 �S2 � 13IISI�+ �4 (S
� �
�S) (6)

Furthermore,�2 is identically zero with the present choice of the model coeffi-
cients. The coefficients�1 and�4 are functions of the invariantsIIS = trfS2g,II
 = trf
�2g and are given by Wallin and Johansson [3].

Here, EARSM CCWJ stands for Wallin-Johansson EARSM with theapprox-
imation for the ignored advection term ofa through Eqs. (4) and (5) as described
above. EARSM WJ means the baseline Wallin-Johansson EARSM.Note, that the
near-wall modifications proposed in Ref. [3] are not employed in this study.

The Backgroundk � ! Model

The zonal high Reynolds-numberk � ! BSL model developed by Menter has
been utilized as a background model. This model is thoroughly described in the
Ref. [4], thus its description is not repeated here.

Differential Reynolds-Stress Model

A full differential Reynolds stress model corresponding toEARSM CCWJ is also
tested in order to assess the effect of the ignored transportterms on the EARSM. In
the following, the Reynolds stress model is written directly for the stress compo-
nents unlike Eq. (1), although these formulations are mathematically equivalent.
The Reynolds stress model reads

Du0iu0j

Dt � ��xk  Tijk + � �u0iu0j�xk ! = Pij + �ij � "ij (7)

wherePij is the production term which needs no modelling. Dissipation of each
stress component"ij is split into the deviator and isotropic parts as"ij = "eij + 23"Æij (8)

with " � "ii=2 being the dissipation rate of the turbulent kinetic energy.It is
modeled using Menter’s!-model equation with" = 0:09k!. The deviator of"ij is
lumped together with the redistribution term�ij. The general quasilinear model

5

is adopted for this term�ij" � eij = �12 �C01 + C11 P" � aij + C2Sij+ C32 �aikSkj + Sikakj � 23alkSklÆij�� C42 (aik
kj � 
ikakj) (9)

The model coefficients are set to the values recalibrated by Wallin and Johans-
son [5], and given in Table 2. These values lead to theA-coefficients given in
Table 1, when Eq. (1) is derived from Eq. (7). Although not submitted, a set of
coefficients that is very close to the traditional LRR-modelwas also tested, and
very similar results were obtained.

Table 2: The values of the redistribution model coefficients.C01 C11 C2 C3 C44:6 1:24 0:47 2:0 0:56
The turbulent flux of each stress component is modeled using avery simple

gradient diffusion model Tijk � �k��k� �u0iu0j�xk (10)

with �k adopted from Menter’sk � ! model [4], and�� = 0:09.

Discussion on the Results

At least four major conclusions can be made from the results computed at HUT:

1. Only RSM is able to correctly predict the “very far from equilibrium tur-
bulence” around the hill tops while EARSM WJ and even EARSM CCWJ
failed in this region. This is because rapid streamwise changes are dominant
over curvature effects on the advection term.

2. EARSM CCWJ introduced no improvement over the ordinary EARSM in
this case unlike in some other cases maybe not this far away from the local
equilibrium, e.g. the U-duct flow of Monson & Seegmiller, seeRef. [6].

3. The underlying scale-determining model predicts too slowly thickening shear
layer above the recirculation leading to a delayed reattachment. Judging
from the budgets, this seems to be connected with the underestimated tur-
bulent diffusion. An improvedk � ! model to be used with the EARSM
is currently under development at HUT, and this fault is keptin mind in the
development work.
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4. RSM shows qualitatively incorrect flow structure in the reattachement re-
gion. In contrast to the LES-data, the dividing streamline makes a kink
upstream. This seems to be the case also with many of the RSM-results
seen in the 9th workshop. Further work is needed to discover the reason for
this anomaly.

References

[1] T. Siikonen. An application of Roe’s flux-difference splitting for the k � �

turbulence model.International Journal for Numerical Methods in Fluids,
21(11):1017–1039, 1995.

[2] P. Kaurinkoski and A. Hellsten. FINFLO: the Parallel Multi-Block Flow
Solver. Report A-17, Helsinki University of Technology, Laboratory of Aero-
dynamics, 1998. ISBN 951–22–3940–X.

[3] S. Wallin and A. Johansson. A complete explicit algebraic Reynolds stress
model for incompressible and compressible turbulent flows.Journal of Fluid
Mechanics, 403:89–132, 2000.

[4] F.R. Menter. Two-Equation Eddy-Viscosity Turbulence Models for Engineer-
ing Applications.AIAA Journal, 32(8):1598–1605, 1994.

[5] S. Wallin and A.V. Johansson. Modelling streamline curvature effects in ex-
plicit algebraic Reynolds stress turbulence models.International Journal of
Heat and Fluid Flow, 23(5):721–730, 2002.

[6] A. Hellsten, S. Wallin, and S. Laine. Scrutinizing Curvature Corrections for
Algebraic Reynolds Stress Models. In32nd AIAA Fluid Dynamics Confer-
ence, St. Louis, Missouri, USA, June 2002. AIAA paper 2002–2963.

[7] A. Hellsten. Curvature Corrections for Algebraic Reynolds Stress Modeling:
A discussion.AIAA Journal, 40(9):1909–1911, 2002.

[8] Spalart, P. and Shur, M., “On the Sensitization of Turbulence Models to
Rotation and Curvature,”Aerospace Science and Technology, No. 5, 1997,
pp. 297–302.

7



Application of CFL3D to Case 9.2 (2-D Hill)Christopher L. Rumsey�NASA Langley Research CenterHampton, Virginia 23681-21991 Description of the CodeThe computer code CFL3D [1] solves the three-dimensional, time-dependent, Reynolds averaged compressibleNavier-Stokes equations with an upwind �nite-volume formulation. It can solve 
ows over multiple-zone gridsthat are connected in a one-to-one, patched, or overset manner, and can employ grid sequencing, multigrid,and local time stepping when accelerating convergence to steady state. Upwind-biased spatial di�erencingis used for the inviscid terms, and 
ux limiting is used to obtain smooth solutions in the vicinity of shockwaves, when present. Viscous terms are centrally di�erenced, and cross-di�usion terms are neglected. Forvery low Mach number 
ows, preconditioning [2] is used to insure convergence and accuracy of the solutions.The CFL3D code is advanced in time with an implicit approximate factorization method. The implicitderivatives are written as spatially �rst-order accurate, which results in block tridiagonal inversions for eachsweep. However, for solutions that utilize Roe 
ux-di�erence splitting [3], the block tridiagonal inversionsare further simpli�ed using a diagonal algorithm with a spectral radius scaling of the viscous terms.The turbulence models are solved uncoupled from the mean 
ow equations using implicit approximatefactorization. Their advective terms are solved using �rst-order upwind di�erencing. Many turbulencemodels are available in CFL3D, but only those used in the current study are mentioned here. Descriptionsof the one-equation Spalart-Allmaras (SA) and the two-equation Menter k-! shear-stress transport (SST)turbulence models can be found in their respective references [4, 5], while a more detailed description of theEASM is given in the next section.2 Algebraic Stress ModelsThe turbulent stress tensor for EASM is given by�ij = 23K�ij � 2��t �Sij+�a2a4(SikWkj �WikSkj)�2a3a4�SikSkj � 13SklSlk�ij���; (1)where Sij = [(@ui=@xj) + (@uj=@xi)]=2 and Wij = [(@ui=@xj) � (@uj=@xi)]=2. The nonlinear terms arewithin the brackets [ ]. The component �ij terms are used to close the Reynolds-averaged Navier-Stokesequations (see, e.g., Ref. [6]). The kinematic eddy viscosity ��t is given by��t � C��K� = �K�1; (2)�Senior Research Scientist; Aerodynamics, Aerothermodynamics, and Acoustics Competency.1

with � � 1=!. Thus, �1=� is equivalent to �C��. The value of �1=� is obtained from the solution to thefollowing cubic equation at each point in the 
ow �eld:��1� �3 + p��1� �2 + q ��1� �+ r = 0; (3)where p = � 
�1�2�2
�0 (4)q = 1(2�2�2
�0 )2�
�21 � 2�2�2
�0a1�23�2�2a23 + 2R2�2�2a22� (5)r = 
�1a1(2�2�2
�0)2 : (6)The correct root to choose from this equation is the root with the lowest real part [7]. Also, the degeneratecase when �2 ! 0 must be avoided. See Rumsey and Gatski [8] for further details. In the current imple-mentation, the resulting C�� = �(�1=� ) is limited by C�� = max(C��; 0:0005). The nominal level for C�� in azero-pressure-gradient log layer is approximately 0.09. Other parameters are given by�2 � fS2g = SijSji = SijSij (7)fW2g = WijWji = �WijWij (8)R2 = �fW2gfS2g (9)a1 = 12 �43 � C2� (10)a2 = 12 (2� C4) (11)a3 = 12 (2� C3) (12)a4 = h
�1 � 2
�0 ��1� � �2�2i�1 �: (13)Also, 
�0 = C11=2 (14)
�1 = 12C01 + �C"2 � C"1C"1 � 1 � (15)and C"1 = 1:44, C"2 = 1:83, C01 = 3:4, C11 = 1:8, C2 = 0:36, C3 = 1:25, and C4 = 0:4.The preceding implementation is exactly the same for the EASM-ko (using K-! equations) or EASM-ke(using K-" equations), except that � � K=" for EASM-ke. For EASM-ko, the explicit tensor representationfor �ij is coupled with the following K-! two-equation model:DKDt = P � f��K! + @@xk ��� + ��t�K� @K@xk � (16)2



D!Dt = 
 !K P � �!2 + @@xk ��� + ��t�!� @!@xk � ; (17)where P = ��ij @ui@xj � 2��t �2 (18)and �K = 1, �! = �2=[pC�(� � 
)], � = 0:41, 
 = 0:53, � = 0:83, and C� = 0:0895. Note that for 2-Dincompressible 
ows, P = 2��t �2 is exact. Also, it should be noted that the values of �K and 
 are di�erentthan reported in Rumsey and Gatski [8]. They were changed recently to improve the model's capability forjet-type 
ows (see Georgiadis et al. [9]). The change was found to have relatively small impact for wall-bounded 
ows in general. In the current implementation, P in the K-equation is limited to be less than 20times the destruction term f��K!. The function f�� , taken from from Wilcox [10], is given byf�� = 1 when �k � 0 (19)f�� = 1 + 680�2k1 + 400�2k when �k > 0 (20)�k = C2�!3 @K@xj @!@xj ; (21)where the C2� term in the formula for �k is necessary because ! in the current model does not \absorb" C�as in Wilcox's model.For the EASM-ke two-equation model:DKDt = P � " + @@xk ��� + ��t�K� @K@xk � (22)D"Dt = C"1 "KP � f"C"2 "2K + @@xk ��� + ��t�"� @"@xk � ; (23)where f" = [1 � exp(�ReK=10:8)], ReK = K1=2d=�, �K = 1:0, �" = �2=[pC�(C"2 � C"1)], C"1 = 1:44,C"2 = 1:83, C� = 0:0885, and d is the distance to the nearest wall. Additional wall damping functions(such as f�, to achieve expected asymptotic behavior of the turbulence quantities very near the wall) arenot employed in the current model.The turbulent boundary conditions applied at solid walls are Kw = 0, "w = 2�w(@pK=@n)2w, and!w = 10(6�w)=[�(�n)2], where �n is the distance to the �rst cell center away from the wall. The boundarycondition for !w is from Menter [5]. This boundary condition simulates the analytical behavior of ! nearsolid walls without the need for specifying the solution at interior points.3 Speci�cs of this CaseTo simulate incompressible 
ow, the Mach number for the 2-D hill case was set very low (M=0.001), andpreconditioning was employed. Reynolds number was 10595 per hill height H. For boundary conditions,the lower and upper walls were solid (viscous, adiabatic). Turbulence equations were integrated all theway to the walls. The minumum normal spacing at the lower wall ensured an average minimum y+ ofapproximately 0.25 for the �nest grid, 0.5 on the medium grid, and 1.1 on the coarse grid. The out
owboundary condition set p/pref = 1.0 and extrapolated density and velocity from the interior. The subsonicin
ow boundary speci�ed density, velocity pro�les, and turbulence quantity pro�les (appropriate to eachparticular turbulence model) from the LES data, and extrapolated pressure from the interior.3

The grid extended from x/H=�3 upstream to x/H=15 downstream, with some opening-up of the grid inthe streamwise direction near the out
ow boundary. The �nest-level grid employed 737 streamwise pointsand 193 normal points. There was grid stretching in the normal direction in order to give appropriateminimum spacings near each wall (the minimum spacing near the upper wall was larger than that at thelower wall: on the �ne grid, average minimum y+ for the upper wall was 1.7 while on the lower wall it was0.25).From the grid density study using the EASM-ke model, the separation location (at x/H=0.343 on the�nest grid) converges in a second-order fashion as the grid is re�ned, consistent with second-order globalspatial accuracy of CFL3D. Using extrapolation, the separation point on an in�nitely-re�ned grid would beapproximately x/H=0.340. However, the reattachment location (at x/H=3.704 on the �nest grid) appearsto be converging in only a �rst-order fashion as the grid is re�ned. Using extrapolation, the reattachmentpoint on an in�nitely-re�ned grid would be approximately x/H=3.9 for EASM-ke.SA, SST and EASM-ko each did the best job predicting the onset of separation (between x/H=0.20- 0.24), in good agreement with experiment, but then did a poor job predicting the separation length (itwas greatly overpredicted). EASM-ke predicted the separation onset too late (near x/H=0.34), but it thenpredicted a more reasonable reattachment location and velocity pro�les in the reattachment region. (Notethat it was shown in Rumsey and Gatski [8] that EASM-ke is ill-suited to predict wall-bounded adversepressure gradient 
ows, so it is not surprising that it predicted separation too late.) For this case, there isobviously some question as to whether the simulation of 3-D structures is necessary to predict the physicsof this massively-separated 
ow �eld, once it has separated.References[1] Krist, S. L., Biedron, R. T., and Rumsey, C. L., \CFL3D User's Manual (Version 5.0)," NASA TM-1998-208444, June 1998.[2] Weiss, J. M., and Smith, W. A., \Preconditioning Applied to Variable and Constant Density Flows,"AIAA Journal, Vol. 33, No. 11, 1995, pp. 2050{2057.[3] Roe, P. L., \Approximate Riemann Solvers, Parameter Vectors, and Di�erence Schemes," J. Computa-tional Physics, Vol. 43, 1981, pp. 357{372.[4] Spalart, P. R., and Allmaras, S. R., \A One-Equation Turbulence Model for Aerodynamic Flows," LaRecherche Aerospatiale, No. 1, 1994, pp. 5{21.[5] Menter, F. R., \Two-Equation Eddy-Viscosity Turbulence Models for Engineering Applications," AIAAJournal, Vol. 32, No. 8, 1994, pp. 1598{1605.[6] Gatski, T. B., \Turbulent Flows: Model Equations and Solution Methodology," Handbook of Computa-tional Fluid Mechanics, edited by R. Peyret, Academic Press, London, 1996, pp. 339{415.[7] Jongen, T., and Gatski, T. B., \A Uni�ed Analysis of Planar Homogeneous Turbulence Using Single-PointClosure Equations," Journal of Fluid Mechanics, Vol. 399, 1999, pp. 117{150.[8] Rumsey, C. L., and Gatski, T. B., \Recent Turbulence Model Advances Applied to Multielement AirfoilComputations," J. Aircraft, Vol. 38, No. 5, 2001, pp. 904{910.[9] Georgiadis, N. J., Rumsey, C. L., Yoder, D. A., and Zaman, K. B. M. Q., \E�ects of RANS TurbulenceModeling on Calculation of Lobed Nozzle Flow�elds," AIAA Paper 2003-1271, January 2003.[10] Wilcox, D. W., Turbulence Modeling For CFD, 2nd ed., DCW Industries, La Canada, 1998.4
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Modelling has been done with the commercial CFD software Fluent 6.0. Standard k-  model,
realizable k-  model, Reynolds stress model and SST k-  model have been used with struc-
tured and unstructured grid.

1. TURBULENCE MODELS

In the standard k-  model (Launder & Spalding 1972) the following values of the model con-
stants have been used

(1)

In the realizable k-  model (Shih et al. 1995) the equation for the turbulence kinetic energy is
the same as in the standard k-  model, but the equation for turbulent dissipation is

(2)

where  ,  and . In this model

 is no longer constant, but it is computed from equation

(3)

where ,  and

.

The Reynolds stress model proposed by Launder, Reece and Rodi (1975) has been used. Tur-
bulent diffusive transport has been modelled using a scalar turbulent diffusivity as follows

(4)

where . Pressure-strain term has been modelled using the following decomposition
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(5)

The slow pressure-strain term, , has been modelled using Rotta’s (1951) linear return to
isotropy model and the rapid pressure-strain term, , using the isotropization of production
model (Naot et al. 1970). The wall-reflection term has been determined from the equation

(6)

where C’1=0.5, C’2=0.3, ,  and . The dissipation rate, ,
has been computed similarly as in the standard k-  model, except the production has been eval-
uated directly from the Reynolds stresses

(7)

where ,  and .

SST k-  model (Menter 1994) blends effectively the robust and accurate formulation of the
standard k-  model (Wilcox 1998) in the near-wall region with the free-stream independence
of the standard k-  model in the far field. In the model the equations for the turbulence kinetic
energy and the specific dissipation rate are

(8)

(9)

The turbulent viscosity is computed

(10)

where , , ,  and

.

The blending functions,  and , are given by

(11)
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(14)

(15)

The production of turbulence kinetic energy is defined in the same manner as in the standard k-
 model and the production of specific dissipation rate is

(16)

where , ,

and .

The dissipation of turbulence kinetic energy is

(17)

where

and the dissipation of specific dissipation rate is

(18)

where .

To blend the standard k-  model and the standard k-  model together, the standard k-  model
has been transformed into equations based on k and , which leads to the introduction of a
cross-diffusion term

(19)

Model constants are

(20)

2. BOUNDARY CONDITIONS

Specified inlet conditions have been entered at X/h=-3.

Dω
+

max 2ρ 1
σω 2,
----------- 1

ω
---- ∂k

∂x j
-------- ∂ω

∂x j
-------- 10

20–, 
 =

F2 Φ2
2( )tanh=

Φ2 max 2
k

0.009ωy
--------------------- 500µ

ρy
2ω

-------------,
 
 
 

=

ε

Gω αω
k
----Gk=

α
α∞

α∗
-------

α0 Ret Rω⁄+

1 Ret Rω⁄+
-------------------------------- 

 = α∞ F1α∞ 1, 1 F1–( )α∞ 2,+= α∞ 1,
βi 1,

β∗∞
--------- κ2

σω 1, β∗∞
----------------------–=

α∞ 2,
βi 2,

β∗∞
--------- κ2

σω 2, β∗∞
----------------------–=

Y k ρβ∗ kω=

β∗ β∗∞
4 15⁄ Ret Rβ⁄( )4

+

1 Ret Rβ⁄( )4
+

---------------------------------------------
 
 
 

=

Y ω ρβiω
2

=

βi F1βi 1, 1 F1–( )βi 2,+=

ω ε ε
ω

Dω 2 1 F1–( )ρσω 2,
1
ω
---- ∂k

∂x j
-------- ∂ω

∂x j
--------=

α∗0 0.024= α∗∞, 1 α0, 1
9
--- Rk, 6 Rω, 2.95 Rβ 8=

β∗∞ 0.09 σk,=

,

σω 2.0̇ κ 0.41 βi 1, 0 075 βi 2, 0 0828

σk 1, 1.176 σω 1,, 2.0 σk 2,, 1.0 σω 2,, 1.168 a1, 0.31= = = = =

,=, ,=,=,

= = = =

= =

Enhanced wall treatment have been used with standard k-  model, realizable k-  model, Rey-
nolds stress model. It is a near-wall modelling method that combines a two-layer model with
enhanced wall functions. The demarcation of two regions, where different approaches are used,
is determined by a wall-distance-based, turbulent Reynolds number, Rey, defined as

(21)

where y is interpreted as the distance to the nearest wall

(22)

In the fully turbulent region, =200, the k-  models or the RSM are employed.

In the viscosity-affected near-wall region, , the one-equation model of Wolfshtein
(1969) is employed. The turbulent viscosity is computed from

(23)

where the length scale is computed from

(24)

The two-layer formulation for turbulent viscosity is used as a part of the enhanced wall treat-
ment in which the two-layer definition is smoothly blended with the high-Reynolds-number
definition from outer region (Jongen 1992)

(25)

A blending function  is defined in such a way that it is equal to unity far from walls and zero
very near to walls

(26)

The constant A determines the width of the blending function

(27)

If the whole flow domain is inside the viscosity-affected region, the  field is computed from

(28)

The length scales are computed from Chen and Patel (1988)

(29)

A procedure for the  specification that is similar to the  bending has been used in order to
ensure a smooth transition between algebraically-specified  in the inner region and the  ob-
tained from solution of the transport equation in the outer region.

The constants in the length scale formulas are taken from Chen and Patel (1988)
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(30)

The enhanced wall functions have been derived by blending linear and logarithmic laws of the
wall using a function (Kader 1993)

(31)

where the blending function is given by

(32)

and , , .

3. NUMERICAL METHOD

Fluent solvers are based on the finite volume method. Calculations have been made with dou-
ble-precision, segregated solver. Discretization of convection terms have been done using sec-
ond order upwind scheme. The diffusion terms are discretized using second order central-
differenzing. The basis for pressure-velocity coupling has been the SIMPLE algorithm.

The convergence criterion was the fall of the norm of residuals 5...9 orders of magnitude. In or-
der to obtain a converged solution typically from 15 000 to 60 000 iterations were required.

4. GRIDS

The calculations have been done using both structured and unstructured grid. The basic grids
have been designed at the beginning of the calculation and then they have been refined near the
walls during the computation so that . The structured grid contains 73532 cells and the
unstructured grid 86371 cells. The grids near the hill are shown in Figure 1. The effect of the
grid-spacing on the solution was tested using structured grid and RSM with 299408 cells. Only
near the reattachment point minor differences have been found.
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Figure 1. Calculation grid between X/h=-0.2...2.6 (a) structured grid, (b) unstructured grid.

5. DISCUSSION

The pathlines for the four turbulence models and two grids are shown in Figure 2. All cases give
the separation at the same point. The reattachment length of the RSM is the closest value to the
LES results. Some kind of bulge can be found in the streamline of the RSM near the reattach-
ment. The realizable k-  model has longer separation area than the standard k-  model and the
SST k-  model.

The differences between the results of the standard and realizable k-  model are very little. The
two equation models produce u-velocity values better inside the separation area than the RSM.
After the separation area the u-values near the lower wall calculated using the RSM are too high.
The SST k-  model and the RSM gives v-velocities better than the k-  models. The maximum
values of the normal stresses are underestimated by the RSM. At the lower wall dissipation val-
ues obtained by LES are increasing towards the wall while all used models produce decreasing
values. The k-  models produce small negative u-velocity values at one or two cells near the
lower wall also outside the separation area.

The results of structured and unstructured grids are near each other, but some differences can
be noticed. The use of unstructured grid yielded at few points saw tooth profiles for v-velocity.
The SST k-  model with the structured grid could not model the shape of the turbulence kinetic
energy profiles especially the peak near the upper wall.

ε ε
ω

ε

ω ε

ε

ω



(a) (e)

(b) (f)

(c) (g)

(d) (h)

Figure 2. Pathlines after hill (a) standard k-  model with structured grid, (b) realizable k-
model with structured grid, (c) Reynolds stress model with structured grid, (d) SST k-  model
with structured grid (e) standard k-  model with unstructured grid, (f) realizable k-  model
with unstructured grid, (g) Reynolds stress model with unstructured grid  and (h) SST k-
model with unstructured grid.

2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00

2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00

2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00

2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00
2.00e+00

ε ε
ω

ε ε
ω

REFERENCES

Chen, H. C. and Patel, V. C., Near-Wall Turbulence Models for Complex Flows Including Sep-
aration,AIAA Journal, 26(6):641-648, 1988.

Jongen, T., Simulation and Modelling of Turbulent Incompressible Flows. PhD thesis, EPF
Lausanne, Switzerland, 1992.

Kader B., Temperature and Concentration Profiles in Fully Turbulent Boundary Layers,Int. J.
Heat Mass Transfer, 24(9):1541-1544, 1993.

Launder, B. E., Reece, G. J. and Rodi, W., Progress in the Development of a Reynolds-Stress
Turbulence Closure,J. Fluid Mech., 68(3):537-566, 1975.

Launder, B. E. and Spalding, D. B., Lectures in Mathematical Models of Turbulence. Academic
Press, London, England, 1972.

Menter, F. R., Two-Equation Eddy-Viscosity Turbulence Models for Engineering Applications,
AIAA Journal, 32(8):1598-1605, 1994.

Naot, D., Shavit, A. and Wolfshtein, M., Interactions Between Components of the Turbulent
Velocity Correlation Tensor Due to Pressure Fluctuations,Israel J. Technol, 8:259-269, 1970.

Rotta, J. C., Statistische Theorie nichthomogener Turbulenz,Z. Phys, 129:547-572, 1951.

Shih, T. H., Liou, W. W., Shabbir, A. and Zhu, J., A New k-  Eddy-Viscosity Model for High
Reynolds Number Turbulent Flows - Model Development and Validation,Computers Fluids,
24(3):227-238, 1995.

Wilcox, D. C., Turbulence Modeling for CFD. DCW Industries, Inc., La Canada, California,
1998.

Wolfshtein, M., The Velocity and Temperature Distribution of One-Dimensional Flow with
Turbulence Augmentation and Pressure Gradient,Int. J. Heat Mass Transfer, 12:301-318,
1969.

ε



43wk Hufriwdf2LDKU Zrunvkrs rq
Uh�qhg Wxuexohqfh Prghoolqj1
Fdvh <15
M1F1 Xuleh4/ G1 Odxuhqfh4>5
4XPLVW 0 Wxuexohqfh Phfkdqlfv dqg FIG Uhvhdufk jurxs1
SR Er{ ;; Pdqfkhvwhu P93 4TG XN1 hpdlo= M1xulehCxplvw1df1xn
5 HGI0 Hohfwulflwh gh Iudqfh/ Phfdqltxh ghv Ioxlghv hw Wudqvihwv Wkhupltxhv
Ghsduwphqw/ Fkdwhdx/ Iudqfh
4 Lqwurgxfwlrq
Wkh fdvh <15 zdv frpsxwhg xvlqj wkh Frgh Vdwxuqh/ ghyhorshg dw HGI dqg prgl�hg
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rq froorfdwhg fhoo fhqwhuhg vwrudjh dqg wkh wlph dgydqfhphqw xvhv d Uklh dqg Fkrz
�owhu rq wkh surmhfwlrq vwhs ri wkh suhvvxuh ^4`
5 Prgho
Wkh �frgh iulhqgo|� yhuvlrq ri wkh Y5i prgho ^5` zdv xvhg lq wkh frpsxwdwlrqv1

Wklv sduwlfxodu yduldwlrq ri wkh prgho zdv fkrvhq ehfdxvh lw grhv qrw uhtxluh d
frxsolqj lq wkh erxqgdu| frqglwlrqv ehwzhhq v2 dqg s� Wklv lv dfklhyhg e| pdnlqj
d fkdqjh ri yduldeohv iurp wkh ruljlqdo irup zklfk doorzv rqh wr wdnh d vlpsoh
erxqgdu| frqglwlrq dw wkh zdoo1 Wkh ixqfwlrq lv wkxv h{suhvvhg dv =
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6 Phvk
Wkh uhvxowv suhvhqwhg zhuh rewdlqhg diwhu d julg ghshqghqfh vwxg|/ zlwk d �qdo
eorfn vwuxfwxuhg phvk zlwk 75633 +483{5;5{4, frqwuro yroxphv ehlqj hpsor|hg1 Wkh
h{sdqvlrq udwlr lq wkh yhuwlfdo gluhfwlrq zdv 4138 dqg wkh pd{lpxp qrqglphqvlrqdo
glvwdqfh ri wkh �uvw fhoo fhqwuh iurp wkh zdoo zdv +n ' f�2.� Qr zdoo ixqfwlrqv zhuh
xvhg dv wkh prgho lv ghvljqhg wr uhvroyh wkh ylvfrxv d�hfwhg qhdu zdoo od|hu1

Wkh frpsxwdwlrqdo grpdlq lv suhvhqwhg lq Iljxuh 41

Iljxuh 4= Julg xvlqj 483{5;5 hohphqwv
dqg d forvh xs ri wkh phvk fdq eh vhhq lq Iljxuh 51
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Iljxuh 5= ]rrp vkrzlqj wkh glvwulexwlrq ri wkh hohphqwv1

7 Erxqgdu| frqglwlrqv
Iru wkh lqohw dqg rxwohw/ wzr dssurdfkhv kdyh ehhq xvhg1 Lq wkh �uvw/ wkh lqohw sur�ohv
rewdlqhg iurp wkh OHV gdwd dydlodeoh ^6` zhuh xvhg iru Lc Tc &c 0c v2 dqg iru sc wkh
frqglwlrq Ys

Y? ' f zdv xvhg1 Wkh rxwohw erxqgdu| zdv wuhdwhg zlwk }hur judglhqw
frqglwlrqv1 Lq wkh vhfrqg dssurdfk +Fdvh <15/ <wk HUFRIWDF2 LDKU2 FRVW
Zrunvkrs1 Gdupvwdg/ Jhupdq|, ixoo| shulrglf frqglwlrqv zhuh dssolhg ehwzhhq wkh
lqohw dqg wkh rxwohw erxqgdulhv1

Wkh zdoo erxqgdu| frqglwlrqv lqyroyhg lpsrvlqj doo yduldeohv dv }hur iru doo wkh
yduldeohv h{fhsw iru 0c zkhuh wkh vwdqgdug ydoxh ri 0� ' 2D &

+2 zdv xvhg1
8 Qxphulfdo Phwkrg
Doo wkh yduldeohv duh vwruhg lq wkh fhqwuh ri judylw| ri wkh fhoov/ dqg wkh prphqwxp
htxdwlrqv duh vroyhg e| frqvlghulqj dq h{solflw pdvv  x{1 Yhorflw| dqg suhvvxuh duh
frxsohg e| d suhglfwlrq2fruuhfwlrq phwkrg zlwk d VLPSOHF dojrulwkp ^7`1 Wkh
frqmxjdwhg judglhqw phwkrg lv xvhg wr vroyh wkh Srlvvrq htxdwlrq iru wkh suhvvxuh
dqg wkh vfdodu s 1 Dq xszlqg �uvw rughu vfkhph lv xvhg iru wkh glvfuhwl}dwlrq ri doo
wkh wxuexohqw yduldeohv dqg d vhfrqg rughu fhqwhuhg vfkhph lv xvhg iru wkh yhorflw|
frpsrqhqwv
9 Uhvxowv
Wkh vwuhdpolqhv iru wkh qrq0shulrglf fdofxodwlrq duh suhvhqwhg lq Iljxuh 61 Diwhu
wkh �uvw kloo wkh  rz vhsdudwhv dw 316<k dqg lw uhdwwdfkhv dw 61:4k jlylqj d vpdoohu
uhflufxodwlrq }rqh frpsduhg zlwk wkh OHV gdwd1 Diwhu wkh vhfrqg kloo/ wkh  rz
vhsdudwhv dw 316;k diwhu wkh wrs ri wkh kloo dqg lw uhdwwdfkhv dw 6198k1

Vwuhdpolqhv iru wkh shulrg fdvh duh vkrzq lq Iljxuh 71 Wkh vhsdudwlrq srlqw lv
3168k dqg wkh uhdwwdfkphqw srlqw lv 7167k zklfk jlyhv d orqjhu uhflufxodwlrq }rqh
frpsduhg wr wkh grxeoh kloo fdvh/ exw vwloo vpdoohu wkdq wkh OHV fdofxodwlrq1

Wkh yhorflw| sur�ohv duh vkrzq lq Iljxuh 8 dqg duh frpsduhg zlwk wkh OHV gdwd

6

Iljxuh 6= Vwuhdpolqhv iru wkh frgh iulhqgo| y5i prgho

Iljxuh 7= Vwuhdpolqhv iru wkh shulrglf kloov fdvh1

dqg wkh uhvxowv rewdlqhg ri wkh fdofxodwlrq iru wkh shulrglf kloov fdvh1 Lw lv lpsruwdqw
wr qrwh wkdw wkh qrq0shulrglf wuhdwphqw uhvxowv lq dq hduolhu uhdwwdfkphqw +Iljxuh
43,1 Rq wkh wrs ri wkh kloo/ wkh qrq0shulrglf suhglfwlrqv vhhp wr eh forvhu wr wkh
OHV gdwd +Iljxuh <, exw ri frxuvh/ wklv lv sduwo| d uh hfwlrq ri wkh lqohw frqglwlrqv
ehlqj dssolhg wr pdwfk wkh OHV lq wklv fdvh1

Iljxuh 8= Yhorflw| sur�ohv
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Iljxuh 91 Yhorflw| sur�ohv dw %*� ' f�fD Iljxuh :1 Yhorflw| sur�ohv dw %*� ' e
Dqrwkhu lpsruwdqw frpsdulvrq lv wkh wxuexohqw nlqhwlf hqhuj|/ dv lw lv vkrzq lq

Iljxuh ;1
Dv fdq eh vhhq iurp wkh �jxuh/ wkh shdn lq wkh nlqhwlf hqhuj| lv xqghu suhglfwhg

lq erwk fdvhv/ exw rq wrs ri wkh kloo wkh shulrglf fdvh jlyhv d orzhu ohyho ri nlqhwlf
hqhuj|/ frpsduhg wr wkh qrq0shulrglf fdvh1 Wkh orzhu ohyho ri wxuexohqw hqhuj| +dqg
khqfh ylvfrvlw|, uhvxow lq uhflufxodwlrq }rqh ri wkh shulrglf fdvh ehlqj odujhu wkdq
wkh qrq0shulrglf rqh1

Iljxuh ;= Nlqhwlf hqhuj| sur�ohv1
Lq Iljxuhv < dqg 43 wkh sur�ohv ri wkh vkhdu vwuhvv �� duh vkrzq iru wzr vhfwlrqv/

%*� ' f�fD dqg %*� ' H 1 Wklv frpsdulvrq vkrzv krz wkh kljk ohyho ri vkhdu
vwuhvv ehiruh wkh kloo surgxfhv d zurqj sur�oh rq wkh wrs ri wkh kloo/ uhvxowlqj lq wkh
gl�huhqfh rq wkh yhorflw| sur�oh dw wkh wrs ri wkh kloo +Iru wkh shulrglf fdvh,1 Wklv
lv frqvlvwhqw zlwk wkh uhvxowv suhvhqwhg rq ^6` zlwk rwkhu 0 0edvhg prghov1

Vlqfh lq wkh qrq0shulrglf fdvh/ wkh lqohw sur�oh lv jlyhq e| wkh OHV gdwd/ djuhh0
phqw zlwk wkh gdwd lv h{shfwhg wr eh ehwwhu wkdq lq wkh shulrglf fdvh/ vshfldoo| dw

8

wkh wrs ri wkh kloo zkhuh wkh yhorflw| sur�oh lv lq ehwwhu djuhhphqw gxh wr d ehwwhu
ohyho ri wxuexohqw hqhuj|1 Lq wkh shulrglf fdvh/ wkh wxuexohqfh ohyhov dw wkh wrs ri
wkh kloo duh qrw frqvwudlqhg e| lqohw ydoxhv/ ehfdxvh ri wkh shulrglflw|/ dqg wklv ohdgv
wr orzhu ohyhov dqg d zruvh yhorflw| sur�oh dw wkh wrs ri wkh kloo1

Iljxuh <= Sur�oh iru �� dw %*� ' f�fD Iljxuh 43= Sur�oh iru �� dw %*� ' H
Uhihuhqfhv
^4` Uklh F1P1/ Fkrz Z1O1/ Qxphulfdo vwxg| ri wkh wxuexohqw  rz sdvw dq dluirlo

zlwk wudlolqj hgjh vhsdudwlrq/ DLDD Mrxuqdo/ Yro 54044/ ss1485804865 +4<;6,1
^5` Olhq I1 V1/ Gxuelq S1 D1 Qrq olqhdu & � 0 � v2 prgholqj zlwk dssolfdwlrq wr

kljk oliw1 Fhqwhu Iru Wxuexohqw Uhvhdufk/ Surfhhglqjv ri wkh Vxpphu Surjudp
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Case 9.4: (Ahmed body)Flow around a simpli�ed 
ar bodyLES with wall fun
tionsC. Hinterberger, M. Gar
ía-Villalba, W. RodiInstitut für Hydrome
hanik, Universität KarlsruheKaiserstraÿe 12, 76128, Germanyhinterberger�ifh.uni-karlsruhe.deMethod� LESOCC2�Code (Large Eddy Simulation on Curvilinear Coordinates)� Finite-Volume, Hexaedra, stru
tured, body �tted multi blo
k grid� Collo
ated arrangement, Rhie and Chow momentum interpolation� SIMPLE method for velo
ity pressure 
oupling� Pressure 
orre
tion equation solved with SIP� Runge-Kutta time stepping, pressure equation is solved only in last substep,se
ond order� Fluxes (
onve
tive and di�usive) dis
retized with se
ond order 
entral dif-feren
es� Parallelization by domain de
omposition using MPIParameters� Flow parameters:Experiment: Ub = 40[m=s℄, L = 1:044[m℄, Re = U � L=� = 2784000Simulation: U�b = 1, L� = 1:044, 1=�� = Re=(U�b � L�)� Size of 
omputational domain: [�2:3; 5℄� [�0:935; 0:935℄� [0; 1:4℄� Grid: 214 blo
ks, 18:5 � 106 
ells� Subgrid s
ale model: Smagorinsky model, CS = 0:13

� Boundary 
onditions:In�ow boundary at x = �2:3[m℄, 
onstant in�ow with Uin = Ub = 40[m=s℄Conve
tive out�ow boundary at x = 5[m℄Logarithmi
 law of the wall is applied at the walls of the ahmed body andat the bottom of the 
hannelSlip boundaries at the top and the sides of the 
hannel� Adaptive time stepping with maximum Courant number = 0:6, �t� �1:3 � 10�4 (�t � 3 � 10�6[s℄)� Averaging time: T � � 4:5 (T � 0:11[s℄)� Simulations were performed using 2*64 pro
essors on the IBM SP-SMP(Power3) of the University Computing Center Karlsruhe. Ea
h at a 
ost ofapproximatly 30 000 CPU hours.

Blo
k stru
ture and Grid
Figure 1: blo
k stru
ture (blo
ks plotted only in one half of the domain)



Figure 2: Cut in x� z dire
tion through the grid. (35Æ slant angle)

Figure 3: Cut in x� y dire
tion through the grid.

Figure 4: Cut in y � z dire
tion through the grid.
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CASE 10.3: Flow around a simplified car body
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Description of the Model and Computational Method
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1 Introduction
In terms of fluid dynamics, road vehicles are bluff bodies in very close proximityto the ground. Their external ge-
ometry is very complex. The flow over a vehicle is fully three-dimensional and boundary layers are turbulent. Flow
separation is common, and may be followed by reattachment. Large turbulent wakes are formed at the rear, and in
many cases they interact with longitudinal vortices shed from the aftbody. As is typical for bluff bodies, drag is
primarily pressure drag. Accordingly, the avoidance of separation or, ifthis is not possible, its control is among the
main objectives of vehicles aerodynamics.
To understand these flow phenomena and to study their interaction in detail, simplified car shapes of reduced ge-
ometrical complexity have been studied experimentally by Ahmed et al. (1984) and more recently by Lienhart et
al. (2000). These experiments provide detailed experimental data that may be very useful in validating CFD codes
and turbulence models for vehicle external aerodynamics.

2 Numerical Methods
The flow around the Ahmed body was studied using the HEXANS CFD code developed by NUMECAand VUB
(Vrije Universiteit Brussel). HEXANS is a new unstructured hexahedral adaptive flow solver, Delanayeet al.
(2002).
The spatial discretization method is based on cell centered finite volume approach. The advective fluxes across a
face are computed by flux averaging with added artificial dissipation, Jameson (1995). The latter results in a blend
of second and fourth order dissipation terms. A pressure switch triggers the second order dissipation factor in dis-
continuities or in regions of high flow gradients to avoid large amplitude oscillations.
The viscous fluxes require the computation of temperature and velocity gradients on the cell faces. For this pur-
pose, a diamond control volume is created around each face and consists of two pyramidal elements. Each of which
is formed by the face itself, and the left and right cell center as opposite summit respectively. For this purpose, the
solution at the vertices is interpolated from the values stored in the cell.
An explicit Runge-Kutta scheme integrates the discretized set of equations in time to reach the steady state.Con-
vergence acceleration is obtained through local time stepping and multigrid acceleration. In the multigrid approach,
the creation of coarse grid levels is tightly coupled with mesh geometry and flow adaptation.
To deal with low Mach number flow or incompressible flow, the preconditioning methodology developed by Hak-
imi (1997) is used. It is derived from the artificial compressibility method introduced for incompressible flows by
Chorin.

3 Flow adaptation
In the unstructured adaptive solver, mesh adaptation is performed automatically.The basic structure of an adaptive
solution procedure consists of:
• Calculation of the solution on the coarse grid
• Identification of the cells to be refined and the cells to be removed
• Refinement or removal of the flagged cells

Anisotropic refinement allows cells to be split in 2,4 or 8 subcells. To ensure mesh quality, refinement flags are
propagated so to permit only one hanging node per edge. Furthermore, "islands and voids" in the mesh are prevent-
ed. A hierarchical mesh coarsening technique has also been integrated.
Mesh adaptation is governed by criteria based on flow physics, geometry particularities or a simple error estimator.
The first type are flow feature sensors aimed at the detection of regions where significant flow variations exist. The
choice of appropriate feature detection parameters is guided by the physical nature of the flow. Various criteria
based on flow physics are used. Undivided and divided differences of the velocity magnitude as well asvorticity
are used to capture viscous effects.

4 Turbulence Modelling
The low-Reynolds k-ε turbulence model of Yang-Shih (1992), (1993) has been used to simulate the flow around
the 25° Ahmed body.
Two additional equations are solved for the turbulent kinetic energy k and the turbulent dissipation rateε.

(1)

(2)

where is the turbulence production, is the turbulent time scale and , is a term specific to the Yang-Shih
model. Denoting the trace of a matrix product by , the production term is definedby:

(3)

where is the turbulent Reynolds stress tensor and is the mean flow strain tensor. The Reynolds
stresses and the velocity gradients are related through the Boussinesq hypothesis:

(4)

being the identity matrix. The turbulent time scale and the term are defined according to Yang and Shih:

(5)

The turbulent constants are those given as follows:

, , , and (6)

The turbulent eddy viscosity is defined by a Kolmogorov-Prandtl type formula:

(7)

In the original version of this model, used here, the damping function was defined by Yang and Shih as a func-
tion of the Reynolds number based upon the distance to the wall, :

with (8)

where the constants are given by:

, , (9)
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5 Computational domain and boundary conditions
For the current simulation, only half of the body is considered. A symmetry plane is used at y=0[mm]. This results
in a cross section of 935*1400[mm]. The recommendation of ERCOFTAC for the extension behind thecar has
been followed, to define the length of the domain. Therefore the grid ends five body length behind the rear of the
body. The domain starts 2100[mm] in front of the body in order to match the experimental profiles at 400[mm]
upstream. The stilts, on which the model is supported in the wind tunnel experiments, werenot included in the com-
putational grid.
At the inlet, the x-component of the velocity is constant and equals to 40m/s. Theturbulent quantities are initialised
based on the assumption that the fractional intensity Tu is 1% and the viscosity ratio is 1.
Smooth wall boundary conditions were used for the ground and the Ahmed body. Since a low-Reynolds turbulence
model was used in the present simulation, the first mesh point has to be characterisedby a of ~1.

The initial grid has been generated using the unstructured mesh generator HEXPRESSTM, Delanayeet al. (2002).
It consists of 470770 cells and is illustrated in figure 1.

Figure 1. Initial mesh: ~471000 cells

Using the adaptation module available in HEXANS, two anisotropic refinements have been performed, based on
the flow solution obtained on the initial grid. A first adaptation is performed in the slant region as well as in the
wake. After one adaptation, the mesh consists of 756190 cells, as illustrated in fig.2.

Figure 2. Mesh after 1 refinement: ~756000 cells

Once the steady solution is obtained, a second adaptation is performed in the slant region. After these two adapta-
tions, the mesh consists of 814528 cells and is illustrated in fig. 3. During the workshop, only the results obtained
on this final mesh will be presented.

y
+

Figure 3. Final mesh: ~815000 cells

6 Results
Since between each local adaptation a steady state solution is obtained, these solutions can be compared in order
to evaluate the accuracy gain brought by the adaptation and in order to check the grid independency of the final
solution. Figure 4 presents the velocity evolution at different positions along the slant.

Figure 4. Velocity profiles [Slant x=-243, -103(mm)]



Figure 5. Velocity profiles [Slant x=-3mm]

From figure 4 and 5, we see that for the x-component of velocity, the solution obtained after one or two adaptation
is equivalent. For the z-component of velocity, the solution is improved by grid adaptation, especially at the rear
end of the slant.
In figure 6, the same comparison is shown for the velocity profiles in the wake region, x=38mm.

Figure 6. Velocity profiles [x=38mm]

7 Conclusions
The results presented are preliminary results. We can notice that the simulation with the low-Reynolds k-ε turbu-
lence does not predict the recirculation on a level with the slant. The streamwise distribution of nodes near the slant
edges has to be increased in order to capture velocity and pressure gradients accurately.
Some additional adaptations will have to performed in order to check the grid independency of thesolution. Some
other turbulence models, as Spalart-Allmaras will be tested and the results will be compared to the present ones.
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1 Numeri
al methodsThe 
omputations of all 
ases have been performed using the in-house version of theX-STREAM CFD 
ode, developed jointly by the TNO-TPD and the Thermo
uidsse
tion of TU Delft. The 
ode has a �nite-volume solver for stru
tured, multi-blo
knon-orthogonal, 
urvilinear grid, with 
ollo
ated data arrangement.The 
onve
tion was dis
retised by a hybrid s
heme with a high (over 60%) of
entral di�eren
ing. The di�usion is approximated using full 
entral di�eren
ings
heme. The overall solution pro
edure is iterative and is based on the SIMPLE-like segregated algorithm whi
h ensures 
oupling between velo
ity and pressure�elds. The X-STREAM is written in Fortran 90 and is fully parallelized.2 Turbulen
e modelsThe 
omputations of the 
ow over the Ahmed 
ar model were performed by threeturbulen
e models: the standard linear k� " model, k� "� �2 
ombined with wallfun
tions (hen
e denoted as k � " � �2 +WF and the Reynolds stress model +WF, with the Speziale, Sarkar and Gatski (1991) pressure-strain model and themodi�
ation of the " equation (Sl term of Hanjali�
 and Jakirli�
, 1998).2.1 The k-"-v2-f ellipti
 relaxation modelDurbin's k-"-v2-f ellipti
 relaxation model retains the standard linear stress-strainrelation uiuj = 23kÆij � �tSij (1)where Sij = 12 ��Ui�xj + �Uj�xi � is the mean rate of strain. The eddy vis
osity is de�nedas: �t = C�v2T (2)where T is the 
hara
teristi
 turbulent time s
ale de�ed for high Re-number 
owsas T = k=". Hen
e, �t is de�ned in terms of three turbulen
e properties, k, v2 and", whi
h are provided from solutions of separate transport equations:DkDt = P � "+r � ((� + �T )rk) (3)D"Dt = C 0"1P � C"2"T +r ��(� + �T�" )r"� (4)Dv2Dt = kf � v2k "+r � �(� + �T )rv2� (5)where P = 2�TSijSij is the produ
tion of turbulen
e kineti
 energy, v2 is anothers
alar whi
h 
an be identi�ed with the wall-normal turbulent stress in 
lose vi
inityof a solid wall, and f is the ellipti
 relaxation fun
tion. The latter is obtained fromthe solution of the ellipti
 relaxation equation in the formL(f) = (C1 � 1)(2=3� v2=k)T + C2Pk (6)The operator L(f) takes di�erent forms depending on the model variant. Theoriginal and the simplest form is:L(f) = f � L2r2f (7)



The turbulent time and length s
ales appearing in the above equations takethe 
onventional de�nitions away from a wall, but lower bounds are imposed byKolmogorov s
ales - be
oming e�e
tive very 
lose to a wall. These bounds aresupposed to a

ount for vis
osity e�e
ts and prevent numeri
al singularities at thewall: T = max�k" ;CT ��"� 14�; L = CLmax k 32" ;C� ��3" � 14!;C� = 0:22; C"1 = 1:4; C"2 = 1:9; �" = 1:3C 0"1 = C"1  1 + �� kv2� 12!C1 = 1:4; C2 = 0:3; CL = 0:22C� = 85:0; CT = 6:0; � = 0:045The wall boundary 
onditions are: Ui = 0; k = 0; v2 = 0; " = 2�ky2 ; f = � 20�2v2" y4Note that the wall boundary 
onditions for f originates from the exa
t balan
e ofterms in v2 equation at the wall for the spe
i�
 formulation of the pressure-strainterm of Durbin. Its form 
an 
ause numeri
al instability if the �rst grid point is too
lose to a wall. Di�erent, more robust alternatives have been proposed, e.g. Lienand Durbin [3℄ reformulated the sour
e term in the v2 equation that leads to f = 0at the wall, but the quality of predi
tions were generally inferior to the originalformulation.2.2 The k�"�v2�f model in 
onjun
tion withWall Fun
tionsWhile the k-"-v2 model returns good predi
tions of di�erent generi
 
ows, its ap-pli
ation to 
omplex high Reynolds 
ows may still not be feasible. Either theintegration to the wall - requiring still a �ne mesh in the near-wall region - may betoo expensive and time 
onsuming, or it may be diÆ
ult to assure that the nearestgrid point is suÆ
iently 
lose to the wall (e.g. y+ � 6) over all bounding surfa
es.In su
h 
ases, the use of wall fun
tions may be unavoidable. Notwithstanding thefa
t that the optimum and universal wall fun
tions are still not available, the idea ofusing wall fun
tions with improved turbulen
e models is appealing. For that reasonwe 
onsidered the possibility of 
ombining the k-"-v2-f model with the standardWF.This hybrid approa
h implies that both options should be available in the CFD
ode and ea
h model will be
ome a
tive depending on the wall distan
e of the �rstgrid point. The 
riterion for swit
hing from one to another model 
an be expressedin terms of y+ of turbulen
e Reynolds number. The �rst prerequisite for su
h ahybrid approa
h is to derive wall fun
tions for the k-"-v2 model, and this is outlinedbelow.We adopted here the standard wall-fun
tion treatment of velo
ity, k and " andderived analogue wall fun
tions for the new variables v2 and f . For the �rst wesimply assume that v2=k = 0:25. For f we solve a priori analyti
ally the one-dimensional ellipti
 relaxation equation for f (6) by inserting the variables in theright hand side from the near-wall 
onstant-stress equilibrium 
onstraints used informulating the standard wall fun
tions, i.e. k(y) = U2� =C1=2� , " = U3� =�y, �t =��U�y, � = k=" and L = CLk3=2=". This yields the expression for the normalisedf (f+ = f�=U2� ) in terms of y+, whi
h 
an serve as a wall fun
tion for f :f+ = 0:697 1y+ + Cb1y+(�1:56) + Cb2y+(2:564) (8)

Figure 1: f derived from DNS data for di�erent Re numbers (DNS data Kim, Moinand Moser (1987))The last term in Eq.8 in
uen
es only the slope of the 
urve in the region y+ > 200and hen
e it 
an be negle
ted.The 
oeÆ
ients Cb1 and Cb2 should be evaluated from referen
e DNS or ex-perimental data. It is un
ertain at present whether equation (8) would have auniversal 
hara
ter. Evaluation from DNS data for a fully developed plane 
hannel
ow (Moser, Kim and Moin [4℄) show some Re-number dependen
e, as shown inFig 1), though this dependen
e seem to diminish with an in
rease in Re number,hopefully leading to a unique solution, at least for 
hannel 
ows. For Re� = 595the DNS data yield the following 
oeÆ
ients: Cb1 = 0:7 and Cb2 = 4:4.2.3 Di�erential Se
ond-moment Closures (DSM)In the Di�erential Se
ond-Moment 
losure (DSM) (Re-stress models), the turbulentstress tensor uiuj is obtained dire
tly from the the modelled di�erential transportequation, whi
h is solved together with the transport equation for turbulen
e energydissipation " or an other s
ale-providing equation. For in
ompressible 
ow, the uiujequation 
an be written asDuiujDt = ��uiuk �Uj�xk + ujuk �Ui�xk�+ ��xk �� �uiuj�xk �+Dtij +�ij � "ij (9)whereDtij = ��xk (�uiujuk) �ij = �1� �ui �p�xj + uj �p�xi� "ij = 2� �ui�xk �uj�xkrepresenting respe
tively the turbulent velo
ity di�usion, velo
ity-pressure 
orrela-tion and vis
ous stress dissipation, remain to be modelled.We used a high-Re-numberDSM with wall fun
tions, in whi
h �ij is de�nedas a quasi-linear expression in term of stress anisotropy aij and mean 
ow strain-rate and vorti
ity, Sij and 
ij , proposed by Speziale, Sarkar and Gatski [5℄, hen
edenoted as DNS-SSG. In this model, the velo
ity - pressure-gradient 
orrelation �ijis �rst de
omposed in the 
onventional way into pressure - strain �ij and pressuredi�usion Dpij , i.e �ij = �ij +Dpij . The latter is presumed to be lumped with Dtij ,while �ij is modelled a

ording to Speziale at al.�ij = �C1"aij � C 01"(aikajk � 13A2Æij)� C 02Paij + C3kSij +C4k(aikSjk + ajkSik � 23aklSklÆij) + C5k(aik
jk + ajk
ik) (10)



where C1 = 1:7, C 01 = �1:05, C2 = 0:9, C4 = 0:625, C5 = 0:2, C3 = 0:8 �0:625A1=22 , and A2 = amnamn.The stress dissipation tensor is modelled in the 
onventional manner as"ij = 23"Æij (11)The dissipation rate " is obtained from the high-Re-number " equation, modi�edwith an extra term Sl to 
ontrol the length-s
ale growth (Hanjali�
 and Jakirli�
1998). D"Dt = ��xk �C" k"ukul �"�xl�+ (C"1P � C"2") "k + Sl (12)where Sl = max("� 1Cl �l�xn�2 � 1#� 1Cl �l�xn�2 ; 0) ""k A (13)and l = k3=2=" is the turbulen
e length s
ale and Cl = 2:5.3 Computation gridsTwo meshes were used for the 
omputation of the 
ow around the Ahmed 
armodel: the 
oarse mesh with 490k 
ells 
onsists of 33 blo
ks, and the �ne meshwith 820k 
ells 
onsisting of of 73 blo
ks. Both grids are 
lustered in the vi
inityof the body surfa
e. The �ne mesh was used only for the 
omputations with thestandard k � " model, whereas the other two models (the Reynolds Stress (SSG)and k� "� �02 +WF ) were solved only on the 
oarse mesh. The wall-nearest gridpoint for 
oarse mesh was y+ = 17, for �ne mesh y+ = 11.Referen
es[1℄ Durbin (1991), P. A. Near-wall turbulen
e 
losure model without dampingfun
tions. Theoreti
al and Computational Fluid Dynami
s, 3, 1.[2℄ Hanjali�
, K. and Jakirli�
, S. (1998) Contribution towards the se
ond-moment
losure modelling of separating turbulent 
ows Computers and Fluids, 27, 2,:137-156.[3℄ Lien, F.S. and P.A. Durbin (1996) Non-linear k-"- v2 modelling with appli-
ation to high lift. Pro
. Summer Program, Center for Turbulen
e Resear
h,NASA Ames/Stanford Univ., 5-22.[4℄ R. D.Moser, J. Kim, P. Moin (1999). Dire
t numeri
al simulation of turbulent
hannel 
ow up to Re� = 590. Phys. Fluids, Vol. 11, No 4, pp 943-945.[5℄ Speziale, S. C., Sarkar, S. and Gatski, T.B. (1991). Modelling a pressure-strain
orrelation of turbulen
e: an invariant dynami
al systems approa
h. J.FluidMe
h. 227, 245-272



Computational Methods Applied to the Study of FlowAround a Simpli�ed �Ahmed� Car Body (Case 9.4)T. J. Craft, S. E. Gant, H. Ia
ovides, B. E. Launderand C. M. E. RobinsonUMIST, Man
hester, UKA number of RANS simulations of �ow around the �Ahmed� body have been undertakenfor the 10th Joint ERCOFTAC(SIG-15)-IAHR-QNET/CFD Workshop on Re�ned Turbulen
eModelling. These 
al
ulations form part of a detailed study of vehi
le aerodynami
s supported bythe European Union BRITE/EURAM Models for Vehi
le Aerodynami
s (MOVA) proje
t (BE-97-4043). The simulations have involved three di�erent turbulen
e models: a linear k � " model,a linear k� " model with realizability 
onstraint and a non-linear k� " model with three di�erentwall fun
tions.1 Numeri
al MethodsThe �ow around the Ahmed body was studied using the STREAM CFD 
ode of Lien of Les
hziner[1℄ (Simulation of Turbulent Reynolds-averaged Equations for All Ma
h numbers). STREAM isa three-dimensional, fully-ellipti
, �nite-volume solver whi
h uses a stru
tured, non-orthogonal,
urvilinear, multi-blo
k grid and a fully-
ollo
ated arrangement for data storage. The 
ode usesthe SIMPLE pressure-
orre
tion algorithm [2℄ and a Rhie & Chow interpolation [3℄ to preventunrealisti
 pressure �u
tuations due to the non-staggered grid arrangement. Conve
tion is dis-
retized using either an upwind s
heme or UMIST (Upstream Monotoni
 Interpolation for S
alarTransport) a TVD s
heme based on the third-order a

urate QUICK [4℄. In the majority of theAhmed body 
omputations, the UMIST s
heme was used for 
onve
tion of both momentum andturbulen
e s
alars, but in some 
ases it was ne
essary to use the less a

urate but more stableupwind s
heme (see Table 1). This was due, �rstly, to the analyti
al wall fun
tion (UMIST-A)whi
h 
ould not be implemented as robustly as the standard log-law-based Simpli�ed Chieng &Launder (SCL) wall fun
tion and, se
ondly, to the grid whi
h 
ontained some highly-skewed 
ellswith 
orner angles of approximately 45o. Cal
ulations were 
onverged until velo
ity, mass andturbulen
e residuals were below 10�4. A number of tests were undertaken in order to ensure thatthe results obtained were fully 
onverged, in
luding running some time-dependent 
al
ulations,for details see Robinson [5℄.2 Computational GridsSeparate 
omputational grids were de�ned for the 25o and 35o Ahmed bodies whi
h prin
ipallydi�ered over the rear slant, although there were minor di�eren
es in the grid stru
ture over theupstream portion of the body (see Figures 1, 2 and 3). Both grids used 22 blo
ks and approximately1

Rear Slant Model Wall Fun
tion Mean Velo
ities Turb. Variables Inlet25o Linear SCL UMIST UMISTUMIST-N UMIST UMISTRealiz. Linear SCL UMIST UMIST *UMIST-A UMIST UMIST *Non-Linear SCL UMIST UMIST *UMIST-A UMIST Upwind *35o Linear SCL UMIST UMISTRealiz. Linear SCL UMIST UMIST *UMIST-A UMIST Upwind *Non-Linear SCL UMIST Upwind *UMIST-A UMIST Upwind *Table 1: Conve
tion s
hemes and inlet 
onditions used in 
al
ulations of Ahmed body �ow. Theearlier 
al
ulations marked with an asterisk (*) in the �nal 
olumn used �t=� = 60 to determineinlet values for " whilst the more re
ent 
al
ulations (shown without an asterisk) used �t=� = 10.300,000 
ells, as shown in Table 2. The legs, or stilts, on whi
h the model was supported in thewind tunnel experiments, were not in
luded in the 
omputational grid. Grids were adjusted tomaintain y� values of as many as possible near-wall 
ells around the body to within the limits55 < y� < 550, but these limits were ex
eeded in some regions of stagnation and boundary-layerseparation or reatta
hment. The y� values of the near-wall 
ells adja
ent to the ground plane werenot 
ontrolled, sin
e to maintain y� < 550 would have required high-aspe
t ratio 
ells whi
h wouldhave 
ompromised the stability of the 
al
ulation. Due to the large number of nodes required tomodel the Ahmed body, it was not possible to re�ne the grids and establish grid independen
e.However, a 
oarser grid was generated for the 25o Ahmed body to investigate the e�e
t of grid
oarsening and provided some information regarding grid independen
e (see [5℄).Slant Angle No. Blo
ks No. Cells25o 22 331,00035o 22 355,000Table 2: Ahmed body grids with the number of 
ells to the nearest thousand3 Boundary ConditionsThe �oor of the domain and the Ahmed body itself were treated as wall boundary 
onditions,using either the Simpli�ed Chieng & Launder (SCL) wall fun
tion, the analyti
al wall fun
tion(UMIST-A) or the numeri
al wall fun
tion (UMIST-N) (see Figure 4). The domain boundaryalong the 
entreline of the body (at y = 0) and opposite boundary at the outside limit of thedomain (y = 1:044m) and the upper domain boundary (z = 1:044m) were all treated as symmetryplanes. Ideally the upper domain boundary and the domain boundary opposite the 
entre-planewould be treated as entrainment boundaries. However, symmetry planes were used instead toprovide a more stable 
al
ulation and were justi�able as there is little de�e
tion of the �ow atthese boundaries. The downstream outlet was set with zero-gradient for all variables. Flat pro�les2



(i.e. 
onstant values) of velo
ity and turbulen
e parameters were set at the inlet plane, one body-length upstream of the Ahmed body. Values of the inlet streamwise velo
ity and turbulent kineti
energy were 
al
ulated by integrating the measured U - and k-pro�les a
ross the �ow domain atx = �1:444m. This resulted in an inlet bulk U -velo
ity whi
h was lower (38:51ms�1) than thestated experimental bulk U -velo
ity of 40ms�1. The lower inlet bulk velo
ity 
orresponded to aninlet Reynolds number of Re = 7:57 � 105 (based on the body's height) whi
h 
ompares to theoriginal Ahmed experimental value of Re = 1:18� 106. The Reynolds number is su�
iently highthat this minor adjustment should not have signi�
antly in�uen
ed the results. The inlet turbulentkineti
 energy was 
al
ulated as kin = 6:58� 10�3m2s�2. Early simulations of the Ahmed body�ow, marked with an asterisk (�) in Table 1, 
al
ulated "in from an assumed ratio of the turbulentto the mole
ular vis
osity of �t=� = 60. At a later date, LSTM provided a more a

urate estimateof the experimental inlet dissipation rate (�t=� � 10). Tests showed that swit
hing to the newvalue had no impa
t on the 
al
ulated �ow around the body and the more re
ent 
al
ulationsusing the linear k � " model have used the inlet 
ondition �t=� = 10.4 Turbulen
e ModelsThree turbulen
e models were used to 
al
ulate the �ow around the Ahmed body: the linear k� "model of Launder & Spalding [6℄, the same linear model with the realizability 
ondition of May[7℄, and the non-linear k � " model of Craft et al. [8℄.Linear k � " ModelIn the high-Reynolds-number form of the k � " model by Launder & Spalding [6℄, the Reynoldsstress, uiuj is a linear fun
tion of the strain-rate, and the eddy-vis
osity is 
al
ulated from theturbulent kineti
 energy, k, and dissipation rate, ", as follows:�t = 
� k2" (1)Transport equations are solved for k and ", whi
h for a steady �ow 
an be expressed in Cartesiantensors as follows: � (�Ujk)�xj = ��xj ���+ �t�k� �k�xj �+ Pk � �" (2)� (�Uj")�xj = ��xj ���+ �t�"� �"�xj �+ 
"1f1Pk "k � 
"2f2�"2k + �Y
 (3)where the so-
alled �Yap 
orre
tion�, Y
, is in
luded as a sour
e term in the "-equation to redu
ethe turbulent length s
ale in regions of �ow impingement and reatta
hment. The standard Yap
orre
tion is based on the ratio of the length s
ale, k3=2=", to the equilibrium length s
ale, de�nedby le = 2:55y, where y is the wall-normal distan
e:Y
 = max"0:83�k3=2="2:55y � 1��k3=2="2:55y �2 ; 0# (4)

3

Realizability ConditionThe realizability 
onstraint, derived by May [7℄, whi
h was used in 
onjun
tion with the lineark � " model, was 
oded into STREAM as follows:�t = min �
��k2" ; �kmax (TINY; �1; �2; �3)� (5)where TINY is an arbitrarily small value and �1, �2 and �3 are given by:�1 = 32 8<:�U�x + �V�y + "��V�y � �U�x �2 +��U�y � �V�x �2#1=29=; (6)�2 = 32 8<:�V�y + �W�z + "��W�z � �V�y �2 +��V�z � �W�y �2#1=29=; (7)�1 = 32 8<:�W�z + �U�x + "��U�x � �W�z �2 +��W�x � �U�z �2#1=29=; (8)In a simple shear �ow the latter part of the minimum fun
tion in Equation (5) 
an be rearrangedand shown to be equivalent to taking 
� as a fun
tion of the strain invariant, S:
� = 23S (9)Non-Linear k � " ModelIn the non-linear k� " model of Craft et al. [8℄, additional quadrati
 and 
ubi
 fun
tions of strainand vorti
ity are introdu
ed into the equation for the Reynolds stress, as follows:�uiuj + 23Æijk = �tSij+ 
1 �tk" (SikSkj � 13SklSklÆij)+ 
2 �tk" (
ikSkj +
jkSki)+ 
3 �tk" (
ik
kj � 13
lk
lkÆij)+ 
4 �tk2"2 (Ski
lj + Skj
li)Skl+ 
5 �tk2"2 (
il
lmSmj + Sil
lm
mj � 23Slm
mn
nlÆij)+ 
6 �tk2"2 SijSklSkl+ 
7 �tk2"2 Sij
kl
kl (10)
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This model also takes 
� to be a fun
tion of the invariants of the strain and vorti
ity tensors:
� = 0:31 + 0:35 [max (S;
)℄1:5 (1� exp f�0:36 exp [0:75max(S;
)℄g) (11)5 Wall Fun
tionsThree wall fun
tions were used in the Ahmed body 
al
ulations: the log-law-based Simpli�edChieng & Launder (SCL) wall fun
tion and two re
ently developed treatments whi
h involve thesolution of simpli�ed boundary-layer-type transport equations a
ross the near-wall 
ell. The twonew wall fun
tions are denoted UMIST-A and UMIST-N for Uni�ed Modelling through IntegratedSublayer Treatment, using respe
tively an Analyti
al or Numeri
al approa
h. All of the wallfun
tions are similar in terms of implementation: a no-slip 
ondition is employed at the wallsurfa
e (Ui = 0), the velo
ity variation within the near-wall 
ell is a

ounted for by setting tozero the momentum �ux to the wall and in
luding in its pla
e an expression for the wall shearstress, �wall. Likewise, the produ
tion and dissipation sour
e terms (Pk and ") in the dis
retizedk-equation within the near-wall 
ells are repla
ed with 
ell-averaged produ
tion and dissipationsour
e terms (Pk and "). In the SCL and UMIST-A wall fun
tions, the "-equation is not solvedin the near-wall 
ell and instead its value at the near-wall node is pres
ribed from assuming anequilibrium turbulen
e length s
ale variation, k3=2=" = 
ly. The UMIST-N wall fun
tion, however,solves both the k- and "-equations in the near-wall 
ell using 
ell-averaged sour
e terms.Simpli�ed Chieng & Launder (SCL)The wall fun
tion proposed by Chieng & Launder [9℄ divided the near-wall 
ell into two layers:the vis
ous sublayer (de�ned as y� = yk1=2=� < 20) and the fully turbulent region. In the vis
oussublayer the velo
ity was assumed to in
rease linearly, the turbulent shear stress to be zero andthe turbulent kineti
 energy to vary quadrati
ally, whilst in the fully turbulent region the velo
itywas assumed to follow the �universal� log-law pro�le and both �uv and k were assumed to varylinearly with wall distan
e. Sin
e at the wall the dissipation rate is given by " = 2� ��k1=2=�y�2and k varies quadrati
ally, " was assumed to take a 
onstant value in the vis
ous sublayer. Inthe fully turbulent region, " was obtained from assuming an equilibrium turbulen
e length s
alevariation, k3=2=" = 
ly (where 
l = 2:55). The simpli�ed version of the wall fun
tion employed inthe Ahmed body 
al
ulations assumed a 
onstant turbulent kineti
 energy and shear stress in thefully turbulent region. This gave the following expressions for the wall shear stress, �wall, averageprodu
tion, Pk and average dissipation ":�wall = ��
1=4� k1=2p Upln�E
1=4� k1=2p yp=��Pk = 1yn Z ynyv �wall: �wall�
1=4� �k1=2p ydy = �2wall�
1=4� �k1=2p yn ln�ynyv �" = 1yn  yv 2�kpy2v + Z ynyv 
3=4� k3=2p�y dy! = 1yn  2�k3=2pk1=2p yv=� + 
3=4� k3=2p� ln�ynyv �!5

where subs
ript p denotes the value at the wall-adja
ent node, U is the wall-parallel velo
ity andyp the distan
e from the wall to the near-wall node and the sublayer thi
kness, yv, is 
al
ulatedfrom yvk1=2p =� = 20.Analyti
al Wall Fun
tion (UMIST-A)In the UMIST-A wall fun
tion neither the log-law velo
ity pro�le nor the 
onstant or linearvariation in shear stress is assumed. Instead, a simpli�ed momentum equation is spe
i�ed in thenear-wall 
ell: � (�UU)�x + � (�UV )�y = ��P�x + ��y �(�+ �t)�U�y � (12)and integrated analyti
ally a
ross the near-wall 
ell using a pres
ribed turbulent vis
osity pro�le:�t = 0 for y < yv= �
�
lk1=2p (y � yv) for y � yv (13)where 
l = 2:55. A detailed derivation of the analyti
al wall fun
tion 
an be found in Robinson [5℄or in a similar approa
h for buoyan
y-a�e
ted �ows by Craft et al. [10℄. Expressions for the wallshear stress and average produ
tion of turbulent kineti
 energy for the near-wall 
ell are providedbelow: �w = ��k1=2p�v A1Pk = ��k1=2pyn�v Z y�ny�v �v(y� � y�v) �A1 + C1y�v + C2(y� � y�v)�v [1 + �(y� � y�v)℄ �2 dy�" = 1yn "2k3=2py�" + k3=2p
l ln�y�ny�" �#where A1, C1 and C2 are given by:A1 = ��vUn � C2(y�n � y�v) + �C1y�v � C2� � ln [1 + �(y�n � y�v)℄ + �C1y�2v2�y�v + ln [1 + �(y�n � y�v)℄C1 = �2v�2kp ��p�x + 
�U �U�x + 
�V �U�y �C2 = �2v�2kp ��p�x + �U �U�x + �V �U�y �
 is an empiri
al 
onstant (taken as 1.0) whi
h is used to 
ontrol the in�uen
e of 
onve
tion insidethe laminar sub-layer, and � = 
�
l. The turbulen
e and dissipation vis
ous sublayer thi
knessesy�v and y�" are 10.8 and 5.1 respe
tively.Numeri
al Wall Fun
tion (UMIST-N)The UMIST-N wall fun
tion does not use any assumed pro�les of velo
ity and length s
ale.Instead, pro�les of the mean �ow and turbulen
e parameters near the wall are obtained by solv-ing simpli�ed boundary-layer-type transport equations using a �ne �subgrid� spanning the wall-6



adja
ent 
ontrol volume (see Figure 5). The wall fun
tion di�ers from standard low-Re treatmentsin that it de
ouples the numeri
al solution of the near-wall region from that of the main region ofthe �ow domain and also be
ause it does not involve the solution of the pressure 
orre
tion equa-tion over the subgrid. The new wall fun
tion therefore does not su�er from the slow 
onvergen
eproblems of a low-Re 
al
ulation. Previous tests of UMIST-N in impinging-jet and spinning-dis
�ows have indi
ated that 
omputing times are approximately twi
e those of standard log-law wallfun
tion 
al
ulations but an order-of-magnitude less than full low-Re model 
al
ulations.The transport equations solved by the wall fun
tion a
ross the subgrid a

ount for 
onve
tionboth parallel and normal to the wall, pressure gradient, di�usion normal to the wall and sour
eterms. In the present study, a linear k � " model has been used and so simpli�ed k- and "-equations have been solved a
ross the subgrid in addition to equations for the wall-parallel velo
ity
omponents. Sin
e two independent wall-parallel velo
ity 
omponents are solved (in a three-dimensional geometry) the UMIST-N wall fun
tion is able to a

ount for skewing of the velo
ityve
tor 
lose to the wall. The wall fun
tion is also not restri
ted to using a linear k� " model and
an, in prin
iple, be applied with any level of turbulen
e 
losure.The subgrid transport equations are dis
retized in a similar manner to that used for simpleone-dimensional di�usion problems and solved using a Tri-Diagonal Matrix Algorithm (TDMA).The wall-normal W -velo
ity pro�le a
ross the near-wall 
ell is 
al
ulated from 
ontinuity withinea
h of the subgrid 
ells and is s
aled to ensure that the subgrid W -velo
ity at the outer edge ofthe subgrid (position t in Figure 5) is 
onsistent with the main-grid wall-normal velo
ity at thatlo
ation. One subgrid iteration is performed for ea
h main-grid iteration so the subgrid solution
onverges as the main-grid solution 
onverges. After ea
h subgrid iteration, the wall shear stress,�wall, and average values of the sour
e terms a
ross the subgrid are 
al
ulated (e.g. Pk, "). Low-Reynolds-number damping terms are in
luded in the main-grid transport equations to enableunlimited re�nement of the grid near the wall.The subgrid transport equations are relatively straight-forward to derive for a Cartesian gridarrangement and are provided in Craft et al. [11℄. For a non-orthogonal 
urvilinear grid ar-rangement, used in the present study, the subgrid transport equations are obtained using velo
ity
omponents parallel to the grid-lines (i.e. using 
ovariant base ve
tors). Subgrid transport equa-tions for momentum, turbulent kineti
 energy and dissipation rate in non-orthogonal 
urvilinear
oordinates have the generi
 form:�Upg11 ������� + �Vpg22 ������� + �Wpg33 ����� �� = 1J ��� �Jg33����� �+ C (14)where � denotes one of the subgrid parameters: U , V , k or ~", � the di�usivity and the sour
eterm, C, in
ludes geometry-related sour
e terms, the pressure gradient in the momentum equationsand produ
tion and dissipation sour
es in the k- and ~"-equations. The non-orthogonal subgrid
oordinate system has dire
tional 
omponents (�; �; �) where it is assumed that the �- and �-
omponents are aligned to grid lines whi
h are parallel to the wall whilst the �-axis is usually, butnot ne
essarily, wall-normal. The velo
ity 
omponents U , V andW a
t in the �, � and � dire
tionsrespe
tively and are �physi
al� velo
ities, i.e. they have units of (length/time). Gradient termsappearing in the 
onve
tion are dis
retized using upwind di�eren
ing. The asterisk (�) denotes thefa
t that upstream values of � appearing in the dis
retized 
onve
tion terms need to be transformed7

from the 
oordinate system used in the upstream 
ell into the 
urrent 
ell 
oordinate system. Thistransformation only a�e
ts 
onve
tion of momentum where the dire
tion of the velo
ity ve
tors inthe upstream 
ell may di�er from those in the 
urrent 
ell. Sin
e s
alar parameters (k and ~") areinvariant of the referen
e frame, their upstream values do not require transformation. The pg11,pg22 and pg33 terms (square-roots of the 
ovariant metri
 tensor 
omponents) are equivalent tothe physi
al widths of the 
ells in the �, � and � dire
tions respe
tively. The Ja
obian, J , isequivalent to the 
ell volume when the 
ell dimensions are unity, �� = �� = �� = 1.Sin
e 
onve
tive terms are evaluated using neighbouring subgrid values, the velo
ity 
ompo-nents, k and " are stored in 
omputer memory for ea
h subgrid node along the length of the wall.Storing the subgrid velo
ity 
omponents is also ne
essary in order to 
al
ulate the wall-normalW -velo
ity from 
ontinuity, using mass �uxes through the subgrid 
ell fa
es. In order to a

om-modate the blo
k-stru
tured grid arrangement used around the Ahmed 
ar body, a multiblo
kformulation of the UMIST-N wall fun
tion has been used with subgrid blo
ks mirroring the main-grid blo
k stru
ture. The subgrid was generated around the Ahmed body using 45 nodes withinea
h of the main-grid near-wall 
ells. Subgrid nodes were 
lustered towards the wall using anexpansion ratio of 1.09. In
reasing the number of subgrid nodes to 60 had no e�e
t on the resultsof the simulation.Referen
es[1℄ F. S. Lien and M. A. Les
hziner. A general non-orthogonal �nite-volume algorithm for tur-bulent �ow at all speeds in
orporating se
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h. Eng., 114:123�167, 1994.[2℄ S. V. Patankar and D. B. Spalding. A 
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 �ows. Int. J. Heat Mass Transfer, 15:1787, 1972.[3℄ C. M. Rhie and W. L. Chow. Numeri
al study of the turbulent �ow past an airfoil withtrailing edge separation. AIAA J., 21:1525�1532, 1983.[4℄ F. S. Lien and M. A. Les
hziner. Upstream monotoni
 interpolation for s
alar transport withappli
ation to 
omplex turbulent �ows. Int. J. Num. Meth. Fluids, 19:527�548, 1994.[5℄ C. M. E. Robinson. Advan
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Figures
Figure 1: Grid on nose 
one and front portion of Ahmed body

Figure 2: Grid used on rear se
tion and slant of 25o Ahmed body
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Figure 3: Grid on symmetry plane and �oor showing some re�nement propagated at blo
k bound-aries
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Application of CFL3D to Case 9.4 (Ahmed Body)Christopher L. Rumsey�NASA Langley Research CenterHampton, Virginia 23681-21991 Description of the CodeThe computer code CFL3D [1] solves the three-dimensional, time-dependent, Reynolds averaged compressibleNavier-Stokes equations with an upwind �nite-volume formulation. It can solve 
ows over multiple-zone gridsthat are connected in a one-to-one, patched, or overset manner, and can employ grid sequencing, multigrid,and local time stepping when accelerating convergence to steady state. Upwind-biased spatial di�erencingis used for the inviscid terms, and 
ux limiting is used to obtain smooth solutions in the vicinity of shockwaves, when present. Viscous terms are centrally di�erenced, and cross-di�usion terms are neglected. Forvery low Mach number 
ows, preconditioning [2] is used to insure convergence and accuracy of the solutions.The CFL3D code is advanced in time with an implicit approximate factorization method. The implicitderivatives are written as spatially �rst-order accurate, which results in block tridiagonal inversions for eachsweep. However, for solutions that utilize Roe 
ux-di�erence splitting [3], the block tridiagonal inversionsare further simpli�ed using a diagonal algorithm with a spectral radius scaling of the viscous terms.The turbulence models are solved uncoupled from the mean 
ow equations using implicit approximatefactorization. Their advective terms are solved using �rst-order upwind di�erencing. Many turbulencemodels are available in CFL3D, but only two were applied to the Ahmed body case: SST (Menter's shearstress transport [4]), and EASM-ko (a k-! version of the explicit algebraic stress model [5, 6]). A descriptionof EASM-ko is given in the CFL3D write-up on Case 9.2 (2-D Hill).2 Speci�cs of this CaseThe Mach number for the Ahmed body cases was M=0.117, and the Reynolds number per mmwas Re=2667.For boundary conditions, the body and 
oor were solid (viscous, adiabatic). Turbulence equations wereintegrated all the way to these surfaces. The average minumum y+ at all solid walls was approximately1.5. Only one half of the body was simulated (a symmetry plane was employed along the centerline of thebody). A far�eld (Riemann-invariant) boundary condition was employed in the far �eld. This \open" typeof far �eld conditions was found by Durand et al. [7] to yield improved inlet velocity pro�les over \closed"boundary conditions (for which the far�eld boundaries above and to the side of the body are modeled assolid slip walls).The grids were obtained from CFX, a supplier of computational 
uid dynamics software and service(Durand et al. [7]). Only two slant angles were considered: 25� and 35�. In both cases the stilts beneath thebody were ignored. For the 25� slant angle case, the grid contained 1:3� 106 gridpoints. For the 35� slant�Senior Research Scientist; Aerodynamics, Aerothermodynamics, and Acoustics Competency.1

angle case, the grid contained 1:25� 106 gridpoints. Each grid was a multi-zone grid (29 zones) with 1-to-1connectivity between the zones.In the grids, the distance from the leading edge of the car to the in
ow plane of the grid was 2100 mm,and the distance from the back of the car to the out
ow plane of the grid was 5220 mm (the length of thecar was 1044 mm). The body height was 288 mm. Its bottom was 50 mm above the 
oor, and the total gridheight from the 
oor was 1206 mm (1062 mm from the top of the car). The car half-width was 194.5 mm,and the total grid width from the center plane was 935 mm (740.5 mm from the side of the car).References[1] Krist, S. L., Biedron, R. T., and Rumsey, C. L., \CFL3D User's Manual (Version 5.0)," NASA TM-1998-208444, June 1998.[2] Weiss, J. M., and Smith, W. A., \Preconditioning Applied to Variable and Constant Density Flows,"AIAA Journal, Vol. 33, No. 11, 1995, pp. 2050{2057.[3] Roe, P. L., \Approximate Riemann Solvers, Parameter Vectors, and Di�erence Schemes," J. Computa-tional Physics, Vol. 43, 1981, pp. 357{372.[4] Menter, F. R., \Two-Equation Eddy-Viscosity Turbulence Models for Engineering Applications," AIAAJournal, Vol. 32, No. 8, 1994, pp. 1598{1605.[5] Rumsey, C. L., and Gatski, T. B., \Recent Turbulence Model Advances Applied to Multielement AirfoilComputations," J. Aircraft, Vol. 38, No. 5, 2001, pp. 904{910.[6] Georgiadis, N. J., Rumsey, C. L., Yoder, D. A., and Zaman, K. B. M. Q., \E�ects of RANS TurbulenceModeling on Calculation of Lobed Nozzle Flow�elds," AIAA Paper 2003-1271, January 2003.[7] Durand, L., Kuntz, M., and Menter, F., \Validation of CFX-5 for the Ahmed Car Body," CFX validationreport, CFX-VAL13/1002, 2002.
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