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$❤❡ ✈❛❧✉❡ ♦❢ $❤❡ ♣❛)❛♠❡$❡)/ ✇❤✐❧❡ $❤❡)❡ ✐/ /$✐❧❧ ❧✐❜❡)$② ✐♥ $❤❡♠ $❤)♦✉❣❤ ♦❜/❡)✈❛$✐♦♥/

♠❛❞❡ ♦♥ $❤❡ ♠❛)❦❡$✳

❲❡ /$✉❞② $❤❡ /$♦❝❦ ♠❛)❦❡$ )❡$✉)♥/ ♦❢ /❡✈❡)❛❧ ❞❡✈❡❧♦♣❡❞ ❝♦✉♥$)✐❡/✳ ❚♦ ❞♦ /♦✱ ✇❡ ❜❡✐♥❣

❜② ❞❡$❛✐❧✐♥❣ ♦✉) ♠♦❞❡❧ ✐♥ ❙❡❝$✐♦♥ ✷✱ ❢♦❧❧♦✇❡❞ ❜② ▼❈▼❈ ♠❡$❤♦❞ ❛♥❞ $❤❡ ❛❧❣♦)✐$❤♠/

✉/❡❞ ✐♥ ❙❡❝$✐♦♥ ✸✳ ❙❡❝$✐♦♥ ✹ ♣)❡/❡♥$/ ❛♥ ❛♣♣❧✐❝❛$✐♦♥ $♦ ✇❡❡❦❧② ❞❛$❛ ❢♦) $❤❡ ❉♦✇ ❏♦♥❡/✱

◆❛/❞❛E✱ ❙✫Q ✺✵✵✱ ◆✐❦❦❡✐✱ ❋❚❙❊✱ ❈❆❈ ✹✵✱ ❛♥❞ ❉❛① ♠❛)❦❡$ ✐♥❞❡①❡/✱ ♦✈❡) $❤❡ ♣❡)✐♦❞

✶✾✾✶✲✷✵✶✶✳ ❙❡❝$✐♦♥ ✺ ❝♦♥❝❧✉❞❡/✳

✷ ❚❤❡ ♠❛&❦❡( ♠♦❞❡❧

❲❡ ❛//✉♠❡ d ❛//❡$/ $❤❛$ ❣❡♥❡)❛$❡ d )✐/❦ /♦✉)❝❡/✳ ▲❡$ T > 0 ❜❡ ❛ $✐♠❡✲✜♥✐$❡ ❤♦)✐③♦♥✳

❲❡ ❝♦♥/✐❞❡) $❤❡ d✲❞✐♠❡♥/✐♦♥❛❧ ❇)♦✇♥✐❛♥ ♠♦$✐♦♥ (Wt)t∈[0,T ] ❛♥❞ (Ω,F ,P) $❤❡ ✜❧$❡)❡❞
♣)♦❜❛❜✐❧✐$② /♣❛❝❡ ❛$ /$❛❦❡✱ ✇✐$❤ Ω $❤❡ /❡$ ♦❢ ❡✈❡♥$/✱ F = (Ft)t∈[0,T ]✱ $❤❡ ♥❛$✉)❛❧

❇)♦✇♥✐❛♥ ✜❧$)❛$✐♦♥ ❞❡✜♥❡❞ ❜② Ft = σ(Ws; s 6 t)✳ Ft ❝♦♥$❛✐♥/ ❛❧❧ $❤❡ ✐♥❢♦)♠❛$✐♦♥ ♦❢

$❤❡ ♠❛)❦❡$ ✉♣ $♦ ❞❛$❡ t✳ ❖)✐❣✐♥❛❧❧② $❤❡ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡/ ♠♦❞❡❧ ❢♦) $❤❡ ❛//❡$ ♣)✐❝❡/

♣)♦❝❡// ❞❡♥♦$❡❞ (St)t∈[0,T ]✱ ✇✐$❤ ❞)✐❢$ b ∈ R✱ /$❛♥❞❛)❞ ❞❡✈✐❛$✐♦♥ σ > 0 ❛♥❞ d = 1 ❤❛/

❜❡❡♥ ❞❡✜♥❡❞ ❜②

dSt = St(b+
σ2

2
)dt+ StσdWt, ✭✶✮

✇✐$❤ S0 > 0✳ ❚❤❡♥ ❢♦) ❛ ❣✐✈❡♥ s ∈ [0, T ]✱ $❤❡ )❡$✉)♥ ♣)♦❝❡// ❜❡$✇❡❡♥ ❞❛$❡/ s ❛♥❞ t✱
❞❡♥♦$❡❞ (r(s, t))t∈[s,T ]✱ ❛♥❞ ❞❡✜♥❡❞ ❜② r(s, t) = ln(St

Ss
) /❛$✐/✜❡/

dr(s, t) = bdt+ σdWt, ✭✷✮

✇✐$❤ r(s, s) = 0✳ ❙✐♥❝❡ b ❛♥❞ σ ❛)❡ ✜①❡❞ ❝♦♥/$❛♥$/ ✇❡ ❤❛✈❡✱ ❢♦) t > s✱



✷ ❚❍❊ ▼❆❘❑❊❚ ▼❖❉❊▲ ✺

r(s, t) = b(t− s) + σ(Wt −Ws). ✭✸✮

❖♥❡ ♠❛② ♥♦*✐❝❡ *❤❛* Wt−Ws ❢♦❧❧♦✇1 *❤❡ ♥♦2♠❛❧ ❞✐1*2✐❜✉*✐♦♥ ✇✐*❤ ♠❡❛♥ 0 ❛♥❞ ✈❛2✐❛♥❝❡

t−s✳ ▼♦2❡♦✈❡2 ✐* ✐1 ✐♥❞❡♣❡♥❞❡♥* ❢2♦♠ *❤❡ 1✐❣♠❛ ❛❧❣❡❜2❛ Fs✱ *❤❛* ✐1 ❛❧❧ *❤❡ ✐♥❢♦2♠❛*✐♦♥

❝♦♥*❛✐♥❡❞ ✐♥ *❤❡ ♠❛2❦❡* ✉♣ *♦ *❤❡ ❞❛*❡ s✳ ◆♦✇ ✇❡ ♣2❡1❡♥* ♦✉2 ♠♦❞❡❧ ✇❤✐❝❤ ✐1 ❛ ✈❛2✐❛♥*

❢2♦♠ *❤✐1 ♠♦❞❡❧✳ ❚❤✐1 ✈❛2✐❛♥* ✐1 ♠✉❧*✐❞✐♠❡♥1✐♦♥❛❧ ❛♥❞ b ❛♥❞ σ ❞❡♣❡♥❞ ♦♥ *❤❡ *✐♠❡✳

▼♦2❡♦✈❡2 *❤❡ ❝♦✉♣❧❡ (bt, σt) *❛❦❡1 ✐*1 ✈❛❧✉❡1 ✐♥ ❛ 1❡* *❤❛* ❝♦♥*❛✐♥1 *❤2❡❡ ❡❧❡♠❡♥*1✳

❚❤❡ ♠♦❞❡❧

❲❡ ❞❡♥♦*❡ (St)t∈[0,T ] ∈ (R∗+)
d
❛1 *❤❡ d✲❞✐♠❡♥1✐♦♥❛❧✱ 1*2✐❝*❧② ♣♦1✐*✐✈❡✱ ✉♥❞❡2❧②✐♥❣ ❛11❡*1

♣2♦❝❡11✳ ❲❡ ❝♦♥1✐❞❡2 *❤❛* S ❤❛1 *❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦2♠✱

∀i ∈ {1, ·, d} dSi
t = Si

t(b
i
t +

1

2

d∑

j=1

(σij
t )

2)dt+ Si
t

d∑

j=1

σij
t dW

j
t , ✭✹✮

✇✐*❤ bt ∈ R
d, σt ∈ R

d×d Ft✲♠❡❛1✉2❛❜❧❡✳ ❲❡ ❞❡✜♥❡ *❤❡ ❧♦❣ 2❡*✉2♥ ❛1 ✿

∀0 ≤ s < t ≤ T, i ∈ {1, ·, d}, ri(s, t) = ln

(
Si
t

Si
s

)
∈ R ✭✺✮

❋♦2 ❛ ❣✐✈❡♥ s > 0✱ *❤❡ ■*♦ ❢♦2♠✉❧❛ ✐♠♣❧✐❡1✱

∀t > s, dri(s, t) = bitdt+
d∑

j=1

σij
t dW

j
t ✭✻✮

❲❡ ♥♦*✐❝❡ *❤❛* ❢♦2 ❛❧❧ t 6 t′ < t′′✱ *❤❡♥ r(t, t′′) = r(t, t′) + r(t′, t′′)✳ ◆♦✇ ✇❡ 1♣❡❝✐❢②

*❤❡ ❢♦2♠ ♦❢ *❤❡ ♣2♦❝❡11 (bt, σt)t∈[0,T ]✳ ❲❡ ❛11✉♠❡ *❤✐1 ❝♦✉♣❧❡ ❝❛♥ *❛❦❡ *❤2❡❡ ❞✐✛❡2❡♥*

❝♦♥1*❛♥* ✈❛❧✉❡1 *❤❛* ✐1 (bt, σt) ∈ {(b1, σ1), (b2, σ2), (b3, σ3)}✳ ❲❡ ❞❡♥♦*❡ *❤❡ ❞✐1❝2❡*❡

2❛♥❞♦♠ ▼❛2❦♦✈ ♣2♦❝❡11 (Yt)t∈[0,T ] ∈ {1, 2, 3} *❤❛* 1♣❡❝✐✜❡1 *❤❡ 1*❛*❡ ♦❢ *❤❡ ♠❛2❦❡*✳

❲❡ ❞❡✜♥❡

bt = bYt
, σt = σY t. ✭✼✮

■♥ *❤❛* ❝❛1❡ ✭✹✮ ❛♥❞ ✭✺✮ ❛2❡ ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❤❛✈❡ ❛ ✉♥✐J✉❡ 1♦❧✉*✐♦♥✳

❖✉2 ♣✉2♣♦1❡ ✐1 *♦ ❞✐1*✐♥❣✉✐1❤ *✇♦ 1*❛*❡1 ✇✐*❤ ❧♦✇ ✐♥❢♦2♠❛*✐♦♥ ✐♥✢♦✇ ❛♥❞ ❧♦✇ ♦2 ❤✐❣❤ 2❡✲

*✉2♥1✱ ❧❛❜❡❧❡❞ ✶ ❛♥❞ ✸✱ ❛♥❞ ❛♥ ✐♥*❡2♠❡❞✐❛*❡ 2❡❣✐♠❡✱ *❤❡ 1❡❝♦♥❞ ♦♥❡✱ ✇✐*❤ ❧♦✇❡2 ✈❛2✐❛♥❝❡

❛♥❞ 1*❛♥❞❛2❞ 2❡*✉2♥✳ ❋♦❧❧♦✇✐♥❣ *❤✐1 ✐❞❡❛ ✇❡ ❛11✉♠❡ ✿ ∀j ∈ {1, · · · , d}, bj1 < bj2 < bj3
❛♥❞ ❢♦2 *❤❡ ♠❛*2✐① ♥♦2♠ ‖.‖ ✇❡ ❤❛✈❡✱ ‖σ1‖, ‖σ3‖ > ‖σ2‖✳

❲❡ ❞❡✜♥❡ (Yt)t∈[0,T ] ❛1 ❛ ♣✐❡❝❡✇✐1❡ ❝♦♥1*❛♥* ♣2♦❝❡11 *❤❛* ❝❛♥ ❥✉♠♣ ♦♥❧② ♦♥ *❤❡ *✐♠❡

❣2✐❞ {t0, · · · , tn−1} ✇✐*❤ tk = kT
N

✳ ❲❡ ❤❛✈❡ *❤❡♥ Yt = Ytk ❢♦2 ❛❧❧ t ∈ [tk, tk+1[✳ ■♥ *❤❛*



✸ ❊❙❚■▼❆❚■❖◆ ❖❋ ❚❍❊ +❆❘❆▼❊❚❊❘❙ ✻

❝❛"❡ ✇❡ ❞❡♥♦(❡ ❜② P ∈]0, 1[3×3✱ ✐(" (-❛♥"✐(✐♦♥ ♠❛(-✐①✳ P ❣✐✈❡" (❤❡ ♣-♦❜❛❜✐❧✐(② ♦❢ ❜❡✐♥❣

✐♥ ❛ "(❛(❡ ❛( (❤❡ ♥❡①( ❞❛(❡✱ ❝♦♥❞✐(✐♦♥❛❧ ♦♥ (❤❡ ❝✉--❡♥( "(❛(❡✱ (❤❛( ✐"✱

∀k ∈ {1, ..., n− 1}, P(Ytk+1
= j|Ytk = i) = P ij. ✭✽✮

❲❡ ♥♦(✐❝❡ (❤❛( (❤❡ ❞✐❛❣♦♥❛❧ ♦❢ P ❣✐✈❡" (❤❡ ♣-♦❜❛❜✐❧✐(② (♦ "(❛② ✐♥ (❤❡ ❝✉--❡♥( "(❛(❡✳

❲❡ ❞❡♥♦(❡ ωt ∈]0, 1[
3
(❤❡ ❧❛✇ ♦❢ (❤❡ -❛♥❞♦♠ ✈❛-✐❛❜❧❡ Yt "✉❝❤ (❤❛( P(Yt = i) = ωi

t✳ ❲❡

❤❛✈❡ (❤❡♥

∀k ∈ {1, ..., n}, ωtk = ω0P
k

✭✾✮

■(" "(❛❜❧❡ ❧❛✇ ✐" ❣✐✈❡♥ ❜② (❤❡ "♦❧✉(✐♦♥ ♦❢ ω = ωP ✳ ❚❤✐" ❧❛✇ ❣✐✈❡" (❤❡ ♣-♦❜❛❜✐❧✐(② ♦❢

❡❛❝❤ "(❛(❡ ♦♥❝❡ ❡?✉✐❧✐❜-✐✉♠ ✐" -❡❛❝❤❡❞✳ ■♥ "✉❝❤ ❝❛"❡ ω1+ω3
✐" (❤❡ ♣-♦❜❛❜✐❧✐(② (❤❛( (❤❡

♠❛-❦❡( ✐" ✐♥ ❛ ♣❡-✐♦❞ ♦❢ ❤✐❣❤ ✈♦❧❛(✐❧✐(② ✇❤✐❧❡ ω2
✐" (❤❡ ♦♥❡ ♦❢ ❜❡✐♥❣ ✐♥ (❤❡ ✐♥(❡-♠❡❞✐❛(❡

-❡❣✐♠❡✳ ❍❡✉-✐"(✐❝❛❧❧② ✇❡ ✇❛♥( ω2
(♦ ❜❡ (❤❡ ❤✐❣❤❡"( ♣-♦❜❛❜✐❧✐(②✳

❚❤❡ #❡$✉#♥ ♣#♦❝❡**

❙✐♥❝❡ (Yt)t∈[0,T ] ✐" ❛ ♣✐❡❝❡✇✐"❡ ❝♦♥"(❛♥( ♣-♦❝❡""✱ (❤❡♥ bt ❛♥❞ σt ❛-❡ ❝♦♥"(❛♥( ❢♦- t ∈ [tk, tk+1[
❛♥❞ ✇❡ ❝❛♥ ✇-✐(❡ (❤❡ ❡①❛❝( ❞❡❝♦♠♣♦"✐(✐♦♥ ♦❢ (❤❡ ❞✐✛✉"✐♦♥ ♦❢ (❤❡ -❡(✉-♥ ♣-♦❝❡"" ♦♥

(✐♠❡ ❣-✐❞ {t0, · · · tN} ❛" ✿

r(tk+1, tk) = biYtk
(tk+1 − tk) +

d∑

j=1

σij
Ytk

(W j
tk+1

−W j
tk
). ✭✶✵✮

❙✉♠♠✐♥❣ ♦✈❡- k✱ ✇❡ ♦❜(❛✐♥✱

∀l1 < l2 ∈ {1, · · · , n},

ri(tl1 , tl2) =

l2−1∑

k=l1

biYtk
(tk+1 − tk) +

l2−1∑

k=l1

d∑

j=1

σij
Ytk

(W j
tk+1

−W j
tk
). ✭✶✶✮

❲❡ ♥♦(✐❝❡ (❤❛( (❤❡ ❇-♦✇♥✐❛♥ ✐♥❝-❡♠❡♥(" (W j
tk+1

−W j
tk
)(k,j)∈{0,·,n−1}×{1,·,d} ❢♦-♠ ❛ "❡✲

?✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥( ❛♥❞ ✐❞❡♥(✐❝❛❧❧② ❞✐"(-✐❜✉(❡❞ -❛♥❞♦♠ ✈❛-✐❛❜❧❡ ❢♦❧❧♦✇✐♥❣ ❛ ❝❡♥(❡-❡❞

♥♦-♠❛❧ ❞✐"(-✐❜✉(✐♦♥ ✇✐(❤ ✈❛-✐❛♥❝❡

T
n
✳

❘❡♠❛#❦ ✷✳✶✳ ❋!♦♠ $❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ❇!♦✇♥✐❛♥ ✐♥❝!❡♠❡♥$0 ❛♥❞ ♣!♦♣❡!$✐❡0 ♦♥

(Yt)t∈[0,T ] ✇❡ ❝❛♥ ❞❡❞✉❝❡ $❤❛$ S✱ bY ✱ ❛♥❞ σY ❛!❡ ▼❛!❦♦✈ ♣!♦❝❡00❡0✳ ❲❡ ❛❧0♦ ♥♦$✐❝❡

$❤❛$ ❢♦! ❛❧❧ s✱ t✱ s′✱ t′ ♦♥ $✐♠❡ ❣!✐❞ {t0, · · · , tn}✱ ✇✐$❤ s < t 6 s′ < t′✱ $❤❡♥ r(s, t) ✐0
✐♥❞❡♣❡♥❞❡♥$ ❢!♦♠ r(s′, t′)✳

✸ ❊"#✐♠❛#✐♦♥ ♦❢ #❤❡ ♣❛-❛♠❡#❡-"

✸✳✶ ❇❛②❡*✐❛♥ ❛♣♣#♦❛❝❤

❲❡ ❞❡✜♥❡ ❜② θ =
(
(b1, σ1), (b2, σ2), (b3, σ3),P , Y0, (Ytk)k∈{0,·,n−1}

)
(❤❡ "❡( ♦❢ ♣❛-❛♠❡(❡-"

(♦ ❡"(✐♠❛(❡ -❡❣❛-❞✐♥❣ (❤❡ ♦❜"❡-✈❛(✐♦♥"✳ ❲❡ ❞❡♥♦(❡ ❜② Sn (❤❡ "❡( ♦❢ ♦❜"❡-✈❛(✐♦♥" ✉♥(✐❧
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tn✳ ❚♦ ❞♦ $♦✱ ✇❡ ✉$❡ ❛ ❇❛②❡$✐❛♥ ❛♣♣/♦❛❝❤✳ ❚❤✐$ ♠❡3❤♦❞ ❝♦♥$✐$3$ ♦❢ ❡$3❛❜❧✐$❤✐♥❣

❛ ❞✐$3/✐❜✉3✐♦♥ ♣/✐♦/ ❧❛✇✱ ❞❡♥♦3❡❞ ν✱ 3♦ θ✳ ❲❡ 3❤❡♥ ❝♦♠♣✉3❡ 3❤❡ ♠♦$3 ❧✐❦❡❧② ❧❛✇✱

♦/ ♣♦$3❡/✐♦/ ❧❛✇✱ ❝♦♥❞✐3✐♦♥❛❧ 3♦ 3❤❡ ♦❜$❡/✈❛3✐♦♥$ ✿ ν|Sn = P(θ|Sn)✳ ❚❤✉$✱ ✇❡ ❣/❛♥3

❛ ❧✐❜❡/3② 3♦ 3❤❡ ✈❛❧✉❡$ 3♦ ❜❡ $❡❧❡❝3❡❞ ❢♦/ 3❤❡ ♣❛/❛♠❡3❡/✱ 3❤♦✉❣❤ ✇❡ $3✐❧❧ ❣✉✐❞❡ 3❤❡

❝❛❧✐❜/❛3✐♦♥ ✇✐3❤ /❡$♣❡❝3 3♦ 3❤❡ ❧❛✇✱ ν✱ ✇❡ ❝❤♦♦$❡ ❢♦/ θ✱ ❛♥❞ 3❤❡ ♣❛/❛♠❡3❡/$ ✇❡ ❛♣♣❧②

3♦ 3❤✐$ ❧❛✇✳ ❖♥❝❡ ✇❡ ❦♥♦✇ 3❤❡ ♣♦$3❡/✐♦/ ❧❛✇ ✇❡ ❡$3✐♠❛3❡ θ ❛♣♣❧②✐♥❣ ❛ ▼♦♥3❡ ❈❛/❧♦

❛❧❣♦/✐3❤♠ ❛♥❞ 3❤❡ ❡$3✐♠❛3♦/ ✐$ ❣✐✈❡♥ ❜②

θ̂ =
1

N

N∑

i=1

θi ✭✶✷✮

✇✐3❤ N 3❤❡ ♥✉♠❜❡/ ♦❢ ▼♦♥3❡ ❈❛/❧♦ $3❡♣$ ❛♥❞ (θi)i∈{1,·,N} ❛ $❡C✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥3

❛♥❞ ✐❞❡♥3✐❝❛❧❧② ❞✐$3/✐❜✉3❡❞ /❛♥❞♦♠ ✈❛/✐❛❜❧❡$ ✇✐3❤ ❧❛✇ ν|Sn ✳

❲❡ ❡①♣♦$❡ 3❤❡ ♣/✐♦/ ❞✐$3/✐❜✉3✐♦♥ ❝❤♦$❡♥ ❢♦/ 3❤❡ ❞✐✛❡/❡♥3 ♣/♦❝❡$$❡$ ❢♦❧❧♦✇❡❞ ❜② 3❤❡

♣❛/❛♠❡3❡/$ ♦❢ 3❤❡ ❡C✉❛3✐♦♥ ✭✶✶✮✳ ❋✐/$3 ♦❢ ❛❧❧ ✇❡ ❛$$✉♠❡ 3❤❛3 bi ❛♥❞ σi ❛/❡ ✐♥❞❡♣❡♥❞❡♥3

/❛♥❞♦♠ ✈❛/✐❛❜❧❡✳ ❲❡ /❡❧② ♦♥ 3❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦3❛3✐♦♥$✿





bi ∼ N (µi,Σi)
(σiσ

∗
i )
−1 ∼ Wp(αi)

(P)i = (P i1,P i2,P i3) ∼ Dir(ζi,1, ζi,2, ζi,3)
Y0 ∼ U{1, 2, 3}
∀k ∈ {0, · · · , n− 1}, i ∈ {1, 2, 3},P(Ytk+1

= i|Ytk ,P) = P
Ytk

i

✭✶✸✮

✇❤❡/❡ Dir /❡❢❡/$ 3♦ ❛ ❉✐/✐❝❤❧❡3 ❞✐$3/✐❜✉3✐♦♥ ✇✐3❤ 3❤/❡❡ ❧✐❜❡/3② ❞❡❣/❡❡$❀ Wp(αi) ✐$ 3❤❡

❲✐$❤❛/3 ❞✐$3/✐❜✉3✐♦♥ ✇✐3❤ ♠❡❛♥ αi ❛♥❞ ♣ ❞❡❣/❡❡$ ♦❢ ❢/❡❡❞♦♠✱ ❛♥❞ U /❡❢❡/$ 3♦ 3❤❡

❞✐$❝/❡3❡ ✉♥✐❢♦/♠ ❞✐$3/✐❜✉3✐♦♥✳

❈❤♦✐❝❡ ♦❢ '❤❡ ♣❛*❛♠❡'❡*, ❢♦* '❤❡ ♣*✐♦* ❧❛✇

❚❤❡ ♣❛/❛♠❡3❡/$ µ✱ α✱ ❛♥❞ ζ ✇✐❧❧ ❞❡3❡/♠✐♥❡ 3❤❡ ❧✐❦❡❧② /❛♥❣❡ ♦❢ ✈❛❧✉❡$ 3❤❛3 ❝❛♥ 3❛❦❡ θ✳

❋♦/ ❡①❛♠♣❧❡✱ ❤✐❣❤❡/ |µ1| ❛♥❞ |µ3| ✐♠♣❧② ❛ ❧♦✇❡/ ♣/♦❜❛❜✐❧✐3② ♦❢ 3❤❡✐/ $3❛3❡✳ ■♥❞❡❡❞✱

P̃ ij = E[P ij] =
ζi,j∑3
k=1 ζi,k

. ✭✶✹✮

❲❡ ❞❡♥♦3❡ ω̃ 3❤❡ $3❛❜❧❡ ❧❛✇ ♦❢ P̃ ✳ ❲❡ ❤❛✈❡✱

E[btk ] =E
[
E[bYtk

|ωtk ]
]

=
3∑

i=1

E
[
ωi
tk
E[bi]

]

=
3∑

i=1

µiE[ω
i
tk
] =

3∑

i=1

µiω̃
i
tk
. ✭✶✺✮
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❚❤❡ #❛♠❡ ✇❛② ✇❡ ❤❛✈❡ E[σtkσ
∗
tk
] =

∑3
i=1 α

−1
i ω̃i

tk
✳ ▲❡+ ✉# ❞❡♥♦+❡ b ❛♥❞ σ +❤❡ ▼❛①✐♠✉♠

▲✐❦❡❧✐❤♦♦❞ ❡#+✐♠❛+♦5# ♦❢ ❜ ❛♥❞ σ✳ ❆ 5❡❛#♦♥❛❜❧❡ ❝❤♦✐❝❡ ♦❢ ♣❛5❛♠❡+❡5# ❝♦✉❧❞ ❜❡ +♦ ✐♠♣♦#❡
µ✱ α ❛♥❞ ζ #✉❝❤ +❤❛+

{ ∑3
i=1 µiω̃

i. = b,∑3
i=1 α

−1
i ω̃i = σσ∗.

✭✶✻✮

❖♥❝❡ ✇❡ ❤❛✈❡ #❡❧❡❝+❡❞ +❤❡#❡ ♣❛5❛♠❡+❡5#✱ ✐+ 5❡♠❛✐♥# +♦ #✐♠✉❧❛+❡ +❤❡ ♣♦#+❡5✐♦5 ❧❛✇ +❤❛+

✐# +❤❡ ♣5✐♦5 ❧❛✇ ❣✐✈❡♥ +❤❡ ♦❜#❡5✈❛+✐♦♥#✱ ❛♥❞ +❤❡♥ +♦ ❝❛❧❝✉❧❛+❡ +❤❡ ❡#+✐♠❛+♦5 ✉#✐♥❣ +❤❡

❢♦5♠✉❧❛ ✶✷✳ ❚♦ ❛❝❤✐❡✈❡✱ ✇❡ ✉#❡ ❛ ▼❛5❦♦✈ ❈❤❛✐♥ ▼♦♥+❡ ❈❛5❧♦ ♠❡+❤♦❞✱ ❛♥❞ ♠♦5❡

♣5❡❝✐#❡❧② +❤❡ ▼❡+5♦♣♦❧✐#✲❍❛#+✐♥❣ ❛❧❣♦5✐+❤♠✳

✸✳✷ ▼❛%❦♦✈ ❙✇✐,❝❤✐♥❣ ❛♥❞ ▼❈▼❈ ♠❡,❤♦❞♦❧♦❣②

❲❡ 5❡❝❛❧❧ ✇❡ ❛##✉♠❡ +❤❛+ +❤❡ ❣❧♦❜❛❧ ❛##❡+ ♣5♦❝❡## ❝❛♥ #✇✐+❝❤ #+❛+❡# ✇✐+❤ 5❡#♣❡❝+ +♦

+❤❡ ❡✈♦❧✉+✐♦♥ ♦❢ +❤❡ ▼❛5❦♦✈ ❝❤❛✐♥ (Yt)t∈[0,T ]✳

❍❡✉5✐#+✐❝❛❧❧②✱ ✇❡ +5② +♦ ✜♥❞ +❤❡ ❜❡#+ 5❡❛❧✐③❛+✐♦♥ ♦❢ +❤✐# ♣5✐♦5 ❧❛✇ +❤❛+ ♠❛①✐♠✐③❡# +❤❡

❧✐❦❡❧✐❤♦♦❞ ♦❢ ♦❝❝✉55❡♥❝❡ ♦❢ +❤❡ ♦❜#❡5✈❛+✐♦♥#✱ ❛♥❞ ✇❡ ❡#+✐♠❛+❡ +❤❡ ♣❛5❛♠❡+❡5# ✇✐+❤

▼♦♥+❡ ❈❛5❧♦ ♠❡+❤♦❞✳ ❚♦ ♦❜+❛✐♥ +❤❡ ♣♦#+❡5✐♦5 ❧❛✇✱ ✇❡ ✉#❡ ▼❡+5♦♣♦❧✐#✲❍❛#+✐♥❣ ❛❧❣♦✲

5✐+❤♠✳

❲❡ ❞♦ ♥♦+ ❣♦ ❢✉5+❤❡5 ✐♥ ❞❡#❝5✐❜✐♥❣ +❤❡♦5❡+✐❝❛❧ ♣❛5❛♠❡+5✐③❛+✐♦♥ #+❡♣# ❜✉+ 5❛+❤❡5 5❡❢❡5

+❤❡ 5❡❛❞❡5 +♦ ❬✶✸❪✳ ❖✉5 ♣✉5♣♦#❡ ❤❡5❡ ✐# +♦ ✐❞❡♥+✐❢② ❞✐✛❡5❡♥+ #+❛+❡# ✐♥ ♠✐#❝❡❧❧❛♥❡♦✉#

♠❛5❦❡+# ❛♥❞ +❤❡✐5 ✉♥❞❡5❧②✐♥❣ ❝♦♠♠♦♥ ❢❡❛+✉5❡#✳ ❋♦5 ❡①❛♠♣❧❡✱ ✇❡ ♦❜#❡5✈❡ +❤❡ ❈5❛♠❡5✬#

❱ ❜❡+✇❡❡♥ #+❛+❡# ✐❞❡♥+✐✜❡❞ ✐♥ ❞✐✛❡5❡♥+ ♠❛5❦❡+# ❛5♦✉♥❞ ✈❛5✐♦✉# ♣❡5✐♦❞#✳ ❋♦5 +❤✐# #+✉❞②

✇❡ ♣5♦✈✐❞❡ +❤❡ ▼❡+5♦♣♦❧✐#✲❍❛#+✐♥❣ ❛❧❣♦5✐+❤♠ ❛♣♣❧✐❡❞ +♦ ❡#+✐♠❛+❡ +❤❡ ♣❛5❛♠❡+❡5# ♦❢

❡P✉❛+✐♦♥ ✭✶✶✮✳

✸✳✸ ❚❤❡ ▼❡,%♦♣♦❧✐9✲❍❛9,✐♥❣ ❛❧❣♦%✐,❤♠

❲❡ ❞♦ ♥♦+ ❞❡#❝5✐❜❡ +❤✐# ❛❧❣♦5✐+❤♠ ✐♥ ❞❡+❛✐❧ ❜❡❝❛✉#❡ ✐+ ❤❛# ❜❡❡♥ ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✐♥

♣5✐♦5 ❧✐+❡5❛+✉5❡✳ ❲❡ 5❡❝❛❧❧ #✐♠♣❧② +❤❛+ +❤❡ 5❡+❛✐♥❡❞ ❛♣♣5♦❛❝❤ 5❡❧✐❡# ♦♥ +❤❡ ✉#❡ ♦❢ ❛

♠✉❧+✐♣❧❡✲❜❧♦❝❦ ▼❡+5♦♣♦❧✐#✲❍❛#+✐♥❣# ❛❧❣♦5✐+❤♠ ✱ #✉❝❤ +❤❛+ ✏+❤❡ ♣❛5❛♠❡+❡5# ❛5❡ ❣5♦✉♣❡❞

✐♥+♦ #❡✈❡5❛❧ ❞✐#+✐♥❝+ ❜❧♦❝❦#✱ ❛♥❞ +❤❡♥ ❡❛❝❤ ❜❧♦❝❦ ♦❢ ♣❛5❛♠❡+❡5# ✐# ✉♣❞❛+❡❞ ✐♥ #❡P✉❡♥❝❡

❜② ❛ ▼❡+5♦♣♦❧✐#✲❍❛#+✐♥❣# #+❡♣✱ ❝♦♥❞✐+✐♦♥❡❞ ♦♥ +❤❡ ♠♦#+ ❝✉55❡♥+ ✈❛❧✉❡ ♦❢ +❤❡ ♣❛5❛♠✲

❡+❡5# ✐♥ +❤❡ 5❡♠❛✐♥✐♥❣ ❜❧♦❝❦#✑ ❬✻❪✳ ■♥ ♦+❤❡5 ✇♦5❞#✱ ✇❡ ❤❛✈❡ θ = (θ1, · · · , θl) ❛♥❞ +❤❡
♣♦#+❡5✐♦5 ❧❛✇ ♦❢ θi ✐# +❤❡ ♣5✐♦5 ❧❛✇ ♦❢ θi ❦♥♦✇✐♥❣ Sn ❜✉+ ❛❧#♦ θ\{θi}✳

❚❤❡ ✐❞❡❛ ♦❢ +❤❡ ❛❧❣♦5✐+❤♠ 5❡♠❛✐♥# +❤❡ #❛♠❡ ❛# ✇❤❡♥ l = 1✱ ❛♥❞ 5❡❧✐❡# ♦♥ +❤❡ ❇❛②❡#
❢♦5♠✉❧❛✳ ❚❤❡ ♠❡+❤♦❞♦❧♦❣② ❝♦♥#✐#+# ✐♥ ❞❡✜♥✐♥❣ ❛ ▼❛5❦♦✈✐❛♥ +5❛♥#✐+✐♦♥ ❢✉♥❝+✐♦♥ f ✱
❛ #❡P✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥+ 5❛♥❞♦♠ ✈❛5✐❛❜❧❡# (Zm)m∈N ✇✐+❤ ❞❡♥#✐+② ♣5♦❜❛❜✐❧✐+② ❧❛✇
x 7→ f(θm, x)✱ ❛♥❞ ❛ #❡P✉❡♥❝❡ ♦❢ ❛❝❝❡♣+❛♥❝❡ 5❛♥❞♦♠ ✈❛5✐❛❜❧❡# (αm)m∈N ∈ {0, 1} ✐♥
♦5❞❡5 +♦ ❞❡✜♥❡ ❛ ▼❛5❦♦✈ ❝❤❛✐♥ (θm)m∈N ❛# ❢♦❧❧♦✇

θm+1 = αmZm + (1− αm)θm. ✭✶✼✮
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■! ♠❡❛♥& !❤❛! θm+1 = Zm ∼ f(θm, .) ✇✐!❤ ♣+♦❜❛❜✐❧✐!② P(αm = 1) ❛♥❞ θm+1 = θm ✇✐!❤

♣+♦❜❛❜✐❧✐!② P(αm = 0)✳ ■❢ ✇❡ ❝❤♦♦&❡

P(αm = 1) =
P(Zm|Sn)f(Z

m, θm)

P(θm|Sn)f(θm, Zm)
✭✶✽✮

✐! ✐♠♣❧✐❡& !❤❛! θm✱ ✇✐!❤ ❧❛✇ νm
|Sn

✱ ❝♦♥✈❡+❣❡& !♦ ❛ +❛♥❞♦♠ ✈❛+✐❛❜❧❡ ✇✐!❤ ❧❛✇ ν|Sn ✳ ❲❡ !❤❡♥

❝♦♠♣✉!❡ !❤❡ ❡&!✐♠❛!♦+ ✇✐!❤ !❤❡ ❢♦+♠✉❧❛ ✭✶✷✮ ✇✐!❤ θi = θm+i
✇❤❡♥ m ✐& ❧❛+❣❡ ❡♥♦✉❣❤

!♦ ❝♦♥&✐❞❡+ !❤❛! ✇❡ ❤❛✈❡ +❡❛❝❤❡❞ !❤❡ ❝♦♥✈❡+❣❡♥❝❡ ✜❡❧❞✳ ❚❤❡ ❛❝❝❡♣!❛♥❝❡ ♣+♦❜❛❜✐❧✐!②

P(αm = 1) ✐& ❝❛❧❝✉❧❛!❡❞ ✉&✐♥❣ !❤❡ ❇❛②❡& ❢♦+♠✉❧❛✳ ■♥❞❡❡❞

P(θ|Sn) =
P(θ)P(Sn|θ)

P(Sn)
. ✭✶✾✮

❍❡♥❝❡✱

P(αm = 1) =
P(Zm)P(Sn|Z

m)f(Zm, θm)

P(θm)P(Sn|θm)f(θm, Zm)
✭✷✵✮

❲❡ ❣✐✈❡ ♥♦✇ !❤❡ ❛❧❣♦+✐!❤♠ ✐♥ ♦✉+ ❢+❛♠❡✇♦+❦✳ ❋✐+&! ♦❢ ❛❧❧ ✇❡ ❣✐✈❡ &♦♠❡ ♥❡❝❡&&❛+②

♣+♦♣❡+!✐❡& !♦ ❡♥&✉+❡ ❝♦♥✈❡+❣❡♥❝❡ ✐♥ !❤❡ ▼❡!+♦♣♦❧✐& ❍❛&!✐♥❣ ❛❧❣♦+✐!❤♠✳

❉❡✜♥✐%✐♦♥ ✸✳✶✳ ▲❡" (Mm)m∈N ❜❡ ❛ ▼❛&❦♦✈ ❝❤❛✐♥✳ ❚❤❡♥✱

✶✳ ▼ ✐2 &❡✈❡&2✐❜❧❡ ✐❢ ✿ ∀x, y ∈ R
n,m ∈ N✱

P(Mm+1 = y|Mm = x)P(Mm = x) = P(Mm+1 = x|Mm = y)P(Mm = y). ✭✷✶✮

✷✳ ▼ ✐2 ✐&&❡❞✉❝✐❜❧❡ ✐❢ ✿ ∃m0 ∈ N,m0 > m✱

P(Mm+m0 = y|Mm = x) > 0. ✭✷✷✮

✸✳ ▼ ✐2 ❛♣❡&✐♦❞✐❝ ✐❢ ✿ ∀x, y ∈ R
n,m ≥ N✱

gcd{m0 ∈ N
∗,P(Mm+m0 = y|Mm = x) > 0} = 1. ✭✷✸✮

■++❡❞✉❝✐❜✐❧✐!② ♠❡❛♥& ✇❡ ❝❛♥ +❡❛❝❤ ❛❧❧ &!❛!❡& ♦❢ !❤❡ ▼❛+❦♦✈ ❝❤❛✐♥ ✇✐!❤ &!+✐❝!❧② ♣♦&✐!✐✈❡

♣+♦❜❛❜✐❧✐!②✳ ❆♣❡+✐♦❞✐❝✐!② &✐❣♥✐✜❡& ✇❡ ❝❛♥♥♦! +❡!✉+♥ !♦ ❛ &!❛!❡ ✇✐!❤ +❡❣✉❧❛+ !✐♠❡✳ ■!

!❤❡+❡❜② ❛✈♦✐❞& &❡❛&♦♥❛❧✐!② ♣❤❡♥♦♠❡♥❛✳

◆♦✇ ✇❡ ❡①♣♦&❡ !❤❡ ▼❡!+♦♣♦❧✐&✲❍❛&!✐♥❣ ❛❧❣♦+✐!❤♠ ❜② ❜❧♦❝❦ ✇❤✐❝❤ ✐& ✉&❡❞ ✐♥ ♦✉+ &!✉❞②✳

*+♦♣♦-✐%✐♦♥ ✸✳✶ ✭▼❡!+♦♣♦❧✐&✲❍❛&!✐♥❣ ❛❧❣♦+✐!❤♠✮✳ ▲❡" Sn ❞❡♥♦"❡2 "❤❡ 2❛♠♣❧❡ ♦❢ n
♦❜2❡&✈❛"✐♦♥2✱ N0 ❜❡ "❤❡ ♥✉♠❜❡& ♦❢ 2"❡♣2 ❜❡❢♦&❡ ✇❡ &✉♥ ▼♦♥"❡ ❈❛&❧♦✱ N ❜❡ "❤❡ ♥✉♠❜❡&

♦❢ ▼♦♥"❡ ❈❛&❧♦ ♦❜2❡&✈❛"✐♦♥2✱ ❛♥❞ ❛ ♣&✐♦& ❧❛✇ ❣✐✈❡♥ ❜② ν = (ν1, · · · , νl)✳ ❋♦& x, y ∈ R
d
✱

j = 1, ..., l✱ ✇❡ ✐♥"&♦❞✉❝❡ fj : (R
d×Rd)→ R+, 2✳❛✳

∫
Rn fj(x, y)dy = 1✱ ✇❤✐❝❤ ❝♦♥2"✐"✉"❡2

"❤❡ ▼❛&❦♦✈✐❛♥ "&❛♥2✐"✐♦♥ ♣&♦❜❛❜✐❧✐"② ❞❡♥2✐"② ❢✉♥❝"✐♦♥ ❝❛♥❞✐❞❛"❡ ❢♦& "❤❡ ♣❛&❛♠❡"❡&2 j✱
❦♥♦✇✐♥❣ θ\{θj}✳
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❆❧❣♦$✐&❤♠ ✶ ❇❛②❡&✲▼❡)*♦♣♦❧✐&✲❍❛&)✐♥❣

m = 0
■♥✐)✐❛❧✐③❡ θ
✇❤✐❧❡ m ≤ N +N0 ❞♦

❢♦$ j = 1, ..., l ❞♦
θ′j ← X ∼ fj(θj , .)

α =
P(θ′j)P(Sn|θ

′

j)fj(θj ,θ
′

j)

P(θj)P(Sn|θj)fj(θ′j ,θj)

U ∼ U [0, 1]
✐❢ U < α &❤❡♥

θj ← θ′j
❡♥❞ ✐❢

✐❢ m > N0 &❤❡♥

θ̂j = θ̂j + θj/N
❡♥❞ ✐❢

❡♥❞ ❢♦$

m = m+ 1
❡♥❞ ✇❤✐❧❡

$❡&✉$♥ {θ̂1, ..., θ̂l} )❤❡ &❡) ♦❢ ❡&)✐♠❛)❡❞ ♣❛*❛♠❡)❡*&

✇❤❡#❡ P(θ′j) = νj(θ
′
j) ❛♥❞ P(θj) = νj(θj)✳

❚❤❡♥✱ *❤❡ ▼❛#❦♦✈ ❝❤❛✐♥ θ *❤✉2 ❞❡✜♥❡❞ ✐2 #❡✈❡#2✐❜❧❡✱ ✐##❡❞✉❝✐❜❧❡✱ ❛♥❞ ❛♣❡#✐♦❞✐❝✱ ❛♥❞
✐* ❝♦♥✈❡#❣❡2 *♦ ❛ #❛♥❞♦♠ ✈❛#✐❛❜❧❡ ✇✐*❤ ❧❛✇ ν|Sn✳ ❍❡♥❝❡✱ {θ̂1, ..., θ̂l} ✐2 *❤❡ ❇❛②❡2✐❛♥
❡2*✐♠❛*♦# ♦❢ *❤❡ ♣❛#❛♠❡*❡#2 ♦❢ ✭✶✶✮ ✇✐*❤ ♣#✐♦# ❧❛✇ ν ❛♥❞ ♦❜2❡#✈❛*✐♦♥2 Sn✳

❘❡♠❛$❦ ✸✳✶✳ ✶✳ ❙✐♥❝❡ *❤❡ 2*❛*❡ ♣#♦❝❡22 *❛❦❡2 ❞✐2❝#❡*❡ ✈❛❧✉❡2✱ ✇❡ ❛❞❛♣* ✐*2 ▼♦♥*❡

❈❛#❧♦ ❡2*✐♠❛*♦# ❛* *✐♠❡ ti ❛♥❞ ❞❡✜♥❡✿

Ŷti = argmax
j∈{1,2,3}

{yj, yj = Card{(Yti)m>N0
}}

✷✳ ❲❡ ❡2*✐♠❛*❡ ❡❛❝❤ ❜❧♦❝❦✱ ♦♥❡ ❛* ❛ *✐♠❡✳ ❋✉#*❤❡#♠♦#❡✱ *❤❡ ❧❛✇ ♦❢ ❛ ❜❧♦❝❦ ❝❛♥

❞❡♣❡♥❞ ♦♥ *❤❡ ✈❛❧✉❡ ♦❢ ❛♥♦*❤❡# ❜❧♦❝❦✳ ❚❤❡ ♣#♦♦❢ ♦❢ *❤❡ ❝♦♥✈❡#❣❡♥❝❡ ❢♦# *❤✐2 ❝❛2❡

✐2 ❣✐✈❡♥ ✐♥ ❬✺❪✳

✸✳ ■❢ *❤❡ *#❛♥2✐*✐♦♥ ❞❡♥2✐*② ❢✉♥❝*✐♦♥ ❝❛♥❞✐❞❛*❡ ✐2 2②♠♠❡*#✐❝✱ *❤❡♥

α =
P(θ′j)P(Sn|θ

′
j)

P(θj)P(Sn|θj)
,

✇❤✐❝❤ ♦✛❡#2 ❛ ❧✐❦❡❧✐❤♦♦❞ ❢#❛❝*✐♦♥✳ ❍❡✉#✐2*✐❝❛❧❧②✱ ✇❡ ❝❤♦♦2❡ *❤❡ ♠♦#❡ ❧✐❦❡❧② #❡❛❧✲

✐③❛*✐♦♥ ✉♥❞❡# *❤❡ ❧❛✇ νj✳

✸✳✹ ❈❤♦✐❝❡ ♦❢ 0❤❡ 0$❛♥2✐0✐♦♥ ❞❡♥2✐0② ❢✉♥❝0✐♦♥2

❲❡ "❤♦✇ "♦♠❡ ♣♦""✐❜❧❡ ❝❤♦✐❝❡" ❢♦- .❤❡ .-❛♥"✐.✐♦♥ ❞❡♥"✐.② ❝❛♥❞✐❞❛.❡ "✐♠✐❧❛- .♦ -❛♥❞♦♠

✇❛❧❦" ♦- ♠♦-❡ ❣❡♥❡-❛❧❧② .♦ "②♠♠❡.-✐❝ ❞❡♥"✐.② ❢✉♥❝.✐♦♥"✳ ❲❡ ❣✐✈❡ ❛ ♣♦""✐❜❧❡ ❝❤♦✐❝❡

♦❢ ❞❡♥"✐.② ❢✉♥❝.✐♦♥" ❝❛♥❞✐❞❛.❡ ❢♦- .❤❡ ♠✐"❝❡❧❧❛♥❡♦✉" ♣❛-❛♠❡.❡-" ❛♥❞ -❡❝❛❧❧ ❛❧"♦ .❤❡✐-

♣-✐♦- ❞✐".-✐❜✉.✐♦♥ ✇❤✐❝❤ ✇❡-❡ ❣✐✈❡♥ ✐♥ .❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ .❤✐" "❡❝.✐♦♥✳
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✶✳ ❲❡ ❤❛✈❡ bi ∼ N (µi,Σi)✱ (σiσ
∗
i )
−1 ∼ Wp(αi)✳ ❲❡ ❞❡✜♥❡ +❤❡ +,❛♥-✐+✐♦♥ ▼❛,❦♦✈

❝❤❛✐♥ ❛- ❢♦❧❧♦✇✳

(
(bi)

m+1, (σi)
m+1

)
=
(
(bji )

m+1, (σkj
i )m+1

)
k,j∈{1,·,d}

=
(
(bji )

m + rjbi(ξ
j
bi
)m, (σkj

i )m+1
)

✇✐+❤

(σkj
i )m+1 = (σkj

i )m + rkjσi
(ξkjσi

)m

(σkk
i )m+1 =

∣∣(σkk
i )m + rkkσi

(ξkkσi
)m

∣∣

✇✐+❤ +❤❡ N +N0 ✐♥❞❡♣❡♥❞❡♥+ ,❛♥❞♦♠ ✈❛,✐❛❜❧❡- (ξjbi , ξ
kj
σi
)m ∼ N (0, I2)✳ ❚❤❡♥

f
b
j
i
(x, y) = P(rjbi(ξ

j

bi
)m = y − x) = f

b
j
i
(y, x),

✐- -②♠♠❡+,✐❝✱ ❛♥❞ fσiσi∗ ❛❧-♦ ❛- ❛ ❝♦♠❜✐♥❛+✐♦♥ ♦❢ ◆♦,♠❛❧ ❛♥❞ ❲✐-❤❛,+ ❞✐-+,✐❜✉✲

+✐♦♥-✳

✷✳ (P)i ∼ Dir(ζi,1, ζi,2, ζi,3)✱ ✇❤❡,❡ ζi,j ❝❛♥ ❞❡♣❡♥❞ ♦♥ (Yt)t∈{t0,...,tn}❀ Y0 ∼ U{1, 2, 3}❀
Yti+1

∈ {1, 2, 3},P(Yti+1
= j|Yti ,P) = (YtiP)j✳ ❲❡ -✐♠✉❧❛+❡ +❤❡ ♥❡✇ (P)i, Y0

❛♥❞ Yti+1
❢,♦♠ +❤❡✐, ♣,✐♦, ❞❡♥-✐+② ❞✐-+,✐❜✉+✐♦♥-❀ ❛❣❛✐♥✱ +❤❡ +,❛♥-✐+✐♦♥ ❞❡♥-✐+② ✐-

-②♠♠❡+,✐❝✳

✹ ❆♣♣❧✐❝❛'✐♦♥

✹✳✶ ❲❡❡❦❧② ()♦❝❦ ✐♥❞❡① ❞❛)❛

❚❤❡ ❞❛+❛ ✐♥ +❤✐- -+✉❞② ❝♦♥-✐-+ ♦❢ ✇❡❡❦❧② ,❡+✉,♥-

✶

✱ ❝♦❧❧❡❝+❡❞ ❜❡+✇❡❡♥ ❏❛♥✉❛,② ✶✾✾✶

✭✜,-+ ✇❡❡❦✮ ❛♥❞ ❉❡❝❡♠❜❡, ✷✵✶✶ ✭+❤✐,❞ ✇❡❡❦✮ ❢♦, -❡✈❡♥ -+♦❝❦ ✐♥❞❡①❡- ❢,♦♠ ❞❡✈❡❧✲

♦♣❡❞ ❡❝♦♥♦♠✐❡-✿ ●❡,♠❛♥② ✭❉❆❳✮✱ ❋,❛♥❝❡ ✭❈❆❈✹✵✮✱ +❤❡ ❯♥✐+❡❞ ❑✐♥❣❞♦♠ ✭❋❚❙❊✶✵✵✮✱

❏❛♣❛♥ ✭◆✐❦❦❡✐ ✷✷✺✮✱ ❛♥❞ +❤❡ ❯♥✐+❡❞ ❙+❛+❡- ✭❙✫U✺✵✵✱ ◆❛-❞❛V✱ ❛♥❞ ❉♦✇ ❏♦♥❡-✮✳ ❉❡✲

♥♦+❡ ❛- +❤❡ ♣,✐❝❡ ✐♥❞❡① ❛+ +✐♠❡ + ✭+ ❂ ✶ ✳ ✳ ✳ ✶✵✾✺✮✳ ❋♦, +❤❡ -❛❦❡ ♦❢ -✐♠♣❧✐❝✐+② ❛♥❞ +♦

♦❜+❛✐♥ ♣❡,❝❡♥+❛❣❡ ✈❛❧✉❡-✱ ✇❡ ❞❡✜♥❡ ✿

rt = 100 ln(
St

St−1

) ✭✷✹✮

❛- +❤❡ ❝♦♠♣♦✉♥❞❡❞ ,❡+✉,♥ ❢♦, ❞✐✛❡,❡♥+ -+♦❝❦ ✐♥❞❡①❡- ❛+ +✐♠❡ +✳

❋✐❣✉,❡- ✶ +♦ ✼ ❞✐-♣❧❛② +✐♠❡✲-❡,✐❡- ♣❧♦+- ❢♦, +❤❡ ❧❡✈❡❧- ❛♥❞ ,❡+✉,♥- ♦❢ ♠❛,❦❡+- ✐♥❞✐❝❡-✳

❊①❝❡♣+ ❢♦, +❤❡ ◆✐❦❦❡✐ ❛♥❞ ◆❛-❞❛V✱ ✇❡ ♦❜-❡,✈❡ -✐♠✐❧❛, +,❡♥❞-✳ ❆ ✜,-+ ,✐-❡ ♣❤❛-❡ ♦❢

✐♥❞✐❝❡- ❝❛♥ ❜❡ -❡❡♥ ❢,♦♠ ❡❛,❧② ✶✾✾✵- +♦ +❤❡ ❞♦+✲❝♦♠ ❜✉❜❜❧❡ ❜✉,-+ ✐♥ ✷✵✵✵✳ ❚❤❡,❡❛❢+❡,✱

✇❡ ❤❛✈❡ ❛ ❞❡❝,❡❛-❡ ♣❤❛-❡ ❢♦❧❧♦✇❡❞ ❜② ❛ +✉,♥ ✉♣✇❛,❞ ✐♥ ✷✵✵✸✱ ✇❤✐❝❤ ♣❡,-✐-+- ✉♥+✐❧ +❤❡

-✉❜♣,✐♠❡ ❝,✐-✐-✳ ❚❤✐- ❝,✐-✐- ,❡❛❝❤❡❞ ✐+- ♥❛❞✐, ✐♥ ❖❝+♦❜❡, ✷✵✵✽ ✇✐+❤ ▲❡❤♠❛♥ ❇,♦+❤❡,-✬

❜❛♥❦,✉♣+❝②✳ ❚❤❡ ❜❡❤❛✈✐♦, ♦❢ +❤❡ ◆✐❦❦❡✐ ✐♥❞❡① ✐- ,❡❧❛+✐✈❡❧② ❞✐✛❡,❡♥+ +❤♦✉❣❤✱ ✐♥ +❤❛+

❞✉,✐♥❣ +❤✐- ♣❡,✐♦❞✱ ✇❡ ♦❜-❡,✈❡ ❛ ❞♦✇♥✇❛,❞ +,❡♥❞ ✐♥ +❤❡ -+♦❝❦ ♠❛,❦❡+ ✐♥❞❡①✳ ❉✉,✐♥❣

✶

❊ ①"#❛❝"❡❞ ❢#♦♠ ❤""♣✿✴✴✜♥❛♥❝❡✳②❛❤♦♦✳❝♦♠
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✶✾✾✵#✱ ♦& ❧♦#( ❞❡❝❛❞❡✱ ❏❛♣❛♥❡#❡ ❣&♦✇(❤ &❛(❡# ✇❡&❡ ✈❡&② ✇❡❛❦✱ ✇✐(❤ ❛♥ ❛✈❡&❛❣❡ ❛♥♥✉❛❧

❣&♦✇(❤ ♦❢ ♣❡& ❝❛♣✐(❛ ❣&♦## ❞♦♠❡#(✐❝ ♣&♦❞✉❝( ✭●❉=✮ ♦❢ ✵✳✺✪ ❬✶✻❪✳ ❚❤✐# ❝♦♥(&❛❝(✐♦♥

❢♦❧❧♦✇❡❞ (❤❡ ❜✉&#(✐♥❣ ♦❢ (❤❡ #(♦❝❦ ♠❛&❦❡( ❛♥❞ &❡❛❧ ❡#(❛(❡ ❜✉❜❜❧❡# ❛( (❤❡ ❡♥❞ ♦❢ (❤❡

✶✾✽✵#✳

■♥ ❛❞❞✐(✐♦♥✱ (❤❡ #(♦❝❦ &❡(✉&♥# &❡✈❡❛❧ ❤✐❣❤❡& ✈♦❧❛(✐❧✐(② ❞✉&✐♥❣ (❤❡ ✜♥❛♥❝✐❛❧ ❝&✐#✐#✱ ❜❡✲

(✇❡❡♥ ✷✵✵✵ ❛♥❞ ✷✵✵✸ ❛♥❞ ♠❛✐♥❧② ✐♥ ✷✵✵✼✴✷✵✵✽✳ ❋✐♥❛❧❧②✱ (❤❡ ❏❛&P✉❡✲❇❡&❛ #(❛(✐#(✐❝

✭❚❛❜❧❡ ✶✮ ❝❛❧❝✉❧❛(❡❞ ❢♦& (❤❡ #(♦❝❦ &❡(✉&♥ ❝♦♥✜&♠# (❤❡ &❡❥❡❝(✐♦♥ ♦❢ (❤❡ ♥✉❧❧ ❤②♣♦(❤❡#✐#

♦❢ ♥♦&♠❛❧✐(②✳

✭■◆❙❊❘❚ ✜❣✳ ✶✲✼✮ ✭■◆❙❊❘❚ (❛❜❧❡ ✶✮

✹✳✷ ❊$%✐♠❛%✐♥❣ %❤❡ $%❛%❡$

■♥ ❋✐❣✉&❡ ✽✱ ✇❡ ♣&❡#❡♥( (❤❡ #(❛(❡# ❢♦& (❤❡ #(♦❝❦ ♠❛&❦❡( &❡(✉&♥#✳ ❇❡❝❛✉#❡ ✇❡ ❞❡♥♦(❡

(❤&❡❡ ♣♦##✐❜❧❡ #(❛(❡# ❢♦& (❤❡ &❡(✉&♥#✱ ✇❡ ❞❡♥♦(❡ ✈❛❧✉❡# ♦❢ ✶✱ ✷ ❛♥❞ ✸ ❛# ❧♦✇✱ ✐♥(❡&♠❡✲

❞✐❛(❡✱ ❛♥❞ ❤✐❣❤ #(❛(❡#✳ ❚♦ ❞❡&✐✈❡ (❤❡ ♥♦&♠❛❧✐③❡❞ ✈❛&✐❛❜❧❡#✱ ✇❡ #✉❜(&❛❝( (❤❡ ♠❡❛♥ ❛♥❞

❞✐✈✐❞❡ ❜② (❤❡ #(❛♥❞❛&❞ ❞❡✈✐❛(✐♦♥✳ ❙❡✈❡&❛❧ ♦❜#❡&✈❛(✐♦♥# ♠❛② ❜❡ ❞♦♥❡✿

✶✳ ❚❤❡ ❛❜♥♦&♠❛❧ &❡(✉&♥# ❢♦& ❯❙ ❛♥❞ ❊✉&♦♣❡❛♥ ♠❛&❦❡(# (❤❛( ✐# ✐♥ ❧♦✇ ❛♥❞ ❤✐❣❤

#(❛(❡# ❞♦ ♥♦( ❛♣♣❡❛& (❤&♦✉❣❤♦✉( (❤❡ ✇❤♦❧❡ ♣❡&✐♦❞✳ ❋♦& ❡①❛♠♣❧❡✱ ❢♦& ❯❙ ♠❛&❦❡(#✱

✇❡ ♦❜(❛✐♥ ❛❜♥♦&♠❛❧ &❡(✉&♥# ❞✉&✐♥❣ (✇♦ ♣❡&✐♦❞#✿ (❤❡ ❞♦(✲❝♦♠ ❜✉❜❜❧❡ ❛♥❞ (❤❡

#✉❜♣&✐♠❡ ❝&✐#✐#✳ ❚❤❡&❡ ❛&❡ ❢❡✇ ❛❜♥♦&♠❛❧ &❡(✉&♥# ❞✉&✐♥❣ (❤❡ ✶✾✾✵# ♦& ❜❡(✇❡❡♥

✷✵✵✷ ❛♥❞ ✷✵✵✼✳ ■( ✐# ❞✉&✐♥❣ (❤❡ #✉❜♣&✐♠❡ ❛♥❞ ❡✉&♦ ❝&✐#✐# (❤❛( ✇❡ ♦❜#❡&✈❡ ♠❛♥②

❛❜♥♦&♠❛❧ &❡(✉&♥# ❢♦& (❤❡ ❋&❡♥❝❤ ✐♥❞❡①❀ ❢♦& (❤❡ ❉❛① ❛♥❞ (❤❡ ❈❆❈✹✵✱ (❤❡ ❛❜♥♦&✲

♠❛❧ #(❛(❡# ❛&❡ ❢❡✇❡& ❞✉&✐♥❣ (❤❡ ❞♦(✲❝♦♠ ❝&✐#✐#✳

✷✳ ❚❤❡ ❜❡❤❛✈✐♦& ♦❢ (❤❡ ❏❛♣❛♥❡#❡ ♠❛&❦❡( ✐# ✈❡&② ❞✐✛❡&❡♥(✳ ❚❤❡&❡ ❛&❡ ♠❛♥② ❛❜♥♦&✲

♠❛❧ &❡(✉&♥# ❞✉&✐♥❣ (❤❡ ✶✾✾✵#✱ ✉♥❧✐❦❡ ✐♥ (❤❡ ♦(❤❡& ❝♦✉♥(&✐❡#✱ ❛♥❞ ❢❡✇❡& ❛❜♥♦&♠❛❧

&❡(✉&♥# ❜❡(✇❡❡♥ ✷✵✵✵ ❛♥❞ ✷✵✵✼✳ ❲❡ ✜♥❞ ♠♦&❡ ❛❜♥♦&♠❛❧ &❡(✉&♥# ❞✉&✐♥❣ (❤❡ #✉❜✲

♣&✐♠❡ ❝&✐#✐#✱ ✇❤❡&❡❛# (❤❡ ❏❛♣❛♥❡#❡ #(♦❝❦ ♠❛&❦❡( ❞♦❡# ♥♦( ❛♣♣❡❛& ❞✐#(✉&❜❡❞ ❜②

(❤❡ ❡✉&♦ ❝&✐#✐#✳

✸✳ ■♥ ❚❛❜❧❡ ✷✱ ✇❡ ❝♦♠♣❧❡(❡ (❤❡#❡ ❡#(✐♠❛(✐♦♥# ✇✐(❤ (❤❡ (&❛♥#✐(✐♦♥ ♠❛(&✐❝❡# ❢♦& (❤&❡❡

#(❛(❡#✳ ■♥ ❛❧❧ ❝❛#❡#✱ (❤❡ ♣&♦❜❛❜✐❧✐(② ♦❢ &❡♠❛✐♥✐♥❣ ✐♥ (❤❡ ✐♥(❡&♠❡❞✐❛(❡ #(❛(❡ ✐#

✈❡&② ❤✐❣❤✱ ❛&♦✉♥❞ ✵✳✾✵ ❢♦& (❤❡ #(❛(❡ ❛♥❞ ✵✳✾✼ ❢♦& (❤❡ #(❛(❡#✳ ❚❤❡ (&❛♥#✐(✐♦♥

♣&♦❜❛❜✐❧✐(✐❡# ♦❢ ❛❜♥♦&♠❛❧ #(❛(❡# ❛&❡ ❧♦✇❡& ❢♦& (❤❡ ❏❛♣❛♥❡#❡ ♠❛&❦❡( ✭✵✳✷✷✲✵✳✷✸✮

(❤❛♥ ❢♦& ♦(❤❡& #(♦❝❦ ♠❛&❦❡(# ✭❢&♦♠ ✵✳✸✵ (♦ ✵✳✹✺✮✳

❋✐♥❛❧❧②✱ (❤❡#❡ ♦❜#❡&✈❛(✐♦♥# ❝❛♥ ❜❡ ❝♦♠♣❧❡(❡❞ ❜② ❝❛❧❝✉❧❛(✐♥❣ ♦❢ ❝♦&&❡❧❛(✐♦♥# ❛❝&♦##

#(❛(❡#✳

✭■◆❙❊❘❚ ✜❣✳ ✽✮ ✭■◆❙❊❘❚ (❛❜❧❡ ✷✮
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✹✳✸ ▼❡❛&✉(❡ ♦❢ ❛&&♦❝✐❛-✐♦♥ ❜❡-✇❡❡♥ &-❛-❡&

❆♥ ✐♠♣♦&'❛♥' ✐))✉❡ ❢♦& ✜♥❛♥❝✐❛❧ ♠❛&❦❡') ✐) '❤❡ ❝♦&&❡❧❛'✐♦♥ ❜❡'✇❡❡♥ &❡'✉&♥)✱ ♣❛&'✐❝✉✲

❧❛&❧② ❛❜♥♦&♠❛❧ &❡'✉&♥)✳ ●❡♥❡&❛❧❧②✱ ❝&♦))✲❛))❡' ❝♦&&❡❧❛'✐♦♥) ♠❛② ❜❡ ❛♥❛❧②③❡❞ ✉)✐♥❣ '❤❡

❝♦✈❛&✐❛♥❝❡ ♦❢ &❡'✉&♥)✳ ❈♦✈❛&✐❛♥❝❡ ❜❡'✇❡❡♥ '✇♦ ❛))❡')✴♠❛&❦❡' ✐♥❞✐❝❡) ✐) '❤❡ ♣&♦❞✉❝' ♦❢

'❤&❡❡ '❡&♠)✿ '❤❡ ✈♦❧❛'✐❧✐'✐❡) ♦❢ '❤❡ '✇♦ ♠❛&❦❡' ✐♥❞✐❝❡) ❛♥❞ '❤❡✐& ❝♦&&❡❧❛'✐♦♥✳ ■♥)♦❢❛& ❛)

'❤❡ ✏❝♦✈❛&✐❛♥❝❡ ♠❛② ✈❛&②✱ ♥♦' ❜❡❝❛✉)❡ '❤❡ ❝♦&&❡❧❛'✐♦♥ ❜❡'✇❡❡♥ '❤❡ '✇♦ ❛))❡') ❝❤❛♥❣❡✱

❜✉' )✐♠♣❧② ❜❡❝❛✉)❡ '❤❡✐& ✐♥❞✐✈✐❞✉❛❧ ❝❤❛♥❣❡✑ ❬✼❪✱ ❡❝♦♥♦♠✐)') ❛♥❞ )'❛'✐)'✐❝✐❛♥) '❡♥❞ '♦

❝❤♦♦)❡ '♦ ❡)'✐♠❛'❡ ❝♦&&❡❧❛'✐♦♥ ♠❛'&✐❝❡)✳ ❇✉' ❤❡&❡✱ ✇❡ ❛&❡ ✐♥'❡&❡)'❡❞ ✐♥ ❞✐✛❡&❡♥' )'❛'❡)

♦❢ ♠❛&❦❡')✱ &❡♣&❡)❡♥'❡❞ ❜② H✉❛❧✐'❛'✐✈❡ ✈❛&✐❛❜❧❡) '❤❛' ❝❛♥ '❛❦❡ '❤❡ '❤&❡❡ ✈❛❧✉❡) ✇❡ ❤❛✈❡

♥♦'❡❞✳ ❚❤❡&❡❢♦&❡✱ ❛ ❝♦&&❡❧❛'✐♦♥ ❝♦❡✣❝✐❡♥' ✐) ♥♦' &❡❧❡✈❛♥'✱ ❛♥❞ ✇❡ ✐♥)'❡❛❞ &❡'❛✐♥ ❛

❝♦♥'✐♥❣❡♥❝② '❛❜❧❡ ❛♥❛❧②)✐)✳

❋✐&)'✱ ✇❡ ❝❤❛&❛❝'❡&✐③❡ '❤❡ )✐❣♥✐✜❝❛♥❝❡ ♦❢ '❤❡ ❛))♦❝✐❛'✐♦♥ ❜❡'✇❡❡♥ )'❛'❡) ♦❢ &❡'✉&♥) ✉)✲

✐♥❣ ❛ ❝❤✐✲)H✉❛&❡ )'❛'✐)'✐❝✳ ❍♦✇❡✈❡&✱ ❛ '❡)' ♦❢ '❤❡ ♥✉❧❧ ❤②♣♦'❤❡)✐) ♦❢ ♥♦ ❛))♦❝✐❛'✐♦♥

❜❡'✇❡❡♥ '✇♦ ✈❛&✐❛❜❧❡) ✐) ♥♦' )✉✣❝✐❡♥' '♦ H✉❛♥'✐❢② '❤❡ )'&❡♥❣'❤ ♦❢ ❛))♦❝✐❛'✐♦♥✳ ❙❡✈❡&❛❧

♠❡❛)✉&❡) ♦❢ ❛))♦❝✐❛'✐♦♥✱ ❛♥❛❧♦❣♦✉) '♦ ❝♦&&❡❧❛'✐♦♥ ❝♦❡✣❝✐❡♥')✱ ❛♣♣❡❛& ✐♥ ♣&✐♦& ❧✐'❡&❛✲

'✉&❡✳ ❲❡ ❛❞♦♣' '❤❡ ♠♦&❡ ❣❡♥❡&❛❧ ♠❡❛)✉&❡ '❤❛' ✐) '❤❡ ❈&❛♠❡&✬) ❱✳ ❚❤✐) ❝♦❡✣❝✐❡♥'

✐) ❜♦✉♥❞❡❞ ❜❡'✇❡❡♥ ✵ ❛♥❞ ✶✱ )✉❝❤ ❛) ✐' ❡H✉❛❧) ✵ ✇❤❡♥ '❤❡&❡ ✐) ♥♦ ❛))♦❝✐❛'✐♦♥ ❛♥❞

✶ ✐❢ '❤❡ ❛))♦❝✐❛'✐♦♥ ✐) ♣❡&❢❡❝'✳ ❲❡ ✉)❡ ■ ❛♥❞ ❏ '♦ ❞❡♥♦'❡ '❤❡ ♥✉♠❜❡& ♦❢ &♦✇) ❛♥❞

❝♦❧✉♠♥)✱ ❛♥❞ ◆ ✐) '❤❡ '♦'❛❧ ♥✉♠❜❡& ♦❢ ❡✈❡♥')✱ )✉❝❤ ❛) '❤❡ ❢♦&♠✉❧❛ ❢♦& ❈&❛♠❡&✬) ❱

✐)✿ V =
√

χ2/Nmin(I − 1, J − 1)✳■♥ ❚❛❜❧❡ ✸✱ ✇❡ ♣&❡)❡♥' '❤❡ ❛))♦❝✐❛'✐♦♥ ♠❡❛)✉&❡)
❢♦& )'❛'❡) ❛♥❞ ❢♦& '❤&❡❡ ♣❡&✐♦❞)✿ '❤❡ ❣❧♦❜❛❧ ♣❡&✐♦❞✱ '❤❡ ❞♦'✲❝♦♠ ❜✉❜❜❧❡ ♣❡&✐♦❞ ✭▼❛②

✶✾✾✹✲❙❡♣'❡♠❜❡& ✷✵✵✷✮ ❛♥❞ '❤❡ )✉❜♣&✐♠❡ ❛♥❞ ❡✉&♦ ❝&✐)✐) ♣❡&✐♦❞ ✭❏✉❧② ✷✵✵✼✲❉❡❝❡♠❜❡&

✷✵✶✶✮✳ ❋♦& '❤❡ ✇❤♦❧❡ ♣❡&✐♦❞✱ ✇❡ ✜♥❞ ❤✐❣❤❡& ❝♦❡✣❝✐❡♥')✱ ❛&♦✉♥❞ ✵✳✹✵✱ ❛♠♦♥❣ ❊✉&♦♣❡❛♥

♠❛&❦❡')✱ ✐✳❡✳ ❋❚❙❊✱ ❉❆❳ ❛♥❞ ❈❆❈ ✐♥❞✐❝❡)✱ ❛♥❞ ❧♦✇❡& ❝♦❡✣❝✐❡♥')✱ ❛&♦✉♥❞ ✵✳✶✵✲✵✳✷✵✱

❜❡'✇❡❡♥ '❤❡ ◆❛)❞❛H ❛♥❞ '❤❡)❡ '❤&❡❡ ❊✉&♦♣❡❛♥ ♠❛&❦❡')✳ ❲❤❡♥ ✇❡ ❝♦♥)✐❞❡& '❤❡ ◆✐❦❦❡✐✱

'❤❡ ♥✉❧❧ ❤②♣♦'❤❡)✐) ♦❢ ♥♦ ❛))♦❝✐❛'✐♦♥ ❝❛♥♥♦' ❜❡ &❡❥❡❝'❡❞ ✐♥ '❤&❡❡ ❝❛)❡)✱ '❤❛' ✐)✱ ✐♥ ❝♦♥✲

♥❡❝'✐♦♥ ✇✐'❤ '❤❡ ◆❛)❞❛H✱ ❋❚❙❊✱ ❛♥❞ ❙✫a✺✵✵✳ ❇✉' '❤✐) ❣❧♦❜❛❧ ♣❡&✐♦❞ ❝♦✈❡&) ❜♦'❤ ❛

♣❡&✐♦❞ ♦❢ )'&♦♥❣ ♠❛&❦❡' ✐♥❝&❡❛)❡)✱ '❤❛' ✐)✱ '❤❡ ❞♦'✲❝♦♠ ❜✉❜❜❧❡✱ ❛♥❞ ❛ ❝&✐)✐) ♣❡&✐♦❞ ❛)

)♣❛&❦❡❞ ❜② '❤❡ )✉❜♣&✐♠❡ ❡♣✐)♦❞❡✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❝❛❧❝✉❧❛'❡ )'❛'✐)'✐❝) ❢♦& '❤❡ '✇♦ )✉❜

♣❡&✐♦❞)✱ ✶✾✾✹✲✷✵✵✷ ❛♥❞ ✷✵✵✼✲✷✵✶✶✳

❉✉&✐♥❣ '❤❡ ❢♦&♠❡& ❞♦'✲❝♦♠ ❜✉❜❜❧❡ ♣❡&✐♦❞✱ ✇❡ ✜♥❞ ❤✐❣❤❡& ❝♦❡✣❝✐❡♥')✴❛))♦❝✐❛'✐♦♥)

❜❡'✇❡❡♥ ❊✉&♦♣❡❛♥ ♠❛&❦❡')✱ ✇✐'❤ ❝♦❡✣❝✐❡♥') ❜❡'✇❡❡♥ ✵✳✸✻ ❛♥❞ ✵✳✹✻✱ ✇❤❡&❡❛) '❤❡ ❝♦✲

❡✣❝✐❡♥') ❜❡'✇❡❡♥ ❯❙ ♠❛&❦❡') ❛♥❞ ❊✉&♦♣❡❛♥ ♠❛&❦❡') ❛&❡ ❧♦✇❡&✱ ❜❡'✇❡❡♥ ✵✳✶✹ ❢♦& '❤❡

❉❏✴❉❆❳ ❛♥❞ ✵✳✸✼ ❢♦& '❤❡ ❈❆❈✴❙✫a✺✵✵✳ ■♥ ❛❞❞✐'✐♦♥✱ ✇❡ ♥♦'❡ '❤❛' '❤❡ ❛))♦❝✐❛'✐♦♥ ✐)

♥♦' ❞✐✛❡&❡♥' ❢&♦♠ ✵ ❜❡'✇❡❡♥ '❤❡ ◆✐❦❦❡✐ ❛♥❞ ❛❧❧ ♦'❤❡& ♠❛&❦❡') ❡①❝❡♣' '❤❡ ❉♦✇ ❏♦♥❡)

✭✵✳✶✹✮✳

■♥ ❝♦♥'&❛)'✱ '❤❡ )✉❜♣&✐♠❡ ❝&✐)✐) ♣❡&✐♦❞ ♣&❡)❡♥') )❡✈❡&❛❧ ❞✐✛❡&❡♥' ❢❡❛'✉&❡)✳ ❋✐&)'✱ '❤❡

'❡)') )✉❣❣❡)' &❡❥❡❝'✐♥❣ '❤❡ ♥✉❧❧ ❤②♣♦'❤❡)✐) ♦❢ ♥♦ ❛))♦❝✐❛'✐♦♥✳ ❙❡❝♦♥❞✱ '❤❡ ✏❝♦&&❡❧❛'✐♦♥)✑

❛♠♦♥❣ ❊✉&♦♣❡❛♥ ♠❛&❦❡') ❛&❡ ✈❡&② ❤✐❣❤✱ ✐♥❝❧✉❞✐♥❣ ✵✳✺✻ ❜❡'✇❡❡♥ ❉❆❳ ❛♥❞ ❈❆❈✱ ❛♥❞

✵✳✺✵ ❛♠♦♥❣ '❤❡)❡) '✇♦ ♠❛&❦❡') ✐♥❞✐❝❡) ❛♥❞ ❋❚❙❊✳ ❚❤✐&❞✱ '❤❡ ❛))♦❝✐❛'✐♦♥ ❝♦❡✣❝✐❡♥')

❜❡'✇❡❡♥ '❤❡ ◆✐❦❦❡✐ ❛♥❞ ♦'❤❡& ✐♥❞✐❝❡) ❛&❡ ♥♦ ❧♦♥❣❡& ♥✉❧❧ ✇✐'❤ ✈❛❧✉❡) ❜❡'✇❡❡♥ ✵✳✷✵ ❛♥❞

✵✳✸✷ ✇✐'❤ '❤❡ ❉❆❳✱ ❈❆❈✱ ❋❚❙❊✱ ❛♥❞ ❉❏✱ ❛♥❞ ❛&♦✉♥❞ ✵✳✶✹ ✇✐'❤ '❤❡ ◆❛)❞❛H ❛♥❞

❙✫a✺✵✵✳

✭■◆❙❊❘❚ '❛❜❧❡ ✸✮
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✺ ❈♦♥❝❧✉'✐♦♥

❲❡ ♣#♦♣♦%❡ ❛ ♠❡(❤♦❞ (♦ ❞❡(❡❝( (❤❡ ❛❜♥♦#♠❛❧ %(❛(❡% ✐♥ %(♦❝❦ ♠❛#❦❡( #❡(✉#♥%✳ ❲❡

%(✉❞② %❡✈❡♥ ✐♥❞✐❝❡%✱ ♦✈❡# (❤❡ ♣❡#✐♦❞ ❏❛♥✉❛#② ✶✾✾✶ ✭✜#%( ✇❡❡❦✮ ✕ ❉❡❝❡♠❜❡# ✷✵✶✶ ✭(❤✐#❞

✇❡❡❦✮✳ ❲❡ ❡%(✐♠❛(❡ (❤#❡❡ ♣♦%%✐❜❧❡ %(❛(❡%✿ ❛ ❤✐❣❤ #❛(❡ ♦❢ #❡(✉#♥ ❛♥❞ ❛ ❧♦✇ #❡(✉#♥✱ ❜♦(❤

(♦ ✇❤✐❝❤ ❝♦♥%(✐(✉(❡ ❛❜♥♦#♠❛❧ #❡(✉#♥% ✇✐(❤ ❤✐❣❤ ✈♦❧❛(✐❧✐(②✱ ❛♥❞ ❛♥ ✐♥(❡#♠❡❞✐❛(❡ %(❛(❡✳

❚♦ ❞❡(❡#♠✐♥❡ (❤❡ %(❛(❡ ♦❢ (❤❡ ♠❛#❦❡(% ❛( ❡❛❝❤ ❞❛(❡✱ ✇❡ ❤❛✈❡ ❡%(✐♠❛(❡❞ (❤❡ ♣❛#❛♠❡(❡#%

♦❢ (❤❡ #❡(✉#♥ ♣#♦❝❡%% ✉%✐♥❣ ▼❈▼❈ ♠❡(❤♦❞ ✭▼❡(#♦♣♦❧✐%✲❍❛%(✐♥❣% ❛❧❣♦#✐(❤♠✮✳ ❲✐(❤

❈#❛♠❡#✬% ❱ ❝♦❡✣❝✐❡♥(✱ ✇❡ ❞❡❞✉❝❡ (❤❡ ❛%%♦❝✐❛(✐♦♥ ❝♦❡✣❝✐❡♥(% ♦# ✏❝♦##❡❧❛(✐♦♥%✑ ❛♠♦♥❣

(❤❡ ❞✐✛❡#❡♥( %(❛(❡% ♦❢ (❤❡ ♠❛❥♦# %(♦❝❦ ❡①❝❤❛♥❣❡ ♠❛#❦❡(% ❛#♦✉♥❞ (❤❡ ✇♦#❧❞✳ ❋✐#%(✱ ✇❡

%❤♦✇ (❤❛( (❤❡ ❛%%♦❝✐❛(✐♦♥% ❛#❡ ❣❧♦❜❛❧❧② %(#♦♥❣❡# ❞✉#✐♥❣ (❤❡ %✉❜♣#✐♠❡ ❝#✐%✐% (❤❛♥ ❞✉#✐♥❣

(❤❡ ❞♦(✲❝♦♠ ❜✉❜❜❧❡ ♣❡#✐♦❞✳ ❙❡❝♦♥❞✱ ❛♠♦♥❣ ❊✉#♦♣❡❛♥ ♠❛#❦❡(%✱ ✇❡ ♦❜(❛✐♥ ❤✐❣❤❡#

❈#❛♠❡#✬% ❱✱ #❡❣❛#❞❧❡%% ♦❢ (❤❡ ♣❡#✐♦❞✳ ❚❤✐#❞✱ (❤❡ ❛%%♦❝✐❛(✐♦♥ ❜❡(✇❡❡♥ (❤❡ ◆✐❦❦❡✐ ❛♥❞

(❤❡ ♦(❤❡# ♠❛#❦❡(% ✐♥❞✐❝❡% ✐% %②%(❡♠❛(✐❝❛❧❧② ❧♦✇❡#✱ ❝♦♥✜#♠✐♥❣ ❛ #❡❧❛(✐✈❡ ❞✐%❝♦♥♥❡❝(✐♦♥

♦❢ (❤❡ ❏❛♣❛♥❡%❡ ♠❛#❦❡( ❢#♦♠ ♦(❤❡# ❞❡✈❡❧♦♣❡❞ ❡❝♦♥♦♠② ♠❛#❦❡(%✳
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❘❡❢❡#❡♥❝❡&

❬✶❪ ❇♦❧❧❡'(❧❡✈✱ ❚✳ ✿ ●❡♥❡'❛❧✐③❡❞ ❆✉6♦'❡❣'❡((✐✈❡ ❈♦♥❞✐6✐♦♥❛❧ ❍❡6❡'♦(❦❡❞❛(6✐❝✐6②✱ ❏♦✉#✲

♥❛❧ ♦❢ ❊❝♦♥♦♠❡-#✐❝/ ✸✶✱ ♣♣✳ ✸✵✼✲✸✷✼✱ ✶✾✽✻
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Figure 1: DAX quotes (top) and weekly returns (bottom)  12/31/1991-12/19/2011  
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Figure 2: CAC40 quotes (top) and weekly returns (bottom)  12/31/1991-12/19/2011  
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Figure 3: FTSE quotes (top) and weekly returns (bottom)  12/31/1990-12/19/2011  
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Figure 4: NIKKEI quotes (top) and weekly returns (bottom)  12/31/1990-12/19/2011  
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Figure 5: S&P500 quotes (top) and weekly returns (bottom)  12/31/1990-12/19/2011  
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Figure 6: Dow Jones quotes (top) and weekly returns (bottom)  12/31/1990-12/19/2011  
 
 



 
 

0
500

1000
1500
2000
2500
3000

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

20
08

20
10

 

-35

-20

-5

10

25

19
90

19
92

19
9

4

1
99

6

19
98

20
00

20
02

20
04

20
06

20
0

8

2
01

0

Figure 7: Nasdaq quotes (top) and weekly returns (bottom)  12/31/1990-12/19/2011  
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Table1  : Summary statistics of stock returns (x100) 

Period 12/31/1990-12/25/2011 

Statistic DAX CAC40 FTSE NIKKEI S&P500 
Dow 
Jones 

Nasdaq 

Mean 0.1275 0.0617 0.0662 -0.0464 0.1231 0.1374 0.2219 

Min 0.4510 0.2917 0.2075 -0.0382 0.2308 0.2717 0.3813 

Max 15.7056 13.6505 11.2940 11.1067 11.3559 10.7449 19.1400 

Median -25.6135 -26.3169 -24.0127 -27.4312 -20.0837 -19.8692 -29.1008 

Std. Dev. 3.3519 3.1616 2.5966 3.1897 2.4125 2.3299 3.7327 

Skewness -0.6078 -0.7030 -0.8640 -0.5456 -0.7305 -0.6648 -0.6193 

Kurtosis 8.1653 8.7015 11.35396 8.2784 9.6639 9.0267 8.3408 

Jarque-Bera 
Test (a) 

1284.73* 

(0.000) 

1573.35* 

(0.000) 

3320.35* 

(0.000) 

1325.54* 

(0.000) 

2123.55* 

(0.000) 

1737.85* 

(0.000) 

1371.41* 

(0.000) 

Obs. 1095 1095 1095 1095 1095 1095 1095 

(a) p-values are in parentheses. * indicates the rejection of the null hypothesis of a normal distribution 

  



 
 

Table 2: Transition Matrices of States 

  Low State 1 Int. State 2 High State  3 

S1 0.3600328     0.3922399     0.2477273   

S2 0.0543472     0.9078343     0.0378185   

Dow Jones 

S3 0.3500569     0.3266098     0.3233333   

     

S1 0.4117325     0.3760589     0.2122086   

S2 0.0501945     0.9069498     0.0428557   

SP 500 

S3 0.2844652     0.3443377     0.3711971   

     

S1 0.4286232     0.3271078     0.2442690   

S2 0.0723289     0.9067297     0.0209414   

Nasdaq 

S3 0.3091477     0.4306618     0.2601905   

     

S1 0.3097893     0.3901177     0.3000930   

S2 0.0529152     0.9053966     0.0416882   

FTSE 

S3 0.2548288     0.3616358     0.3835354   

     

S1 0.2244978     0.5685314     0.2069708   

S2 0.0269065     0.9149763     0.0581172   

NIKKEI 

S3 0.2109083     0.2309196     0.5581721   

     

S1 0.3184206     0.4178978     0.2636816   

S2 0.0780773     0.8912417     0.0306810   

CAC 

S3 0.3374663     0.4571611     0.2053726   

     

S1 0.4191528     0.3240655     0.2567818   

S2 0.0564527     0.9119077     0.0316397   

DAX 

S3 0.2829299     0.3923040     0.3247660   

Note: S1, Low State; S2, Intermediate State; S3, High State. 

 
  

 
 
 



Table 3: Measure of association between states of markets: Cramer’s V 

Global period: 12/31/1990-12/25/2011 

Index DJ S&P500 NASDAQ FTSE NIKKEI DAX CAC 

DJ        

S&P500 0.2311       

NASDAQ 0.2193 0.1750      

FTSE 0.2492 0.2380 0.1622     

NIKKEI 0.1395 0.0782* 0.0760* 0.0851*    

DAX 0.2567 0.2506 0.1344 0.4020 0.1884   

CAC 0.2393 0.2070 0.1917 0.3951 0.1260 0.4269  

Dot-com bubble period: 05/12/1994 – 09/30/2002 

Index DJ S&P500 NASDAQ FTSE NIKKEI DAX CAC 

DJ        

S&P500 0.2442       

NASDAQ 0.2275 0.2515      

FTSE 0.1715 0.2500 0.1269     

NIKKEI 0.1431 0.0836* 0.1010* 0.0379*    

DAX 0.1435 0.3202 0.1041* 0.3633 0.1572   

CAC 0.1873 0.3755 0.2020 0.4151 0.0827* 0.4641  

Subprime and euro crisis period: 07/09/2007 – 12/25/2011 

Index DJ S&P500 NASDAQ FTSE NIKKEI DAX CAC 

DJ        

S&P500 0.2279       

NASDAQ 0.2756 0.1548      

FTSE 0.3747 0.2573 0.3137     

NIKKEI 0.2020 0.1448 0.1413 0.2278    

DAX 0.4038 0.2943 0.2903 0.4941 0.3231   

CAC 0.2922 0.1903 0.3050 0.4943 0.2382 0.5625  

Note: * indicates that the null hypothesis, i.e. independence between the variables/states, is not rejected 

( 2χ  statistic) at the 5% level. 

  
 
 


