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FINANCIAL EQUILIBRIUM WITH DIFFERENTIAL INFORMATION:

A THEOREM OF GENERIC EXISTENCE

Lionel de Boisdeffre,!

(July 2017)

Abstract

We propose a proof of generic existence of equilibrium in a pure exchange econ-
omy, where agents are typically asymmetrically informed, exchange commodities,
on spot markets, and securities of all kinds, on incomplete financial markets. The
proof does not use Grasmanians, nor differential topology (except Sard’s theorem),
but good algebraic properties of assets’ payoffs, whose spans, generically, never col-
lapse. Then, we show that an economy, where the payoff span cannot fall, admits an
equiltbrium. As a corollary, we prove the full existence of financial equilibrium for
numeraire assets, extending Geanakoplos-Polemarchakis (1986) to the asymmetric
information setting. The paper, which still retains Radner’s (1972) standard perfect
foresight assumption, is also a milestone to prove, in a companion article, the exis-
tence of sequential equilibrium when the classical rational expectation assumptions,
along Radner (1972, 1979), are dropped jointly, that is, when agents have private

characteristics and beliefs and no model to forecast prices.
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1 Introduction

This paper proposes a non standard proof of the generic existence of equilib-
rium in incomplete financial markets with differential information. It presents a
two-period pure exchange economy, with an ex ante uncertainty over the state of
nature to be revealed at the second period. Asymmetric information is represented
by private finite subsets of states, which each agent is correctly informed to contain
the realizable states. Finitely many consumers exchange consumption goods on spot
markets, and, unrestrictively, assets of any kind on incomplete financial markets.
Those permit limited transfers across periods and states. Agents have endowments
in each state, preferences over consumptions, possibly non ordered, and no model to
forecast prices. Generalizing Cass (1984) to asymmetric information, De Boisdeffre
(2007) shows the existence of equilibrium on purely financial markets is character-
ized, in this setting, by the absence of arbitrage opportunities on financial markets,
a condition which can be achieved with no price model, along De Boisdeffre (2016),

from simply observing available transfers on financial markets.

When assets pay off in goods, equilibrium needs not exist, as shown by Hart
(1975) in the symmetric information case. His example is based on the collapse of
the span of assets’ payoffs, that occurs at clearing prices. In our model, an additional
problem arises from differential information. Financial markets may be arbitrage-
free for some commodity prices, and not for others, in which case equilibrium cannot

exist. We show this problem vanishes owing to a good property of payoff matrixes.

Attempts to resurrect the existence of equilibrium with real assets noticed that
the above "bad" prices could only occur exceptionally, as a consequence of Sard’s

theorem. These attempts include Mc Manus (1984), Repullo (1984), Magill & Shafer



(1984, 1985), for potentially complete markets (i.e., complete for at least one price),
and Duffie-Shafer (1985, 1986), for incomplete markets. These papers apply to sym-
metric information, build on differential topology arguments, and demonstrate the
generic existence of equilibrium, namely, existence except for a closed set of measure

zero of economies, parametrized by the assets’ payoffs and agents’ endowments.

The current paper proposes to show generic existence differently, under milder
assumptions and for economies parametrized by assets’ payoffs only (in a restricted
sense). This result applies to both potentially complete or incomplete markets, to

ordered or non transitive preferences, and to symmetric or asymmetric information.

The proof does not use Grassmanians, but properties of payoff matrixes and
lower semicontinuous correspondences built upon them. It yields well-behaved nor-
malized price anticipations at equilibrium, which serve to prove, in a companion
paper, the full existence of sequential equilibrium in an economy where both Rad-
ner’s (1972, 1979) rational expectations are dropped. That is, agents endowed with

private beliefs and characteristics can no longer forecast equilibrium prices perfectly.

So the paper be self-contained, we resume some techniques of De Boisdefire
(2007). Finally, we derive the full existence of equilibria for numeraire assets as
a corollary, using a different and asymptotic technique. This latter result extends

Geanakoplos-Polemarchakis’ (1986) to the asymmetric information setting.

The paper is organized as follows: Section 2 presents the model; Section 3 states
and proves the existence Theorem; Section 4 shows the existence of equilibria for

numeraire assets; an Appendix proves a technical Lemma.



2 The model

We consider a pure-exchange economy with two periods, ¢ € {0,1}, and an uncer-
tainty, at t = 0, on which state of nature will randomly prevail, at ¢t = 1. Consumers
exchange consumption goods, on spots markets, and assets of all kinds, on typically
incomplete financial markets. The sets, I, S, H and J, respectively, of consumers,
states of nature, consumption goods and assets are all finite. The non random state
at the first period (¢ = 0) is denoted by s = 0 and we let ¥’ := {0}uUY¥, for every subset,

¥, of S. Similarly, I = 0 denotes the unit of account and we let H' := {0} U H.
2.1 Markets and information

Agents consume or exchange the consumption goods, h € H, on both periods’
spot markets. At ¢t = 0, each agent, i € I, receives privately some correct information
signal, S; ¢ S (henceforth set as given), that tomorrow’s true state will be in ;.
We assume costlessly that S = u,crS;. Thus, the pooled information set, S :=
Nic1S;, always containing the true state, is non-empty, and S = S under symmetric
information. A collection of #I subsets of S, whose intersection is non-empty, is

called an (information) structure, which agents may possibly refine before trading.

Since no state from the set S\S may prevail, we assume that each agent, i € I,
forms an idiosyncratic anticipation, p; := (pis) € Ri’;\ﬁ of tomorrow’s commodity
prices in such states, if S; # S. Yet, to alleviate subsequent definitions and notations,
we will take p;s = p;s = p, (henceforth given), for any two agents (i, j) € I? such that
s € S;n S;\S. This simplification does not change generality. Thus, we may restrict
tomorrow’s price set to P := {p := (ps) € (RY)% : |ps|| < 1,Vs € S, ps =D, Vs € S\S},

and we refer to any pair, w:= (s,p,) € S x R, as a forecast, whose set is denoted .



Agents may operate transfers across states in S’ by exchanging, at t = 0, finitely
many assets, j € J, which pay off, at t = 1, conditionally on the realization of fore-
casts, w € 2. We will assume that #.J < #S, so as to cover incomplete markets. These
conditional payoffs may be nominal or real or a mix of both. They are identified to
the continuous map, V : Q — R”, relating forecasts, w := (s,p) € Q to rows, V(w) € R/,
of assets’ cash payoffs, delivered if state s and price p obtain. Thus, for every pair
((s,p),5) € @ x J, the j* asset delivers the vector v;(s) := (v!(s)) € R of payoffs if
state s prevails, namely, v9(s) € R units of account, and a quantity, v"(s) € R, of each
good h € H, whose cash value at price p is v;(w) :=v9(s) + >, ey P"v}}(s). For all j € J,

we let V; := (vj(w))weq be the column vector of the asset’s payoffs across forecasts.

For p := (ps) € P, we let V(p) be the SxJ matrix, whose generic column is de-
noted V;(p), and whose generic row is V(p, s):=V (s, ps) (for s € S); we let Vs(p) be its

truncation to S and < Vs(p) > be the span of Vs(p) in RS.

At asset price, ¢ € R/, agents may buy or sell unrestrictively portfolios, z = (z;) €
R’, for ¢ -z units of account at ¢t = 0, against the promise of delivery of a flow,
V(w) - z, of conditional payoffs across forecasts, w € Q. The model is dispensed with

the so-called "regularity condition" on V, otherwise used in generic existence proofs.

For notational purposes, we let V be the set of (S x H') x J payoff matrixes, as
defined above, and M, be the set of matrixes having zero payoffs in any good and
any state s € S\S (i.e., assets are nominal and pay off in realizable states only). For
every A > 0, we let M, := {My € My, |Mo|| < A} and Vy :={M €V : |M-V|| < A\}. The
sets M, and V are equiped with the same notations as above (defined for v € V).
Non restrictively along De Boisdeffre (2016), we assume that, before trading, agents

have always inferred from markets the information needed to preclude arbitrage.



We point out the good algebraic properties of payoff and financial structures,
summarized in the following Claim 1, which later serve to circumvent the possible
fall in rank problems a la Hart (1975). Claim 1 shows that, except for a closed
negligible set of assets’ payoffs, no such fall in rank may occur. Then, we will show

that an economy, where the payoff span can never collapse, admits an equilibrium.

Claim 1 Given (A, M,p,e) €]0,1[xVyxPx]0, [, we let V} := { M € Vy : rank(Ms(p)) =
#J }, A = {M € V\ : M €V}, Vp € P} and B°(M,p,e) := {(M',p)) € VyxP :
|M' M| + || —p| < e} and, similarly, B°(p,e) := {p' € P : ||p'-p| < €} be given. The
following Assertions hold:

(i) if M eVP, 3 >0: (M,p) e BO(M,p,e) = M €V,

(i6) of M ¢ V%, 3 M. € VP;

(ii7) 3 Mo € Mo :V(M',p') € Vs x P, A p € R, (M’ + pMy) € V'

(iv) along Assertion (iii), Iu € R: (V + uMy) € Ay;

(v) VM’ € Ay, B((21),p) € RI)\{0} x P Y5, 2 =0 and M'(p,s;)- 2 >0, ¥(i, s;) € I x S
And we say that the payoff and information structure, [M',(S;)], is arbitrage-free;
(vi) the above set, Ay :={M € V\: M €V}, Vp € P}, is non empty and open in Vy;
(vii) the set, {Mg(p) : M € V\, p€ P, M ¢ WV}, of S x J payoff matrizes, which fall in

rank, is closed and negligible.

Proof

e Assertions (i)-(ii) are well-known. Their proofs are obvious from the definitions

and the continuity of the scalar product, and left to the reader. 0

o Assertion (i4): let My € My, with full column rank, and (M’,p') € V\ x P be given.
To simplify notations, we assume w.l.o.g. that S = S. It is clear that, for x>0

small enough, either (M’ + uMy) € Vfl or (M’ — uMy) € Vf'. From Assertion (i),



the latter result holds, if M’ ¢ Vﬁl. If not, let (ex)i<x<x be an orthonormal basis
of A:={veR/: M) =0} and (ex)k<r<xs be an orthonormal basis of A+.
By construction, the systems {M’'(p')ey } k<<, {(M'(0)+uMo(p'))er} k<k<ss and
{(M'(p")—puMo(p'))ex } k<< s are all linearly independent, for x> 0 small enough,
so that {(M'(p') + uMo(p'))ertri<kcgs and {(M'(p) — uMo(p'))er}1<h<ys are also

linearly independent by construction. Assertion (iii) follows. O

Assertion (iv) Assume, by contraposition, that Assertion (iv) fails, namely:
Vn €N, 3p, € P, (V+ My/n) ¢ Vi". Then, the sequence {p,} may be assumed
to converge in a compact set, say to p* € P. From Assertions (i)-(iii), there
exist p* > 0 and ¢* > 0, small enough, such that (V + u*M,) € Vfl for every
p’ € B°(p*,e*), which contains an ending section of the sequence {p,}, say
{pn}nsn. We let the reader check, as tedious but straightforward from con-
tinuity arguments, the fact that (V + My/n)(p,) tends to V(p*) and has same
rank for big enough integers, and from the arguments of the proof of Assertion
(iii), that the latter relations, (V + u*Mo) € V2 and (V + p*M,) € V!, imply, for

n > N large enough, (V + M,/n) € V{", in contradiction with the above. O

Assertion (v): let M’ € Ay and ((z;),p) € (R7)! x P be given, such that >, z =0
and M'(p,s;) -z > 0 for every (i,s;) € I x S;. It follows from the fact that M’(p)

has full rank, that the latter relations imply (z;) = 0, proving Assertion (v). g

Asssertion (vi): let M’ € Ay, a non-empty set from Assertion (iv), be given.
Assume, by contraposition: Vn € N, 3(M,,,p,) € V\xP, |M'—M,| < 1/n, M, ¢ V}".
By the same token as above, we let lim,, ., p, = p* € P. From Assertion (i), there
exists ¢* > 0, small enough, such that M” € V¥ for every (M”,p”) € B°(M',p*,&*),
which contains an ending section of {(M,,p,)}, say {(M,,pn)}n>~n. The latter

relations imply, M,, € V{, for n > N, contradicting the former. O



¢ To simplify, we assume throughout that S =S and, at first, that #5 = #J. We
let f:V x (R")® x R/ — R’ be defined (with model’s notations) by f(V',p/, ) :=
Yies MV, for every (V/,p/,x = ();)) € V x (R")® x RY. From Sard’s theorem
(see, e.g., Milnor, 1997, p. 16), let C be the set of critical points of f (i.e.,
such that rank(df(v ) < #J) then, f(C), called the set of singular values,
has measure zero. If #J < #S, we apply the same arguments as above to any
subset T c S of #.J states and the corresponding truncated prices and J x J
matrixes. The union of all singular values so obtained, hence, also the closed

(from Assertion (vi)) set {M(p): M € V, pe P, M ¢ V{}, have measure zero.

2.2 The agent’s behaviour and the concept of equilibrium

FEach agent, i € I, receives an endowment, e; := (e;s), granting the conditional
commodity bundles, e,y € R at ¢t =0, and e,;, € R¥, in each expected state, s € S;, if
it prevails. Given prices and expectations, @ = ((po,q),p := (ps)) € R x R’ x P, the

generic i* agent’s consumption set is (RY)% and her budget set is:

Bi(w, V) = { (2 = (22).2) € (Rf)sé <R - po - (o —eip) < —q- % Y

DPs - (xs - eis) < V(p, S) ©Z, Vs € Si

Each consumer, i € I, has preferences, <;, represented, for each = € (R¥)%, by
the set, Pi(z) := {y € (R)S : z <, y}, of consumptions which are strictly preferred
to z. In the above economy, denoted £ = {(1, S, H, J),V, (S:)icr, (€:)icr, (<i)ic1 }, agents

optimise their consumptions in the budget sets. So the concept of equilibrium:

Definition 1 A collection of prices, w := ((po,q),p := (ps)) € RE xR’ x P, and strategies,
[(i,2:)] € xic1Bi(w, V), 1s an equilibrium of the economy, £, if the following holds:

(a) Viel, (xi,zi) S BZ(W,V) and Pz(xz) x RN Bz(w, V) =g



(b) Ziel(misfeis) == O, VS S Sl;

(€) 2ierz =0-

The economy, &, is called standard under the following conditions:
Assumption A1 (monotonicity): W(i,z,y) € Ix(RY¥)2, (z <y, z £y) = (x <i v);
Assumption A2 (strong survival): Vi€ I, e; € Rfig;

Assumption A3: Vic I, <; is lower semicontinuous convex-open-valued and such

that © <; z + Ny — z), whenever (z,y,\) € Rfsg x P;(x)x]0,1].

3 The existence Theorem and proof

Theorem 1 Generically in the set of assets’ payoffs, in cash value at market

prices, and in realizable states only, a standard economy, £, admits an equilibrium.

From Claim 1-(vii) and its proof, Theorem 1 will be demonstrated if we show
that equilibrium exists if the economy’s financial structure is represented by an
arbitrary element V e Ay := {M € Vy: M € V!, V¥p € P} # @, for some \ > 0. Hereafter,

we set as given such elements, A > 0 and V € A,, and show they yield an equilibrium.
3.1 Bounding the economy

For every (i, := ((po, q),p)) € IxPyx P, we let:

~ , Po - (o —ei) < —q-z+1
Bi(w,V) :={ (z,2) € (R¥)% xR’ : 1

ps'('rs - eis) < V(p, S)Z +1, Vse S;

A(w, V) = {[(IIJ“ZZ)] € Xielﬁi(w, V) : Zie](miﬁ_eis) = 0, Vs € S/, ZiEI Zi = 0}
Lemma 1 3, > 0:vw € PyxP, V|(z,2)] € A(@, V), ||[(z,,2,)]|| <r

Proof : see the Appendix. 0



Lemma 1 permits to bound the economy. Thus, we define (along Lemma 1), for
every @ := ((po,q),p) € Pox P, the following convex compact sets:

Xi={z e RS : ||z <7}, Z:={z € R’ :|]z|| <} and A(w) := A(w, V)N (X1 Xi X Z).
3.2 The existence proof

For every i € I and every @ := ((po,q),p) € Pox P, we let:

B;(w) ={(z,2) € XixZ : po-(z0 — €i0) < —q'z + Y (po,9) and ps-(Ts — €is) < XN/(p,s)-z T Ys,ps), Vs € Si};
Bi'(w) == {(2,2) € X;xZ : po-(z0 — €i0) < =@ 2+ V(py,q) WA Ps+(T5s — €is) < ‘7(;0, 8) 2+ V(sp,), V8 € Si},

where v, o) = 1= [l(po, DI, Y(sp.) =1 = Ipsll, ¥s € S and v, ,, ) =0, Vs € S\S.
Claim 2 For every (i,w := ((po,q),p)) € IXPyxP, B! (w) # 2.

Proof Let i € I and @ := ((po,q),p) € PoxP be given. From Assumption A2, we
may choose z € X;, which meets all budget constraints, and with a strict inequality
in each state s € S;, such that p, # 0. If pg # 0, or (pg,q) = 0, then, (z,0) € B/(=).

Finally, if po = 0 and ¢ # 0, then, for N € N big enough, (z, —¢/N) € B! (w). O
Claim 3 For all (i,(po,q),p) € IXPyx P, B is lower semicontinuous.

Proof Let (i,@ := ((po,q),p)) € IxPyxP be given. The convexity of B/(w) is
obvious and implies, from Claim 2, Bj(w) = B/(w). From the relation V € V2 and

Claim 1, B! is lower semicontinuous, as standard, for having a local open graph.
Claim 4 For every (i, (po,q),p)) € [xPyx P, B! is upper semicontinuous.

Proof Let (i, := ((po,q),p)) € IxPyxP be given. B is (as standard) upper

semicontinuous at w, for having a closed graph in a compact set. o

We introduce additional fictious agents for markets and a reaction correspon-
dence for each agent, defined on the convex compact set, © := PyxP x (x;e1X;x 7).

Thus, we let, for each i € I and every 0 := (w := ((po,q), p), (z,2) := (w4, 2)]) € O:



Wo(0) = {[(Po,q'): 1] € Pox P 3 cer(Pps) 2ies (Tismeis) + (4'-0))- 2oicr 2 > OF;

Bi(w) if  (wi,2) ¢ Bi(w)

BN Px:)x Z  if (s,2) € Bl(w)

Claim 5 For each i € TU{0}, ¥, is lower semicontinuous.

Proof The correspondences ¥, is lower semicontinuous for having an open graph.
We recall from Claim 1 that ¥,(9) will not yield any fall in rank problem in budget
sets, since in all cases, V € V¥, and that agents’ anticipations will never vary along

De Boisdeffre (2016), also from Claim 1, since markets always preclude arbitrage.
e Assume that (v;,z) ¢ Bi(w). Then, ¥,;(0) = Bi(w).

Let V be an open set in X; x Z, such that V n Bl(w) # @. It follows from the
convexity of B!(w) and the non-emptyness of the open set B/ (=) that VN B/ (w) # 2.
From Claims 1 and 3, there exists a neighborhood U of @, such that vV n Bi(=’) o

VN B!(w') # 2, for every @’ € U.

Since B!(w) is nonempty, closed, convex in the compact set X; x Z, there exist two
open sets V; and V; in X; x Z, such that (z;,2;) € V1, Bi(w) C Vo and V;NVa = @. From
Claims 1 and 4, there exists a neighborhood U; c U of (m), such that Bi(=z’) C V4,
for every @' € U;. Let W = Uy x (x;e;W;), where W, :=V; and W, := X; x Z, for every
j € I\{i}. Then, W is a neighborhood of ¢, such that ¥;(¢") = B/(='), and, from above,

K3

VN, (¢) # o, for every ¢ := (&, («/,2')) € W. Thus, ¥, is lower semicontinuous at 6.
e Assume that (z;,2;) € Bi(w), i.e., ¥;(0) = B/ (@) N Pi(x)x Z.

Lower semicontinuity is immediate if ¥;(0) = @. Assume ¥;(0) # @. We recall that

P; (from Assumption A3) is lower semicontinuous with open values and that B! has

10



a local open graph. As corollary & from Claim 1, the correspondence (@', (+/,2)) €
© — B!(@')N Pi(z})xZ C Bi(w') is lower semicontinuous at §. Then, from Claim 1

and the latter inclusions, ¥; is lower semicontinuous at 6. o

Claim 6 There exists 0" := (w* := ((p5, ¢*).p*), [(a},2})]) € ©, such that:

(1) Y((po,q),p) € Pox P, 3 cer (05 —Ps) Dicr (@75 — €is) + (¢%-0) 2o, p 2f 2 0;

(i5) Vi € I, (z3,2) € Bi(w*) and B!(w*) N Pi(a}) x Z = @.

Proof Quoting Gale-Mas-Colell, 1975-79 [9,10]: “Given X = xI",Xi, where X;
is a non-empty compact convex subset of R”, let ¢, : X — X; be m convex (possibly
empty) valued correspondences, which are lower semicontinuous. Then there exists

7

z in X such that for each i either z; € ¢,;(z) or ¢,(z) = @

The correspondences, ¥, : © — PyxP, ¥; : © — X; x Z (for each i € I) satisfy the

conditions of the above theorem and yield Claim 6. O

Claim 7 7" zr =0.

1=1"1

m

Proof Assume, by contraposition, that ", z¢ # 0. Then, from Claim 6-(i),
(05 — o) Dier (@lgmein) +q- >y zF < q* - Y, 25, for every (po,q) € Py, which implies
¢ - Y,z >0 and v, ,) = 0. From Claim 6-(ii), the relations (7, 2}) € Bj(w*) hold,
for each i € I, whose budget constraint in state s = 0 is p- (2, —ei0) < —¢*-zF. Adding

them up yields pg->..; (@l —eio) < —¢*- >~ 27 < 0, which contradicts Claim 6-(i). o

iel %

is

Claim 8 Y., (2}, —€is) =0,Vs € 8" :=;9].

Proof Let s € 8’ be given, say s € S, and assume that 3°,_; (z7,—e;s) # 0. Applying
Claim 6 to good prices yields: p:->°,.; (z7,-eis) > 0 and v, , ) = 0. Then, added budget

constraints in Claims 6-7 yield: 0 < p}- Y., (#},-€is) < V(s,p%)- > ier 25 = 0. O

11



Claim 9 (z*,2%) := [(z}, 2})] € A(=*), hence, ||(z*,2%)| < r.
Proof Claim 9 follows immediately from Claims 6-7-8 and Lemma 1 above. g

Claim 10 For each i € I, (z},z}) is optimal in Bl(w*).

177

Proof Let i € I be given. Assume, by contraposition, there exists (z;,z;) €
Bl(w*) N Pi(xf)xZ. From Claim 9, the relations |z}|| < r and ||z|| < » hold and, from

Assumption A3, the relations |z;|| < r and |z|| < r may be assumed.

From Claim 3, there exists (z,2!) € B/ (w*) C Bi{(w*). By construction, (a7,27) :=
[L(xf,20) + (1 = L)(z,2)] € B/ (w*), for every n € N. From Assumption A3, (z,z) €
P;(z¥) x Z holds, for N € N big enough. Hence, (zV,2") € B/(w=*) N Pi(z}) x Z, which

107

contradicts Claim 6-(ii). o

Claim 11 ~, , =0, t.e., [[(p5,¢")l =1, and vy, =0, i.e., [pi] =1, Vs € S.
Hence, Bi(w*) = B;(w*,V), for every i c I, where:

Bi(@*, V) i={ (x:= (v.),2) € (RE)Si xR < Ph - (w0 =€) S —¢" -2

pz : (J?S - eis) < V(p*,S) ©Z, Vs € Si

Proof Let (i,s) € I x S’ be given, say s = 0, the proof being the same for s € S.

From Claim 6, the relation pj-(z}, — e) < ¢*-2] +7(p,, holds. Assume, by con-
traposition, that pg-(zj) — ei0) < —¢*-2] + 7,9+ From Claim 9, |z7|| < r, and, from
Assumptions A1-A3, there exists z; € P;(x}) (differing from z7 in z;, only), close to

x} so that pi-(zio-ei0) < —q¢* - 2F + Y (po,a)- This contradiction to Claim 10 insures that

Po.,q
Po-(5y — €i0) = @2 4+ Y(po, DOlds for each i € I. Then, Claim 9 yields the relations:

0=p5 > icr(@iseis) = —q D e #f +#1 Ywoa) = 7L Vpo,a)- g

Claim 12 (p;,q*, p*. V,[(z*,2})]) is an equilibrium, hence, Theorem 1 holds.

177
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Proof The collection (p, ¢*,p*, V, [(z7, 27)]) meets all Conditions of Definition 1 of

equilibrium of an economy, whose financial structure is V. Theorem 1 is proved. g

Remark Theorem 1 may surprise. It reduces set of parameters to assets’ cash
payoffs (instead of payoffs and endowments); it applies to asymmetric information
and non-odered preferences; it yields normalized (instead of unknown) spot prices at
equilibrium; it uses simple nominal asset techniques of proof. The reason for this is
the good behaviour of payoff matrixes under Claim 1. In fact, the non-semicontinuity
of demand correspondences, that may result from a fall in rank problem a la Hart

(1975), is not binding. It can always be circumvented, owing to Claim 1-(vis).

4 The existence Theorem with numeraire assets

We consider an economy, where assets only pay in the same (bundle of ) commodi-
ties, e € R (we let ||| = 1), in any state. These assets are referred to as numeraire.
The economy is in anything alike that of Section 2, but the fact that there exists
a given S x J matrix, V, of payoffs in numeraire, e, across states. This matrix, V,
can also be written as an element of the set of (S x H’) x J payoff matrixes. Agents
and markets have the same charateristics as above, and we resume all notations
and assumptions of Section 2. Moreover, agents’ preferences are now represented by

continuous, strictly concave, strictly increasing functions, v; : X; — R, for each i € I.

From Claim 12 and Theorem 1, above, for every n € N, there exists an equilibrium,
C™ = (pg,q",p" = (p1), V", (™, 2") == (a7, 2)]), for some payoff matrix V" € V,,, along
Claim 1. From compactness, we may assume the price sequence, {(pg,q", p" := (p?))},

converges to some (pj,q*,p* := (p)) € PyxP, such that ||(p,¢*)|| =1 and ||pf| = 1, for

each s € S, while {V"} converges to V.

13



Without an additional assumption, nothing prevents the fall to zero of the value
of the numeraire (p? - ¢), in some state s € S, and a subsequent arbitrage problem.
This is resolved by assuming that agents’ utilities are separable, that is, for each
i € I, there exist continuous utility indexes, u$ : R2 — R (for s € S;), such that
ui(z) = Y ,cq ul(z0,7s), for every = € (RI)S:. Moreover, we assume, non restrictively,
that agents’ signals, (S;), embed the information markets reveal, along De Boisdeffre
(2016), therefore that the payoff and information structure, [V, (S,)], is arbitrage-free,
along the latter paper’s definition. To shorten exposition, but w.l.o.g., we finally

assume that the S x J payoff matrix, Vg, has full column rank.?
The above equilibrium sequence, {C"}, satisfies the following properties.

Lemma 2 The following Assertions hold:
(i) ¥(n,i,s) e Nx I x 8, a2 € [0, E|¥, where E :=max(s nyes x Ze?s;

i€l
(i) it may be assumed to exist (x*,2*) := [(aF,2])] = lim, _oo[(2, 21)];

197 [ Rt

(iii) for each s € 8', Y (x}, — ei) = 0 and, moreover, > = =0.
iel iel

Proof Assertion (i) is standard, from market clearance conditions of equilib-
rium. Assertion (#): the fact that the sequence {(2",2")} is bounded, hence may be
assumed to converge, results from Lemma 1 (see the Appendix). And Assertion (iii)

results from the market clearance conditions on {C"}, passing to the limit. o
And we show the following full existence Theorem.

Theorem 2 The above collection, C* = (p§, q*,p*, (x*,2*)), of prices, expectations

& strategies is an equilibrium of the numeraire asset economy with payoff matrix V.

Proof Let us define C* := (p}, ¢*,p*, (z*, 2*)) as above. From Lemma 2-(ii)-(iii), C*

meets Conditions (b)-(c) of Definition 1 of equilibrium. Thus, it suffices to show that

2 The latter assumption can easily be dropped but this lengthens the proof.
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the relations, [(z},2})] € x;e1Bi(w*), of Section 2 (where @ = ((p§, ¢*),p*) € PyxP),

and Definition 1-(a) hold.

Let i € I be given. From the definition, the relations pjp-(z% — e;0) < —¢™-2" hold,
for all n € N, and, yield p§-(z%-ei0) < —¢*-27, in the limit. Similarly, and from standard
continuity arguments, the relations z} € X; and p?-(z}, —e;s) < V(p*, s)-2; also hold for

each s € S;. Hence, [(z},2})] € xie1Bi(w*).

17

We now assume, by contraposition, that ¢* fails to meet Condition (a) of Defin-

ition 1, that is, there exist i € I, (z,2) € B;(w*) and ¢ € R, ,, such that:
(I) e+ ui(zF) < ui(x).
We may assume: (IT) 3(0,M)eR2: z, €[5, M, Vs € ;.

Indeed, the upper bound, M, exists from the definition of = and, for a €]0, 1] small
enough, the strategy (z%, 2%) := ((1-a)z+ae;, (1—a)z) € B;(w*) meets both relations (7)
and (II), along Assumption A1 and the continuity of the mapping « € [0,1] +— u;(z®).
So, relation (I7) may be assumed. Then, it is immediate from the relations (1)-(11)
and (z,2) € B;(w*), from Lemma 2, Assumptions A2-A3 and continuity arguments,

that we may also assume there exists v € R, such that:
(I11) pi-(wo — ein) < —q¢*-z and pi-(zs — eis) < —y + V(p*,8)-2, Vs € S;.
From relations (I)-(11)-(I11), we may also assume there exists v’ €]0,~|, such that:
(IV)  ph-(wo — ein) < —y' — q*-z and p*-(zs —e;5) < =y + V(p*, 8)-2, Vs € S;.

Indeed, the above assertion is obvious, from relations (I11), if p§-(zo —ei0) < —q* 2.
Assume that pj-(zo — ei0) = —¢*-2. If pj =0, then, ¢* # 0, and relations (V) hold if we

replace z by z—¢*/N, for N € N big enough. If p; # 0 and z, # 0, the desired assertion

15



results from Assumption A1 and above. Otherwise, —¢*-z = —pj;-e; < 0, and a slight
change in portfolio insures relations (1V). From relations (IV), the continuity of the

scalar product and Lemma 2, there exists N; € N, such that, for every n > Ni:
(V) pi-(zo — i) < —q™z  and  pt(z, —es) < V(P 5)-z, Vs € S;.

Along relations (V), Assumption A7-A3, Lemma 2 and the definition of equilib-

rium, there exists N, > Ny, such that: (VI)  wi(z) <wi(a?) < e+ ui(z}), Vn > Na.
Let n > Ny be given. Then, Conditions (I)-(VI) yield: w;(x) < & + u;(z}) < ui(=).

This contradiction proves that ¢* is an equilibrium and Theorem 2 holds. O

Appendix

Lemma 1 3, > 0:vw € PyxP, V|(z:,2)] € A(@, V), ||[(z,, )]l <r

We start with Lemma 1 in the general setting of of Section 3.

Proof Let @ := ((po,q),p) € PoxP, and [(z;, 2)] € A(w) := A(w, V) be given.

e Asseen under Lemma 2, the relations, z;, € [0, E], where F := max(s nyes xu Z el
i€l
hold, for every (i,s) € I x S’, from market clearance conditions.

e From above and the relation (5,) € (R,)%\S', Lemma 1 will be proved if the

portfolios, (z;), are bounded independently of w. We now prove that property.

o Let 6 = 14+ (|®)|| + D|(es)||. Assume, by contraposition, that, for every n € N,
there exists [(z7,21)] € A(w"), for some =" = ((p§,q"),p") € PyxP, such that

27| :== ||(z™)|| > n. For each n € N, market clearance in [(27, 21")] € A(w") yields:

16



doier 4 =0, and XN/(p",si)z? > —0, V(i,si,n) € IxS;xN.

e We may assume lim,, .., @" =" = ((p§,q*),p*) € PyxP.

n

aj‘L
iz

+ (1 - ﬁ)ei and 2" := z . Then, the

[ER

e For every (i,n) € I xN, we let 2/ :=
relations [(z/*, 2/")] € A(w™) and ||(2/")|| = 1 hold and the sequence {[(z!", 2/™)]}nen

[ as

has a cluster point, [(z;,2)], such that ||(z;)|| = 1, and satisfies the relations:

Sier M =0, V(p",si)-2" = —6/n,V(i, 5:,n) € IxS;xN, and, passing to the limit,

Zie] 2 = 0, V(p*, S¢)~Zi > O,V(Z,Sz) S IXSi,

Since V € Ay, the latter relations imply (z;) = 0, from Claim 1-(v), and contradict

the fact that ||(z;)|| = 1. This contradiction ends the proof. O

We proceed with Lemma 1 for the numeraire asset economy.

Proof

e As above, we need only show portfolios are bounded, but, then, accross all
economies, " = {(I,S,H,J),V",(S;)icr, (€:)icr, (ui)ier}. We let the reader check
that all contraposition arguments above translate, mutatis mutandis, to double
indexed sequences of prices, @™k := ((pi"F ¢k p(mk)) € Pyx P, and strategies
(2P 20" e A(m™k), V), where (n,k) € N? (n standing for the economy),

i tad)

whose final contraposition arguments are:

Yicr A — 0 v pn, s) 2" > 57k, Y(i, si,n, k) € TxS;xN2, and, in the limit,

K3 (3

Zie] Zi = 0, V(p*,sz)zl > O,V(’L,SZ) S IXSZ', Wlth H(Zz)” =1.

e Along the model’s specification, the latter relations will imply (z;) = 0, from
Claim 1-(v), hence, the same contradiction as above, whenever p: - e > 0 holds

for every s € S. Lemmata 1, below, shows this latter property indeed holds.
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First, we introduce new notations and let, for all (i,s,z) € I x S x (RH)%:

e y =’z denote a consumption, such that u;(y) > u;(z) and yy = x4, Vs’ € SI\{s};

’

o A:={(x;) € xiel(Rf)si 2D ier Tis = D _eq €is, VS € s'};

o Poi={peRY, |p|=1:3i€l, 3I(x;) € A, such that (y =% z;) = (pys = pTis = p-eis)}-

Lemmata 1 The following Assertions hold:
(1) Vs €S, P, 1s a compact set;
(t4) 36 >0:V(s,p) €S x P, p-e=4;

(iii) ¥(n,s) e Nx S, p? € Ps, hence, p:-e >4 > 0.

Proof Assertion (i) Let s € S and a converging sequence {p*}.cn of elements of
P, be given. Its limit, p = lim;_.., p*, satisfies ||p|| = 1. We may assume there exist
(a same) i € T and a sequence, {z"}ren = {(2¥)}ren, of elements of A, converging to
some z := (z;) in the closure of A in x™, (R, U {400})F5, such that, for each k € N,
(pk,i,2%) satisfies the conditions of the definition of P,. From Lemma 2-(7) {(z,)}ren,

is bounded, hence, =, := (z;s) is finite, for each s’ € S'.

For every k € N, let % := (z¥) € A be defined by (%) := (z4), (@F,) = (z:5) and
(zk,) == (zF,), for each s’ € S;\{s}. Then, the relations p*-(z* —e;s) > 0, for every k € N,
yield, in the limit, p- (7%, —e;s) := p- (zis —e€is) = 0. We now show there exists k € N, such
that (p,i,7*) satisfies the conditions of the definition of P, (hence, p := limp* € P).
By contraposition, assume the contrary, i.e., for each k € N, there exists y* € (RE)%,
such that y* = 7%, for each s’ € S!\{s}, wi(v*) > u;(z¥) and p-(y* —2;s) < 0. Then, given
k € N, there exists (from Assumption A3 and separability) K > k, such that, for

every k' > K, u;(y*) > u;(z¥). The latter relations imply, by construction of each z*

(for &' > K), p¥" - (y¥-z¥)) > 0, hence, in the limit (k'—o0), p-(y* — z:) > 0, contradicting

S
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the inequality, p-(y* —2;5) < 0, assumed above. This contradiction proves that p € P,

s —

hence, P, is closed, therefore, compact. 0

Assertion (i7) Let s € S and p € P, be given. We prove, first, that p-e > 0. Indeed,
let (p,i,z) € P, x I x A meet the conditions of the definition of P,. From Assumption
A2, there exists a; € (Ri)sﬁ such that, a;s = 0, for each s’ € S!\{s}, and p-a;s < p-e;s <
p- 2. Then, for every n > 1, we let o7 := (fa; + (1 — 1)z;) € (R})S:, which satisfies
ps - (2 — 255) < 0 by construction. Let E; € (RL)% be defined by E3, = e, E5, =0, for
s’ # s. Along Assumptions A1-AS3, there exists n > 1, such that y := («7 + (1 - 1)E?)
satisfies u(y) > u(x;), which implies, p-zis <p-ys =p- (@ +(1—2)e) <p-zis+(1— +)p-e.
Hence, p-e > 0. The mapping ¢, : Ps — R, defined by ¢,(p) := p-e is continuous and
attains its minimum for some element p on the compact set P,, say 6, > 0. Then,

Assertion (ii) hods for ¢ := miné,, for s € S. 0

Assertion (ii7) is immediate from the definition of equilibria, of the sets P, for

each s € S, and of Assertion (ii). o

End of the proof: Lemmata 1 insures the desired contradiction with Claim 1-(v)

(or the fact that the payoff and information structure, [V, (S;)], is arbitrage-free). o
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